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PREFACE 


The place of mathematics in a liberal education has been the 
subject of much discussion in recent years. It has never been 
doubted that students of the sciences need intensive training in 
mathematical techniques. But it is more and mere generally 
admitted that students of the arts and social sciences have little 
need for such technical skill, save for exceptional cases such as 
thfe few who want to use and understand statistical methods. 
What should be given to students of the arts and social sciences, 
in what is usually their last year of mathematics? The cus- 
tomary freshman course with emphasis on further memorized 
and regurgitated techniques seems to be far from the best way 
to use this educational opportunity. A solution of this problem 
must rest, in my opinion, on two hypothest ■ of whose truth I 
am firmly convinced, namely that math(nnati>. . has something 
of value to offer these students, and that the students are not 
necessarily unintelligent whether or not they are proficient in 
the routine manipulations of their high school ajgebra. This 
book is intended primarily to provide a sound, suitable, and 
elastic^ course for the cla.ss of students mentioned; however, 
considerations of the kind discus.se<l here would also be bene- 
ficial for students of the sciences who are comrnoidy and naively 
expected to acquire an understanding of fundamental concepts 
by osmosis. 

The principal objectives of this book are to give the student; 

(1) An appreciation of the natural origin and evolutionary 
growth of the basic mathematical ideas from antiquity to the 
present ; 

(2) A critical logical attitude, and a wholesome respect for 
correct reasoning, precise definitions, and clear grasp of under- 
lying assumptions; 

(3) An understanding of the role of mathematics as one of 
the major branches of human endeavor, and its relations with 
other branches of the accumulated wisdom of the human race; 
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(4) A discussion of some of the simpler important problems of 
pure mathematics and its applications, including some which 
often come to the attention of the educated layman and cause 
him needless confusion; 

(5) An understanding of the nature and practical importance 
of postulational thinking. 

While it is assumed that the student has had some previous 
acquaintance with elementary algebra and plane geometry, 
almost no accurate recollection of the details of these subjects 
is prerequisite for this book. There is little use in grumbling 
about the average student’s lack of skill in mechanical routines 
or in rushing him into further ill-understood techniques. In- 
stead, we accept the student and his preparation as incontro- 
vertible data and begin by discussing the reasonable character 
of the elementary mathematics which he formerly knew largely 
by rote. After a brief introduction to the essential logical 
ideas which are fundamental to any appreciation of mathe- 
matics, the evolution of the number system and the essentials 
of elementary algebra are discussed from a mature and reason- 
able point of view. After this foundation is laid, the book 
provides an elementary but critical introduction to several of 
the most important branches of modern mathematics, without, 
however, pushing any chapter so far as to strain the student’s 
technical equipment. Applications are discussed throj^hout, 
but the discussion is restricted to applications which are within 
the student’s grasp rather than to allow it to degenerate into a 
Sunday Supplement article on the Wonders of Science. 

The names of some of the topics taken up may at first glance 
produce the feeling that the book is too “hard” for freshmen; 
this feeling, which would have been shared by the author before 
he began experimenting with such material in his classes, will be 
partially dissipated by a careful examination of the manner in 
which these topics are treated, and will, I believe, be obliterated 
completely by an actual trial in the classroom. I wish to assert 
as strongly as possible that the early fundamental paragraphs of 
a so-called “advanced” subject, presented at the proper level, 
are often easier to grasp as well as more important and more 
interesting than the later technically complicated paragraphs 
of what has traditionally passed for an “elementary” subject. 




PREFACE 


vii 


At Brooklyn College, some fifteen instructors used this book 
in preliminary editions with about 1800 students — entirely un- 
selected — through four semesters. The experience of this 
large group has confirmed my belief that the subject matter 
used here is more intelligible, more useful, more appealing, and 
more appropriate for the freshman student of arts and social 
sciences than more traditional freshman topics like deter- 
minants, synthetic division, complicated trigonometric identities, 
etc. The fundamental ideas of mathematics constitute a major 
contribution to human thought and, as such, belong in any 
liberal education. They can be grasped by freshmen if they are 
permitted to emerge gradually from simple concrete situations 
with the aid of common sense as they often did in the actual 
history of the subject. The notion that these ideas can be 
grasped only at the graduate school level is pure myth. More- 
over, they can be given to freshmen without introducing many 
complicated skills and techniques. 

Of course, most teachers try to discuss fundamentals even in 
traditional courses, but time is short and is often spent in teach- 
ing the students ‘'how to do” problems which they will never 
meet again in their lives. With students of the arts and social 
sciences, time may be obtained by lightening the burden of 
technical achievement. However, a course in the appreciation 
or philosophy of mathematics for students who have no acquaint- 
ance with mathematics would be just as worthless as a course in 
the appreciation of music for students who have never heard 
any. Talk is certainly not enough; the student should come to 
grips with genuine (not necessarily traditional) mathematics. 
This book is not merely an expository essay, nor an attempt 
to provide a sugar-coated and worthless course for incompetents. 
It is an attempt to give the student genuine training in tfee 
direction of the five objectives listed above rather than merely 
in routine techniques. ^ 

The author has intended to present a course in mathematics 
which will emphasize the distinction between familiarity and 
understanding, between logical proof and routine manipulation, 
between a critical attitude of mind and habitual unquestioning 
belief, between scientific knowledge and both encyclopedic 
collections of facts and mere opinion and conjecture, and which 
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will give the student a wholesome appreciation of the nature 
and importance of mathematics. 

“Teachability” has been borne in mind constantly in con- 
nection with the choice and treatment of material. While the 
main emphasis is on reasoning and ideas, the book is con- 
structed on broad historical lines. The author has attempted 
to include enough historical and biographical remarks to give 
the student a feeling for the evolutionary growth of the subject 
in response to human needs, for the fact that its progress is due 
to the efforts of human beings, and for the fact that it is still a 
living subject at which living human beings work. However, 
strict chronology is often sacrificed in the interests of logical 
presentation. Neither time nor our purpose would permit an 
attempt to follow all the blundering efforts of the human race 
to develop a satisfactory mathematics. As for the puzzle- 
motive, strong and universal urge though it is, I believe it can 
be easily overemphasized; in fact, students are entirely too 
prone to regard mathematics as a branch of parlor magic, or, 
at best, as a collection of tricks for the solution of catchy prob- 
lems which are possibly useful to someone else. The attempt is 
made to present a critical treatment of mathematical ideas at 
the student’s level; complete logical rigor, according to present 
standards, is to be neither expected nor desired at this level. 
In fact, one of the most puzzling tasks that has confronted the 
author has been that of deciding what logical inadequacies 
should or should not be permitted. Although this is largely a 
matter of taste, the author does not feel obliged to apologize for 
not presenting negative numbers and rational numbers as 
classes of equivalent ordered pairs of natural numbers, for 
example, or for not proving that the sum of fractions, for 
instance, is independent of the choice of denominator. It will 
of course be easy for the instructor to modify the amount of 
“rigor” accordinjt to his taste or the needs of any particular 
class; if less rigor is desired, this can be achieved simply by 
omission. 

If a “survey” course is to be more than a miscellany, some 
unifying theme is required. Previous attempts to use the 
function concept, graphical representation, etc., as the unifying 
theme have met with varying degrees of success. I believe that 
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no means complete, and contains both books for further serious 
study and books for supplementary reading. 

I wish to express here my gratitude to the many colleagues 
who kindly consented to experiment with preliminary versions 
of this text and who offered helpful suggestions and encourage- 
ment. I am particularly indebted to Professor H. F. MacNeish 
for the elegant example of a finite "euclidean” geometry in 
Chapter XVII; to Professor W. Prenowitz for communicating 
to me a sketch of the intuitively simple proofs of the theorems 
of Lobachevskian geometry in Chapter XVI; to Professors S. 
Borofsky, L. S. Kennison, W. Prenowitz, Drs. A. W. Landers, 
J. Singer, and J. Wolfe, and to Professors B. P. Gill and E. L. 
Post of City College, for reading parts of the manuscript criti- 
cally; to Professor C. B. Boyer for checking some of the historical 
comments; to Professor A. Church of Princeton University for 
some helpful remarks concerning recent work on consistency 
proofs; and to Professor C. A. Hutchinson of the University of 
Colorado for his careful reading of the proof-sheets. I am also 
indebted to Dr. Singer for his a.ssistance with illustrations; to 
Professor E. T. Bell of the California Institute of Technology for 
permission to use portraits from his Men of Mathematics; to 
Professor D. C. Miller of the Case School of Applied Science for 
permission to use the illustration in Fig. 204 taken from his The 
Science of Musical Sounds; to the editors of Scripta Mathematica 
for permission to use portraits from Professor D. E. Smith’s port- 
folio of famous mathematicians; to the Burroughs Adding Ma- 
chine Company for permission to use the illustrations in Figs. 40 
and 41 ; and to the Keuffel and Esser Company for permission to 
use the illustrations in Figs. 42, 43, and 172. I wish also to 
thank the Macmillan Company for their cooperation and effi- 
ciency. 

M. R. 

Brooklyn, New York 
April, 1941 
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Chapter I 

INTRODUCTION 


1. Aims and program of the book. Whatever a liberal edu- 
cation may be, it should surely involve some acquaintance with 
the principal achievements of human endeavor. Certainly, the 
search for truth is an important branch of human endeavor, and 
in it mathematics has played a major role. What is mathe- 
matics? What is its r61e and what are its relations with other 
branches of knowledge? Why is it important? How did it arise 
and develop? These are some of the questions we shall discuss 
here. 

Since, in your high school course, you studied mathematics 
for at least two years, it would seem fair to ask you "What is 
mathematics?” Or at least, "What are its outstanding char- 
acteristics?” Most students answer by saying something about 
the study of useful relations among numbers, quantities, meas- 
urements of geometric figures, and methods of solution of prob- 
lems concerning these things. Even some dictionaries still give 
such definitions. Indeed in the student’s previous experience 
with mathematics, it is true that the objects which he studied 
were numbers and geometric figures. But let us think rather of 
the distinctive characteristics of the methods by which these 
things were studied as compared with other subjects. You will 
remember that in geometry you proved assertions logically, one 
after another, on the basis of certain fundamental assertions 
(called axioms, assumptions, or postulates) which were taken for 
granted. Most of your education, aside from this, was a matter 
of memory and acceptance of authority as it must be, for example, 
in the elementary study of languages. In fact, while the idea of 
logical proof was brought home to you strongly in geometry, you 
may well be unable to recall anything of the sort in algebra. 
This is so because, in algebra, you were probably taught to solve 
certain types of problems according to prescribed rules which in- 

1 
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volved moving letters and numbers around the paper or black- 
board in peculiar ways. Unfortunately “transposition,” “cancel- 
lation,” etc., meant very little, to some of you, except a curious 
collection of rules of thumb, like a glorified game of tick tack toe, 
whose correctness was justified not by reasoning but by the 
teacher’s authority. Can you, for example, justify logically the 
queer maneuvers you have learned to go through in the proc- 
esses of multiplication or long division of numbers? It must be 
said that to some extent it was inevitable that you should learn 
to do many things in arithmetic, say, before you were old enough 
to understand them. But why not understand them now? Al- 
gebra is not merely a compendium of tricks for solving catchy 
problems. If it were, it would deserve to be called “a low form of 
cunning.” On the contrary, algebra has the same logical struc- 
ture as geometry or any other branch of mathematics as you will 
see later. Mathematical problems assuredly have at least as 
much “puzzle appeal” as more popular hobbies such as card 
games, cross-word puzzles and the like, and are at the same time 
more valuable. But mathematics has a far deeper significance 
than could possibly be possessed by a mere collection of puzzles. 

In the early part of the course we shall discuss many things 
in algebra and geometry which you have already studied in your 
high school courses, but from a very different point of view. We 
shall seldom ask you to remember accurately any of the tech- 
niques you took up in the past and even arithmetic will be dis- 
cussed here from a logical standpoint. In fact, in some parts of 
the book, you will find it necessary to forget many things which 
you have learned to do by habit in order to be able to consider 
their logical justification without preconceived prejudice. Later 
in the course you will be introduced to some of the easier funda- 
mental ideas of many fascinating, modern, and so-called ad- 
vanced branches of mathematics, although we shall never de- 
velop these subjects far enough to make stringent demands on 
your technical equipment. While, of course, there is no easy 
road to mastery of the mathematical sciences, many of the Jun- 
damental ideas, about which the intelligent layman is often cu- 
rious, can be readily grasped without too much technique. We 
think that these things will prove more interesting to you and 
will be of immeasurably greater value to your mental develop- 
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merit and your appreciation and understanding of all the sub- 
jects forming part of the search for truth, than would, for ex- 
ample, the study of complicated equations. 

While most people are somewhat aware of the importance 
of the technical applications of mathematics to the civilized 
world, many who do not intend to be technicians are inclined 
to doubt the value of the study of mathematics to themselves. 
This attitude may be due partly to the widespread failure to 
understand the nature of mathematics and to grasp the dis- 
tinction between mathematics and its applications. At the 
end of this course, when you understand better the nature of 
both pure and applied mathematics, we hope you will be more 
inclined to agree with Benjamin Franklin who wrote,* “What- 
ever may have been imputed to some other studies under the 
notion of insignificancy and loss of time, yet these (mathematics) 
I believe, never caused repentance in any, except it was for 
their remissness in the prosecution of them.'’ 

2. Advice to the student. This book should not be used 
merely as a collection of homework exercises; it should be read. 
You should read each section at least twice; once to get the general 
idea, and then carefully, checking on each detail. A third reading 
is advisable. Conciseness and accuracy of statement are char- 
acteristic of mathematical writing. Therefore, read slowly and 
make an earnest effort to grasp what you read. Reading with a 
pencil and paper in hand is strongly recommended; work out the 
illustrative examples in the book and make up similar illustrations 
for yourself. Your chief burden will not be the task of working 
out large numbers of exercises each day, but rather will be the 
necessity for sustained attention and a sincere desire to under- 
stand. Approach the subject without the dislike you may have 
felt for it in high school. Its treatment will probably be so dif- 
ferent that it will be, at times, difficult to recognize it as the same 
subject. Many people are fascinated by mathematics; it will be 
worth your while to give it a fresh chance. 

Please do not approach even the most elementary parts of 
our work with the cock-sure sophisticated attitude that you 
“know this because you have already had it in high school” 

the Usefulness of Mathematics/* Complete Works of Benjamin Franklin, vol. 
I, p. 421, G. P. Putnam’s Sons, The Knickerbocker Press (1887). 
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and therefore do not have to read it carefully. Even the person 
who does not take the familiar radio, for example, for granted 
and who realizes that an understanding of radio dependsi on the 
mathematical work of many centuries, even such a person may 
yet take arithmetic for granted without realizing the long blun- 
dering struggle of the human race to eyolve a suitable arithmetic. 
In this age of mechanical wonders, you must guard against sub- 
consciously assuming that you understand something merely be- 
cause you are familiar with it, or that things are true merely be- 
cause you have habitually believed them. A wholesome, naive 
honesty is essential to the study of the fundamentals of science. 

On the other hand do not approach the subject with an un- 
reasonable fear. Although there is no lack of unsolved problems 
at the frontier of mathematical research, there are no mysteries 
in a completed chapter of mathematics. It is all simple, honest 
reasoning which anybody can follow, with a Uttle effort and 
concentration, if it is explained step by step. Often a student 
has difficulty in following a mathematical explanation only be- 
cause the author skips steps with which he consciously or sub- 
consciously assumes the student to be familiar. If you do not 
recall the missing steps you may be faced with an unbridgeable 
gap in the reasoning and his conclusion may appear mysterious 
to you. We shall try to avoid such gaps here. 

Another difficulty found by beginners in mathematics is the 
necessity for mastering the symbolism and technical vocabulary. 
This is to some extent unavoidable. The symbols are introduced 
to clarify and simplify statements and ideas which would seem 
very complicated if expressed in ordinary language. When you 
have learned to read the symbolism freely and fluently you can 
concentrate instead on the flow of ideas expressed therein. The 
situation is quite analogous to that of a beginner in music who 
cannot read and appreciate a great musical composition because 
he has to concentrate painfully on the meaning of individual 
notes, or a beginner in a foreign language who cannot appreciate 
the beauty of a great piece of writing because he has to concen- 
trate painfully on the meaning of the individual words. Alge- 
braic language, like any language, is merely a collection of sym- 
bols which we agree to interpret and combine in convenient 
ways. Therefore, to appreciate the great story of mathematical 
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thinking, learn carefully the definitions of whatever symbols or un- 
familiar terms we introduce, and thereby leave your mind free to 
grasp the larger, fundamental ideas of the subject. Even where 
familiar words are used, their meaning in mathematical usage is 
often entirely different from their meaning in everyday usage. 
For example, no one who was unacquainted with the technical 
definitions could be expected to have the slightest conception of 
the mathematical meaning of the words "power,” "root,” "coor- 
dinate,” "function,” "group,” "rational,” "differentiate,” "inte- 
grate,” all of which will be used in this book. A person who per- 
sists in using words, which have been defined precisely, without 
understanding their definitions, literally does not know what he 
is talking about. 

Keep in mind that it requires no unusual ability to follow 
mathematical ideas although it may have required genius to 
invent them. There is a great difference between breaking a 
trail through an uncharted wilderness and riding through it on 
a well-paved and graded road after it has been conquered. To 
create new mathematics of value often requires the highest 
order of imagination and intuition, not wild and untrammeled 
but subject to the final test of reason. (Thus new discoveries 
are not always the result of logical analysis alone but are often 
due to insight, vision, and the happy "accident” of hitting upon 
the appropriate path. However, it should be noted that these 
"accidents,” as a great mathematician once remarked, seem to 
happen only to deserving people.) But to follow an explanation 
requires only close attention, the requisite background, and a 
normal ability to reason. In this book we shall demand little of 
your background. The rest is up to you. Mathematicians are 
no more than human ; keep in mind the proverb : "What one fool 
can do, another can.” 



Chapter II 

LOGIC, MATHEMATICS, AND SCIENCE 


3. Introduction. You have recalled that the geometry of the 
ancient Greeks which you have studied in high school was not 
merely a collection of unconnected assertions but that all of 
them after the first few were deduced logically from those first 
few which, in turn, were assumed without proof. If one charac- 
teristic of mathematics is to be singled out as being of out- 
standing importance, it would certainly be the insistence on 
logical proof. Since logic plays so important a part, let us turn 
our attention to logic itself. 

Logical thought is neither as common nor as easy as may be 
supposed. We all know that we believe many things without 
ever having satisfied ourselves logically about them. For ex- 
ample, the principal reason that most of us have for believing 
that the earth is roughly spherical is that people whose opinions 
we respect, like our scientists and teachers, tell us it is so.* But 
at one time, nearly everybody believed the earth to be flat, for 
the same i nadequ ate reason. This state of affairs is largely in- 
evitable simply because life is too short for us to examine criti- 
cally everything we believe. Even so, it could do us no harm to 
be aware of what we are accepting uncritically on someone’s 
authority. However, while most of us admit freely that we do 
not always think logically, many people are of the opinion that 

* The refisons commonly advanced by students are hopelessly inadequate. For 
example, the gradual disappearance of ships at sea from hull to infist-top may be 
regarded as evidence that the earth is not flat (assuming that light travels in straight 
lines, etc.) but does not establish sphericity; this phenomenon is just as consistent 
with other shapes such as the shape of a football, an egg, etc. The same remark can 
be applied to the argument that the earth can be circumnavigated. The circular edge 
of the earth's shadow on the moon during eclipses is also inconclusive evidence since 
other shapes than spheres may well cast a shadow with a circular edge. The approxi- 
mate sphericity of the earth is really established by extensive geodetic surveys sKow- 
ing that the ‘‘curvature'* of its surface is approximately the same at all points. It 
follows from a theorem of higher mathematics that the only closed surface with con- 
stant positive curvature is a sphere. 


6 



§3] 


INTRODUCTION 


7 


they ate capable of thinking logically quite automatically or 
instinctively and without effort, care, concentration, or study. 
This opinion is much more prevalent among freshmen than 
^mong mathematicians who have really attempted to think logi- 
cally at least part of the time. Mathematicians are painfully 
aware of the effort required for the task even when the material 
is written in the comparatively transparent style of mathemati- 
cal works where one’s attention is deliberately directed to the 
openly exhibited logical structure of the argument. It must be 
apparent to a reflective person that it is much more difficult to 
reason logically in subjects where the reasoning, far from being 
openly exhibited in its skeletal form, is hidden in elaborate ver- 
biage, and where our thoughts are colored by our emotions and 
prejudices. 

The fact is that most of us, including professional mathemati- 
cians in their unguarded moments, seem to derive an almost 
athletic exhilaration from the popular sport of jumping to con- 
clusions. There are even some extremists who claim that intui- 
tion is a good substitute for reason. Now intuition has an 
important role in science, especially as a “suggestor,” but it 
certainly does not take the place 
of reason. The creative mathe- 
matician uses imagination and 
intuition to conjecture new re- 
sults and new methods of re- 
search, but he does not assert 
that his guesses are correct until 
he has succeeded in proving 
them logically. Even a con- 
firmed mystic would hesitate 
before driving his car over a 
bridge constructed exclusively 
by intuition. In fact, simple 
things like optical illusions teach Apply a ruler to the “bent” vertical 
us not to draw hasty conclusions 
from the evidence of our senses Fig. 1 

(Fig- D- . , , 

The results of logical reasoning in the investigation of natural 
phenomena have amply justified the importance given it in mathe- 
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matics and science in general. None of the alternatives to logic 
(authority, intuition, or mysticism) has a record of achieve- 
ment in these fields as enviable as that of logical reasoning. In 
the remainder of this chapter, we shall, therefore, examine more 
closely the nature and importance of logical reasoning and its 
connection with mathematics and science in general. 

EXERCISES 

Answer thefollomng questions intuitively; then check your answers by calculation 
if you can, 

1. If A can do a job in 6 days and B can do it in 10 days, how long will it take 
them to do it together? 

2 . A man sells 60 pieces of candy at 3 for 1 cent and another 60 pieces at 2 for 

1 cent. Would his income be more, less, or the same if he sold 120 pieces at 5 for 

2 eents? 

3. A car travels 10 miles at 30 miles per hour and the next 10 miles at 60 miles 
per hour. Would the trip take more, less, or the same time if it travelled all 20 
miles at the steady rate of 45 miles per hour? 

4 . Each bacterium in a culture splits into two bacteria once a minute. If 
there are 100 billion billion bacteria present at the end of an hour, when were 
there exactly 50 billion billion present? 

6 . Two civil service jobs have the same starting salary of $1800 per year and 
the same maximum salary of $3000 per year. One gets an annual raise of $200; 
the other gets a semi-annual raise of $50. Which is better? 

6. A square sheet of copper one foot on each side costs 20 cents. What will be 
the cost of a square sheet of copper one and one half feet on each side? 

4. Deductive logic. Truth and validity. We shall make no 
attempt here to discuss the philosophical questions “What is 
truth?” and “How can we determine whether or not a given 
statement is true?” In fact, it is exceedingly doubtful whether 
either question can be answered with anything like finality. We 
shall suppose that we can determine somehow, in some cases, 
whether given statements are true or false; or at least we will be 
willing to agree or grant (tentatively perhaps) , or simply to assume, 
that some statements are true and others false. We shall be 
principally concerned with the problem of getting new truths 
from old. That is, granting that certain statements are true, 
what can be said about the truth of certain other statements? 
This is essentially the problem of logic. 

If two statements are so related that the second must be true 
if the first is true, then we say that the second follows from the 
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first, or the second is a logical consequence of the first, or the 
first implies the second. The first statement is called the hypoth- 
esis and the second is called the conclusion. 

Example 1. 

Hypothesis: (a) All freshmen are undergraduates. 

(6) All undergraduates are geniuses. 

Conclusion: All freshmen are geniuses. 

Note that the expression “All A’s are B’s” means that “every 
A is also a B.” It does not mean that every B is also an A. If all 
A’s are B’s and all B’s are A’s then the class of A’s is identical 
with the class of B’s. 

Here the hypothesis implies the conclusion, since it is clear 
that if the hypothesis is true then the conclusion must be. Notice 
that there may be some doubt about the truth of the conclusion 
and of part (b) of the hypothesis. 

If the conclusion of an argument really follows from the hy- 
pothesis, the argument is called valid. The process of drawing 
valid conclusions from given hypotheses is called deduction or 
deductive reasoning. We must distinguish carefully between the 
actual truth of the statements involved and the corre<dness or 
validity of the argument. A good way to test the validity of an 
argument like the above example is to use diagrams like the fol- 
lowing. 

Represent the class of all freshmen by the set of all points 
inside a closed boundary line. Do likewise with the class of all 
undergraduates and the class of all gen- 
iuses. Part (a) of the hypothesis de- 
mands that the class of freshmen be 
entirely contained within the class of all 
undergraduates. Part (h) of the hy- 
pothesis demands that the class of 
undergraduates be entirely contained 
within the class of geniuses. Thus the 
various sets of points representing these Fig. 2 

classes of people must be placed in the 

relative positions pictured in Fig. 2. Clearly, the requirements 
of the hypothesis have forced us to place the class of freshmen 
entirely within the class of geniuses, which is exactly what is as- 
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sorted in the conclusion. Hence the argument of example 1 is 
valid. 

We say that the reasoning is valid regardless of the actual 
truth of the statements involved. Valid reasoning tells us that 
if the hypothesis were true, then the conclusion would have to be 
true. For this reason it is often called “if . . . then . . .” 
reasoning. 


Example 2. 

Hypothesis: (a) All freshmen are human. 

(fe) All undergraduates are human. 
Conclusion: All freshmen are undergraduates. 


There is no disagreement as to the truth of all these statements. 
But the reasoning is not valid, because the hypothesis does not 

force you to place the class of fresh- 
men entirely within the class of 
unUergraduates. You are forced 
only to place the class of freshmen 
within the ela.ss of humans, as in 
Fig. 3. Therefore the argument is 
not valid. 

Of course it may happen that all 
freshmen arc undergraduates. But 
we are here concerned with the question whether it must happen 
becau.se of our hypothesis. It is important to grasp the distinc- 
tion between may and must. 

If it is possible to satisfy the requirements of the hypothesis 
without satisfying the conclusion then the argument is not valid. 
Reasoning is called valid only if the conclusion is inescapable. 

In valid reasoning the conclusion must be true if the hypothesis is 
true. Does this imply that the conclusion must be false if the 
hypothesis is false? Consider the following example. 



Example 3. 

Hypothesis: (a) All New Yorkers are Martians. 

(6) All Martians are residents of the United 
States. 

Conclusion: All New Yorkers are residents of the United 
States. 
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Here the reasoning is valid, the hypothesis is false, but the 
conclusion is true. See Fig. 4. 

As another example, consider the proposition “if 3 = 7 then 
1 = 1.” Granting that if equals are divided by equals the re- 
sults are equal, we can deduce the conclusion as follows: 

if 3 = 7 
then 3 = 7 


or 1=1. 

The reasoning is valid and the conclusion is true, but the hy- 
pothesis is false. 

Thus a false hypothesis may yield a true conclusion. Tlu 
truth of the conclusion does not imply the truth of the hypothesis. 
This is an important though ele- 
mentary point to which we shall 
refer later. That is, if statement 
A {the hypothesis) implies state- 
ment B {the conclusion) and B is 
known to be true, then we have 
no right to make any infererice as 
to whether A is true or not; that is, 
the truth of A is not guaranteed 
by the truth of B. 

The converse of the statement “A implies B” (or “if A then 
jB”) is the statement “JB implies A” (or “if B then A ”) ; that is, 
the converse is formed by interchanging hypothesis and conclusion. 
If we knew that “B implies A” was valid and B were known to 
be true then A would have to be true. But the converse of a 
valid argument may well fail to be valid, and the converse of 
a true statement may well be false. For example, a valid argu- 
ment is the following: “if x = 2 and y = 5 then x y = 7." 
The converse “if x y = 7 then x = 2 and y = 5” is clearly not 
valid for we might have x = 3 and y = 4 or some other combina- 
tion. “If an animal is a dog, it is a quadruped,” is true; the con- 
verse, “if an animal is a quadruped, it is a dog” is false, as all 
the donkeys in the world attest. Only statements of the “if . . . 
then . . .” type have converses. “This apple is red” has no con- 
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verse. The statement “all a’s are b’s” has the converse “all b’s 
are a’s” ; note that “all a’s are 6’s” means that “if anything is an 
a then it is a 6” and is therefore of the “if . . . then . . type. 


Example 4- 

Hypothesis: (a) No interesting people are bores. 

(6) Some interesting people are college pro- 
fessors. 


Conclusion: Some college professors are not bores. 

This is a valid argument, regardless of anyone’s opinion as to 
the truth of the statements involved. 

Note that “no A’s are 5’s” means that the class of A’s and 



the class of B’s have no 
members in common. The 
expression “some A’s are 
B’s” means “there exists at 
least one A which is also a 
B.” Notice how these 
statements are pictured in 
Fig. 5. The statement 
“some A’s are B’s” does 
not imply that “some A’s 
are not B’s”', it is merely 
non-committal as to the ex- 
istence of A’s which are not 


B’s. One must be careful not to be misled into reading such a 
conclusion from the figure. This meaning of “some” is different 
from its everyday usage where it means “some but not all.” The 
non-committal usage is more useful for logic because it enables us 
to deal with situations in which we cannot be sure whether all A’s 
are B’s or not but where we are sure that at least one A is a 5. 

A detailed study of the logic of arguments of the type of most 
of the examples in this section was made by Aristotle (4th Cen- 
tury B.C.). The diagrams used here are ascribed to the 18th 
Century Swiss mathematician L. Euler. These diagrams, while 
convenient, are not essential to the reasoning. They are merely 
used to picture the relationships among various classes of objects, 
such as the relationship “class A is included within class B.” The 
study of logic progressed materially beyond the state in which 
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Aristotle left it only in modern times when mathematicians be- 
came interested in it. 


EXERCISES 


V 


Test the validity of the folloxoing arguments by using diagrams and give your 
opinion as to the truth of the various statemeids involved. 

• 1. Hypothesis: (a) All intelligent students cun pass mathematics. 

(b) Jones can pass mathematics. 

Conclusion: Jones is an intelligent student. 

2. Hypothesis: (a) Some college students are clever. 

(h) All freshmen are college students. 

Conclusion: Some freshmen are clever. 

Hypothesis: (a) All college students are clever. 

(b) All freshmen are (‘lever. ^ 

Conclusion: All freshmen are college students. / 

Hypothesis: {a) All clever people are college students. / 

(6) All freshmen are clever pc^ople. 

Conclusion: All freshmen are college students. 

Hypothesis: (a) No conceited people have a sense of humor. 

(b) Some teachers do not have a sense of humor. / 
Conclusion: Some teachers are conceited. 

Hypothesis: {a) No college students are maniacs. 

(6) All freshmen are college students. ^ 

Conclusion: No freshmen are maniacjs. 

Hypothesis: (a) All maniacs are college students. 

(b) No freshmen are (‘olU'ge students. ^ 

Conclusion: No freshmen are maniacs. 

Hypothesis: (a) All mumbos are jumbos. 


3. 


4. 


1/ 


6 . 


7. 


8 . 


Conclusion: 


(6) All jumbos are boojums, 
(c) All boojums are snarks. 
All mumbos are snarks. 


J 


Do not 


9. Test the validity of the following argument by using diagrams, 
give your opinion as to the truth of the statements involved. 

Hypothesis: (a) All mathematics instructors are absent-minded people. 

(fe) All absent-minded people are at least slightly crazy. 
Conclusion: All mathematics instructors are at least slightly crazy. 

Test the validity of each of the proposed conclusions by using diagrams. 
Hypothesis: (a) All timid creatures are bunnies. 

(b) Some timid creatures are dumb. 

(c) Some freshmen are timid creatures. 

(a) Some bunnies are dumb. 

(b) Sonm freshmen are bunnievS. 

(c) Some freshmen are dumb bunnies. 


/ 


10 . 


Conclusion: 
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11 . Test the validity of each of the proposed conclusions by using diagrams: 

Hypothesis: (a) All cats are bats. 

(b) Some bats are gnats. 

(c) Some bats are grey. 

Conclusion: (a) Some cats are gnats. ^ 

(6) Some gnats are grey. 

(c) Some cats are grey. 

12. (i) Test the validity of the following argument. 

Hypothesis: (a) All murders are immoral acts. 

(Jb) Some murders are justifiable. ^ ' 

Conclusion: Some immoral acts are justifiable. ''‘z 

(n) If part {a) of the above hypothesis is true and the conclusion is false, 
what can be said about the truth or falsity of part (6) of the hypothesis? Explain. 

13 . Make up four true statements of the ^fif . . . then . . type, which 
have false converses. 

14 . Assuming that the conclusion follows from the liypothesis by valid reason- 

ing, complete each of the following sentences with one of the phrases ^^must be 
true,'' ‘^must be false," “may be true or false": f T p 

(a) If the hypothesis is true, then the conclusion , 

(b) If the hypothesis is false, then the conclusion rv ^ r 

(c) If the conclusion is true, then the hypothesis ^ z * 

(d) If the conclusion is false, then the hypothesis 

16 . If statement A implies statement -B, and statement B implies statement 

(7, must A imply C? Explain. t ^ 

16 . If statement A implies statement B, must B imply A? Explain. ^0 

17 . If a person reasons correctly and obtains a conclusion with which you 
agree are you logically forced to agree with his hypothesis? Explain. 

18 . Criticize the following argument: “If Brown had ^ufdered Mrs. Grundy 
he would have acted exactlv as he did when he met Jones at the club. Therefore 
Brown is the murderer. 


('W 


HA /:• / 


exactly as he did when he met Jones at the club, 
•er.” I ( ‘ ‘ • 


6. The formal character of deductive logic. We have seen 
that the validity of an argument does not depend on the actual 
truth of its statements. More than that, validity depends only 
on the form of the statements and not on their meaning. The 
statements of a valid argument may be false or they may have 
no meaning at all. For instance, the arguments of example 1, 
section 4, and of exercise 9, section 4, both have the following 
abstract form. 

Example 1. 

Hypothesis: (a) All a;’s are 

All ?/’s are z’s. 

Conclusion: All x’s arc z’a. 
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This abstract form of argument is valid regardless of what 
concrete meanings you give to x, y, z. To speak of the truth of 
its statements is clearly absurd 
since its statements do not have 
any meaning until we assign to 
(or substitute for) the undefined 
terms x, y, z some definite mean- 
ings. Reasoning with such mean- 
ingless forms is called formal logic 
or abstract logic. 

Some philosophers have scoffed 
at this so-called “thoughtless Fuj. (> 

thinking.” But it is precisely the 

fact that abstract logic is independent of any particular subject 
matter that makes it so valuable. For it can be applied equally 
well to any subject matter. If you substitute for x, y, and z, in 
example 1, any meanings which convert the hypotheses into true 
statements, then you know automatically that the conclusion is 
also converted into a true statement. This applies equally well 
to a simple argument or to a long complicated chain of such argu- 
ments. In formal or abstract logic we have the additional prac- 
tical advantage of being able to decide whether or not reasoning 
is valid without being disturbed or influenced psychologically or 
emotionally by the meaning of the statements, since they have 
no specific meaning and may be given many different meanings. 
It is much easier to tell good reasoning from bad when the argu- 
ment is openly exhibited in its skeleton form than when it is sur- 
rounded by sonorous rhetoric and deceptive verbiage and when 
the meanings of the statements are apt to color our thoughts. 

Remark 1. Statements like 

(1) “All x’s are y’s,” 
or 

(2) “x was the first President of the United States,” 
cannot be considered assertions at all until meanings have been 
assigned to the undefined terms x and y; when meanings have 
been assigned, the resulting statements may be true or false or 
merely nonsense. Thus, if we substitute x = “Abraham Lin- 
coln” in (2) we get a false statement; if we substitute x = 
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“George Washington” in (2) we get a true statement; if we sub- 
stitute X = “imperceptibility” in (2) we get nonsense. The dis- 
tinction between a false statement and a nonsensical one is not 
always easy to make. A symbol like x, ox z, which may take 
on more than one meaning is called a variable. Statements like 

(1) and (2) which contain undefined terms or variables are often 
called proposit ional .functions ; they become propositions only 
when we have substituted meanings for the undefined ternos 
which make the resulting sentences either true or false. A non- 
sensical statement is not considered a proposition at all. Formal 
logic is really concerned with propositional functions and with 
the validity of arguments involving them. When we speak of 
truth or falsity w6 are referring to propositions. The sentences 
on an application form which contain blank spaces are purely 
formal; that is they are propositional functions in which the 
blanks are the variables. When we substitute meanings for 
these variables (fill in the blanks), these sentences become propo- 
sitions. 

Remark It is important not to be deceived by the similarity 
of the statements: 

(1) If A is true then B is true; 

(2) If B is true then A is true; 

(3) If A is not true then B is not true. 

The unwary often confuse these three. But (1) does not imply 
(2), and (1) does not imply (3). Likewise (3) does not imply (1) 
and (2) does not imply (1). The statements (1) and (2) are con- 
verses of each other. Two statements A and B are called equiva- 
lent if A implies B and B implies A. Hence if (1) and (2), or (1) 
and (3), are both correct, then A and B are equivalent. State- 
ment (1) is often written in the form “A is true only if 5 is true.” 
Thus, the statement “A is true if and only if 5 is true” means 
that “A and B are equivalent”; it is a compact way of stating 
(1) and its converse (2) together. 

Example. Consider the following statements. (1) If a person 
is reading this book then he is alive. (2) If a person is alive then 
he is reading this book. (3) If a person is not reading this book, 
then he is not alive. 
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Remark S. Many arguments found in print are either ab- 
solutely incorrect, or, at best, can be made valid only by the 
addition of further hypotheses, not stated by the author. Such 
situations can often be detected by substituting symbols like x, 
y, and z for the terms in the argument and putting the argument 
into a form which exhibits its logical structure. 

Exam-pie. Consider the following argument. “Brown has 
publicly asserted that he believes in democracy. Therefore he 
is a good citizen because all who believe in democracy are good 
citizens.” Putting this argument into a form which exhibits ils 
logical structure, we have : 

Hypothesis: (a) Brown has publicly asserted that he be- 
lieves in democracy. 

(6) All who believe in democracy are good 
citizens. 

Conclusion: Brown is a good citizen. 

This is certainly not valid as it stands. To see this clearly let 
us introduce symbols as follows. Let B represent Brown; let P 
be the class of all those who have publicly asserted that they 
believe in democracy; let G be the class of all good citizens; and 
let D be the class of those who believe in democracy. Note 
that P and D are different classes. Our argument becomes (see 
Fig. 7): 

Hypothesis: (a) B is in P. 

(6) D is contained in G. 


Conclusion: B is in G. 



Fig. 7 Fig. 8 


However, this invalid argument will be changed into a valid 
one if we make the further hypothesis that all who publicly assert 
that they believe in democracy do belieVe in it; that is, that P 
is contained within D (Fig. 8). 
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Test the validity of the followmg arguments, 

1 . Hypothesis: {a) All x's are 

(Jb) All ?/\s are 0 's. 

Conclusion: Some are ?/'s. 

2 . Hypothesis: (a) Some :r’s are ?/'s. 

(6) All x’s are 0 '.s. \y'" 

Conclusion: Some 0 's are y^^. 

Put each of the follouring arguments into a form which will exhibit its logical 
structure y and decide whether or not it is valid as it starids. If noty see if you can 
make a valid, arguynent out of it by assuming additional hypotheses not stated here. 

3 . All humane men are kind to domestic animals. Brown is humane because 
he is kind to domestic animals. 

4 . People who make ^flstakes cann^j; be trusted. It is silly to ask advice of 
people who cannot be trusted. All physicians Vnake mistakes. Therefore it is 
silly to ask advice of a physician. 

6 . Helping the poor is always good. Therefore giving alms to beggars is 
always good. 

6 . Brown's program is unworthy of support. Jones’ policies are worthy of 
support because he is unalterably opposed to Brown's ])rogram. ^ 

^ 7. A classical education is worthless because we make no practical use of 

Latin and Greek after graduation. 

‘ 8. This is an evil theory for we find it supported by some evil men. 

* ^ 9. People with inferiority* complexes are always pompous. ProfeSvSor Bluces- 
ber is always pompous. Therefore, he has an inferiority complex. 

10 . Assuming that the statement ‘Tf Smith is a college student, then he is 
more than 12 years old" is true, which of the following statements is necessarily 
true? 

Xi(a) If Smith is more than 12 years old, he is a college student. 

b) If Smith is not a college student, he is not more than 12 years old. 

c) If Smith is not more than 12 years old^ he is not a college student. 

11 . (a) Make up an example in which statements (1), (2), and (3) of Remark 
2 are all correct. 

(b) Make up an example in which they are not all correct. 

12 . Find some examples of invalid arguments in your outside reading. 

6. Inductive logic and experimental science. Inductive logic 

is the name given to the process of coming to a probable general 
conclusion on the basis of (many) particular instances. It is 
thus a tremendously important weapon of experimental or em- 
pirical science and is used unconsciously in everyday life. None 
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the less its conclusions are never certain but only more or less 
probable. For example, if a man performs repeatedly the simple 
experiment of throwing a pair of dice and he throws a total of 
seven five times in succession, we are only mildly surprised. But 
if he throws a total of seven 20 times in succession we form the 
tentative conclusion that these particular dice will always turn 
up with a total of seven; that is, they are loaded. However, this 
conclusion is not really certain, but only probable. It seems to 
become more probable if it happens 50 times in succession, so 
probable that many of us would act on the assumption of the 
truth of our conclusion. Nevertheless, it may not be true and we 
may merely have witnessed an unusual run of luck; there is 
nothing in the theory of probability that prevents it. We shall 
return to this topic in Chapter XIII. Despite the importance 
of inductive logics in experimental science we shall refer to it sel- 
dom. Of supieme importance for mat hematics is dediudive logic 
with which we shall be almost exclusively concerned hereafter. 

Remark. A general statement is one referring to all the mem- 
i)ers of some class of things; a particular statement rtdcirs only to 
some of the members of some class of things. 'i^It i s commonl y 
said that dedindJve reasoning obtains particular statements from 
universal or general statements while indiudive reasoning obtains 
general statements from particular statxmients. Neither of thes e 
descriptions is appropriate, a(!Cording to our definition of deduc- 
tive reasoning. In deduction, one’s conclusion may be general or 
particular. For example, to deduce the particular conclusion 
“Socrates is mortal’’ from the general hypothesis “All men are 
mortal” one must have the additional particular hypothesis 
“Socrates is a man.” Similarly, consider the so-called inductive 
argument in which we .seem to get a general conclusion from a 
particular hypothesis : 

Hypothesis: (a) In the 500 cases we tried, treatment T 
cured di.sea.se D. 

Conclusion: Treatment T will always cure disease D. 

This can be made valid by adding the general hypothesis (6) 
that whatever cured our 500 cases will be a cure for all cases of 
disease D. With this additional hypothesis, the argument be- 
comes deductive and the conclu.sion is inescapable. Now this 
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additional hypothesis is seldom asserted because it is seldom be- 
lieved to be true. In fact, what many people refer to as induc- 
tion is the assertion of this additional hypothesis. But if we are 
to distinguish between the logical question of whether our con- 
clusion really follows from our hypothesis (a) and the psycho- 
logical question of what is likely to convince the average mind, 
then we must emphasize that our conclusion is not valid unless 
we know that our 500 cases are really typical of all cases. Since 
this is seldom known, we usually say that our conclusion is more 
or less probable. What this means will be discussed further in 
Chapter XIII. More complete discussions of these considera- 
tions will be found in the references at the end of the present 
chapter. 

Instead of trying to distinguish between deductive and induc- 
tive logic according to whether the conclusion is general or par- 
ticular, it is better to distinguish between them according to 
whether the conclusion is necessary or merely probable on the 
basis of the hypothesis. The conclusion of an inductive argument 
is never more than probable. The conclusion of a deductive argu- 
ment is inescapable if the hypothesis is granted. 

7. Geometry. The first interest in geometry probably arose 
because of the social need for measurement of tracts of real 
estate, the problems of architecture, and the agricultural need 
for a calendar, which involves a knowledge of astronomy. We 
do not know with certainty how far back the beginnings of 
geometry go, but the Babylonians and Egyptians, from perhaps 
3000 B.c. to about 500 b.c., certainly possessed some geometric 
knowledge and a remarkably good calendar. It is sometimes 
said that the river Nile is responsible for the beginnings of geome- 
try. Certainly, the Nile overflowed periodically, and changed 
its shoreline. The Greek historian Herodotus (5th Century b.c.) 
conjectured that geometry originated because taxes on real es- 
tate in Egypt were paid in proportion to area, and, when the 
Nile’s floods altered the shoreline, the neighboring estates had to 
be surveyed anew. In any case, while the Egyptian and Baby- 
lonian civilizations, long before the Greeks, had some informa- 
tion about geometry, they probably did not have the idea of 
logical proof. Their geometric theorems were largely uncon- 
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nected assertions, each established by empirical observation, at 
least approximately.* During the 7th and 6th centuries b.c. 
commercial intercourse sprang up between Egypt and Greece, 
and with it came an interchange of ideas. Greek scholars, visit- 
ing Egypt, learned what the Egyptians knew and made tremen- 
dous improvements. The statements of geometry were not re- 
garded by the Greeks as unconnected propositions; rather, their 
purpose was to derive complex statements from simple ones and 
ultimately to derive all of them logically from the first few simple 
ones. 

How did this important idea come into being? Let us try to 
blame this on the Nile as well. Imagine that the flooded Nile has 
erased the boundary lines between neighboring farms, and that 
Brown and Jones, two Egyptian farmers, who, since human 
nature was probably not 
very different then, are 
arguing about the bound- 
ary line between the 
farms. There is a rock 
at A on the river bank 
and the boundary is sup- 
posed to be at right an- 
gles to the bank at A. 

Brown claims AB is the 
boundary and Jones 
holds out for AC. How 
are they to resolve the 
dispute? A first method 
would be for one to kill the other and occupy both farms. This 
method, while fashionable among great nations, does not seem 
fair when applied to individuals. A second method would be 
to apply to the King or the High Priest for an arbitrary ruling. 
(This method resembles an attempt once said to have been made 
in the legislature of one of the United States of America to make 
the value of ir exactly 3 in that state.) Both of these methods 
doubtless enjoyed great prestige in the past and to a slightly 

* Some of their formulas were erroneous. Much of our knowledge of Egyptian 
mathematics comes from the Rhind papyrus written by Ahmes some time before 1700 
B.c. and having the somewhat ambitious title: ‘‘Directions for obtaining the Knowl- 
edge of all Dark Things.^' 
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lower degree still do today, but they do not satisfy a reflective 
person. Therefore, Brown and Jones try to come to some com- 
mon agreement as to where the perpendicular goes. 

Jones’ argument runs something like this: “The boundary is 
AC because I well remember that in the middle of that lake of 

mud, exactly at C, there used to 
be a bush beside which my fa- 
vorite dog used to sleep, and I 
am ten years older than you, 
and, even if you did go to school 
in Alexandria, I’ve never yet ad- 
mitted that anyone’s judgment 
was as good as mine, and I’m 
not going to begin at my time 
of life, by Isis!” 

Brown’s argument is that if 
you take a rope with knots at equal intervals, and stretch it taut 
about three stakes so that the opposite sides contain 3, 4, and 5 
intervals respectively, then the angle opposite the longest side 
has to be a right angle (this was probably known to the Egyptian 
surveyors, who were called “rope-strctchers”) ; and he had done 
this and found the boundary to be AB. 

The following dialogue then takes place. 

Jones: I don’t believe that 3-4-5 hocus-pocus. 

Brown: Do you believe that if the lengths x, y, and z of the three 
sides of a triangle satisfy the equation y'^ = then the 

angle opposite side z is a right angle?* 

Jones: If that were true, your 3, 4, 5 rope-trick would be correct, 
since 3^ -f 4^ = 5^, and you would win the argument; so I 
don’t believe it. 

Brown: Do you believe {the Pythagorean theorem) ** that if 



* This is the converse of the Pythagorean theorem which you learned in school. 
You probably never proved this one yourself, but it can be deduced from the Pytha- 
gorean theorem as follows. Construct a right triangle the lengths of whose legs are 
X and y. Then its hypotenuse is equal to z by the Pythagorean theorem. Hence 
the second triangle is congruent to the given one since 3 sides of one are equal respec- 
tively to 3 sides of the other. Therefore the given triangle is also a right triangle. 

** The Pythagorean theorem should be memorized. It is one of the most impor- 
tant theorems in elementary geometry. 
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X, y, z are the lengths of the sides of a right triangle, z being oppo- 
site the right angle, then = z^f 

Jones: That sounds too much like the previous statement. I 
don’t believe it. 

Brown: Do you believe that if two triangles are similar * then their 
sides are in proportion? 

Jones: If it gives you that land, I don’t believe it! 

Brown, seeing what he has to contend with, takes a breath and 
begins again. 

Brown: Do you believe that through two points, one and only 
one line can be drawn? 

Jones: Certainly, but what has that to do with the case? 
Brown: Do you believe that if equals are added to equals, the 
results are equal? 

Jones: Of course. But keep to the sulqect of this boundary — 
I’m a busy man. 

However, Brown continues asking Jones whether he believes 
certain simple statements which happen to l)e axioms or postu- 
lates on page 1 of the geometry book which Brown had studied. 
Jones, impatient, and still failing to see any way in which those 
statements can cause him to lose the argument, admits that he 
believes them all. Thereupon Brown proceeds to prove, step l)y 
step, on the basis of these axioms, and with inexorable logic, that 
the converse of the Pythagorean theorem is valid and therefore 
that the rope stretching trick is legitimate, and the disputed land 
is his. 

Now, this tall story is not accurate history, but it illustrates 
how the notion of proving a large body of statements on the basis 
of a few admitted statements might have arisen from the neces- 
sity for common agreement in very mundane, practical problems. 
On the other hand it might be due chiefly to the unusually logical 
bent of the Greek philosophers. This tremendously important 
idea of deducing large numbers of statements from a few simple 
assumptions probably grew slowly in the consciousness of the 
human race; it seems unlikely that it could have sprung full- 
grown from the brain of one man, although Thales (7th-6th 

* Two triangles are called similar if the angles of one are respectively equal to the 
angles of the other. 
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centuries b.c.), one of the first of the great Greek mathemati- 
cians, is sometimes given credit for it. The earliest great written 
example extant of such extensively organized deductive thought 
is Euclid’s Elements (about 300 b.c.), the work on which your 
high school geometry text was based. Euclid’s Elements has long 
been regarded as representative of one of the outstanding achieve- 
ments of the human mind, Greek geometry; but its full signifi- 
cance was probably not grasped until the 19th century. Euclid’s 
chief contribution was not the discovery of new theorems but 
consisted in showing thatl^ll known theorems were logical co nse- 
quences of a few assumptionsf ") 

Several practical advantages are derived from the deductive 
organization of geometry. For example, one might stare at right 
triangles for ages without perceiving the relation x"^ of 

the Pythagorean theorem; it is hardly self-evident. But having 
deduced it from simple assumptions one sees without effort that 
if the assumptions are true, so is the Pythagorean theorem. Thus 
instead of having to question the truth of hundreds of theorems 
separately, the question of their truth is made to depend on the 
truth of a few simple assumptions. In the other direction, one 
can deduce from theorems already in existence, new unsuspected 
theorems which might never have been found out by experi- 
mental observation. It is worth noting that Greek geometry, 
which aimed at understanding the logical interdependence of its 
statements, proved to be far more useful than, say, Egyptian 
geometry which aimed at being useful and nothing more. 

8. Pure and applied mathematics. In this section we shall 
discuss two of the most basic terms in the entire book, namely 
abstract mathematical science and concrete interpretation or appli- 
cation. In terms of these two concepts we shall define Pure 
Mathematics and Applied Mathematics. 

Notice that when logical structure is introduced into geome- 
try, it is necessary to allow some of the statements to remain un- 
proved (that is, not deduced from other statements), in order to 
have something to start with. Thus theorem 20 may be proved 
by showing that it follows logically from theorem 19; you then 
know that theorem 20 is true if theorem 19 is true. Similarly 
you may deduce theorem 19 from theorem 18, and so on. Sooner 
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or later you must stop and take some statements without proof, 
because we do not live forever. If you try to prove all your 
statements, you will necessarily commit the unpardonable sin of 
“circularity.” That is, if you say that statement A is true be- 
cause it follows from B and B is true, and then you assert that B 
is true because it follows from A and A is true, you are using 
circular reasoning. Putting your two steps together, you have 
said in effect that A is true because A is true. This is the mode of 
reasoning used by children who stamp their feet and shriek “It’s 
so because it’s so.” If the truth of A is to be established by show- 
ing that A follows from B, then we cannot also establish the 
truth of B by showing that it follows from A. Hence, the entire 
structure of geometry must rest on some unproved statements 
called axioms, assumptions, or postulates. 

Example. A king issues a proclamation saying that he is in- 
fallible. When asked to justify the truth of this statement, he 
answers that whatever he says must be true since the proclama- 
tion says that he is infallible. This reasoning is circular. 

Now, the statements of geometry involve certain terms, such 
as “triangle.” If we ask what this term means, we might define 
“triangle” in terms of other terms; thus we might say that a 
“triangle” is the set of all poi nta lving on the line-segments io in- 
ipg three-f>« ints which are no t ^ the same (straight^ lin e. This 
defines “triangle” in terms of the terms “point,” “line-segment,” 
etc. If we ask what these other terms mean, we might define 
them, in turn, in terms of still other terms; thus we might say 
that a “line-segment” is the set of all points lying between two 
given points. This defines “line-segment” in terms of “point,” 
“between,” etc. Sooner or later, this process of definition, like 
the process of proof, must stop. Clearly, we cannot define all 
our terms unless we fall into the trap of “circularity.” We must 
use some terms without definitions, while all other terms may 
be defined ultimately in terms of these luidefined terms. That 
is, all our definitions must involve some terms which are taken 
without definition. 

Remark 1 . The dictionary apparently defines all words. But 
it must therefore use circular definitions. For example, if you 
look up the word “insane,” it might say that “insane” means 
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“crazy”; but if you look up “crazy,” you might find that “crazy” 
is defined to mean “insane.” Together these definitions inform 
you that “insane” means “insane.” This situation is inevitable, 
as we have seen above, if you try to define all your terms. 

Example. To define what we mean by saying that two rods 
“have the same length,” we might say that this is so if one can be 
moved so as to coincide with the other. But if they were made of 
rubber, they could be made to coincide in any case. Hence we 
might go further and say that the two rods have the same length 
if one can be “moved rigidly” so as to coincide with the other. 
But how shall we define “moved rigidly”? We usually say that 
a rod is “moved rigidly” if it is moved in such a way that its 
“length” remains unchanged. We are saying, in effect, that two 
rods have the same length if one can be moved so as to coincide 
with the other in such a way that it has the same length at all 
times during the motion. This is clearly a circular definition. 

Remark 2. A definition, in mathematical usage, is simply an 
agreement to regard one expression (symbol or set of symbols 
such as a word or a phrase) as being equivalent to another (usually 
more complicated) expression. The expression defined can al- 
ways be substituted for its definition, and vice versa, in any 
context whatever without introducing any distortion or vague- 
ness of meaning (although it may well introduce grammatical 
awkwardness). A definition, in this sense, should be distin- 
guished from a (partial) description. Many dictionary “defini- 
tions” are merely descriptions. For example, we have defined a 
triangle above. But the statement, “a triangle is a figure ex- 
tensively studied by mathematicians” is a description. 

Bertrand Russell once * described mathematics as “the sub- 
ject in which we never know what we are talking about nor 
whether what we are saying is true.” Many students heartily 
agree with this, in a mood of personal confession. But it is cor- 
rect literally. We never know what we are talking about since 
all our definitions rest ultimately on some undefined terms; we 
never know whether what we are saying is true because all our 
proofs rest ultimately on some meaningless unproved statements 

* International Monthly^ Vol. 4 (1901), p. 84. 
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or assumptions involving these undefined terms. Moreover, this 
situation must come about if you take any subject and try to 
give it a logical structure. Suppose you assert any proposition 
in economics, say, and you are asked to prove it. You may prove 
it by deducing it from other propositions. If these are challenged 
in turn, you may prove them on the basis of still other state- 
ments. Ultimately, however, you are forced to stop and base 
the whole thing on some improved propositions or postulates. 
Similarly if you are asked what a word means, you will ultimately 
be driven to rest all your definitions on some undefined terms. 
When you have done both these things you have made an abstract 
mathematical science, or deductive science, or abstract logical system, 
of your subject. That is, an abstract mathematical science is a 
collection of statements beginning Ivith some unproved state- 
ments or postulates (hypotheses) involving some undefined terms 
(basic terms), in which all further statements follow logically 
from the postulates and all new terms are defined in terms of the 
undefined ones. Reasoning from postulates in this way is some- 
times called postulational thinking. 

You may ask, “How can we reason about undefined terms? 
What do we know about them if they have no meaning?” The 
answer is simple and important. We know about these undefined 
terms exactly what we have assumed about them in our postulates, 
or unproved statements, no more and no less. In fact we must be 
careful not to use subconsciously anything that we have not 
explicitly stated in our postulates. That we can reason about 
such things is not strange at all. Wc have already done it in 
example 1, section 5, which may be considered as a miniature 
abstract mathematical science, as follows. 

Example 1 . Let the undefined terms be x, y, z. Let us assume 
two postulates. 

Postulate 1. All x’s are ?/’s. 

Postulate 2. All i/’s are z’s. 

Theorem 1. All x’s ate 2 :’s. 

We have here an abstract mathematical science with 3 unde- 
fined terms, 2 postulates, and one theorem. 

Example 2. Let the undefined terms be x, y, z, and w. 

Postulate 1. All x’s are i/’s. 
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Postulate 2. Some x’s are z’s. 

Postulate 3. All t/’s are w’s. 

Theokem 1. Some y’s are z’s. 

Definition 1. Any y which is also a z will be called a “v”. 

Theorem 2. Some w’s are i;’s. 

This is an abstract mathematical science with four undefined 
terms, three postulates, one definition, and two theorems. It is 
decidedly a miniature abstract mathematical science but it 
exhibits all the characteristics of an abstract mathematical 
science. It begins with undefined terms and unproved postu- 
lates; but thereafter, all new statements are logical consequences 
of previous statements and all new terms, like the term “v,” are 
defined in terms of previously used terms. 

In plane geometry “point,” “line,” and others, are often taken 
as undefined terms and statements like the following are often 
taken as unproved statements or postulates. 

Postulate 1. Given any two distinct points, there is at least 
one line containing them. 

Postulate 2. Given any two distinct points, there is at most 
one line containing them. 

These two postulates are usually stated together, in high 
school texts on geometry as follows: given two distinct points 
there is exactly one line containing them, or, two points deter- 
mine a line. 

Definition. If two lines in the same plane have no point in 
common they are called parallel. 

Postulate 3. Given a line I and a point P not on I, there 
exists one and only one line V containing P and parallel to 1. 

This is called the Euclidean parallel postulate* 

Many other postulates and undefined terms, which we shall 
not list here, are taken at the start of geometry. On the basis of 
these postulates we can deduce all the theorems of geometry by 
pure deductive logic. 

Geometry consists of the logical consequences of a set of un- 

* Postulate 3 was not literally the parallel postulate made by Euclid but is known 
to be equivalent to Eu(;lid\s postulate. 
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proved statements involving certain undefined terms. Since we 
are using “point” and “line” as undefined terms, we might have 
changed the words “point” and “line” to “mumbo” and “jumbo” 
respectively, and written postulate 1 as: “given any two distinct 
mumbos, there is at least one jumbo containing them.” Or we 
might have written “point” and “line” as x and y respectively; 
then postulate 1 would become “given any two distinct a;’s, there 
is at least one y containing them.” This cannot affect the 
validity of the reasoning in our proofs. Geometry, like any other 
abstract mathematical science, is a tremendous example of ab- 
stract reasoning, where we reason about undefined terms on the 
basis of unproved statements. The postulates now constitute 
our hypothesis and all the theorems constitute our conclusion. 

You may fairly ask, “In what sense can this meaningless 
game, this thoughtless thinking, this mumbo-jumbo, be true? 
How can it have any bearing on the real world?” The answer, 
honest and simple, is that such an abstract mathematical science 
can never tell you that your conclusions are true but asserts only 
that certain logical arguments are valid. It says merely that the 
theorems are logical consequences of the postulates or assump- 
tions. Every mathematical statement is of the form “A implies 
B.” This means that if A is true, then B must also be true. If 
we can find meanings or concrete interpretations for the undefined 
terms which will make the assumptions become true when these 
meanings are substituted for the undefined terms, then all the 
rest of the theorems must automatically become true statements 
about these meanings. For example, if we could find objects in 
the real world which have the properties demanded of “points” 
and “lines” (or mumbos and jumbos) in our postulates for geom- 
etry, we would then know that all our theorems are true state- 
ments about these objects. 

When meanings are given to the undefined terms of an ab- 
stract mathematical science, we have a concrete interpretation 
or application of the abstract mathematical science. The mean- 
ings assigned to the undefined terms may be understood intui- 
tively or by means of partial descriptions, etc. If the meanings 
assigned to the undefined terms are such that the postulates be- 
come true statements when these meanings are substituted for 
the undefined terms, then all the theorems become true state- 
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ments about these meanings, automatically, since the theorems 
are logical consequences of the postulates. The abstract mathe- 
matical science remains valid, however, whether such a concrete 
interpretation can be found for it or not. 

Example 3. In example 1, page 27, we may convert our ab- 
stract science into a concrete interpretation by assigning the 
following concrete meanings to our undefined terms: let x = 
man, y — mortal, z = fool. 

Remark 3. An abstract mathematical science is a body of 
logically connected propositional functions, while a concrete in- 
terpretation is a body of logically connected propositions (see 
remark 1 of section 5). We may speak of the validity of an ab- 
stract mathematical science but not of its truth. The question of 
truth arises only in connection with concrete interpretations or 
applications. 

Exercise. Can there be different concrete interpretations or applications of the 
same abstract mathematical science? Illustrate using (a) example 1, page 27 ; (b) 
example 2, page 27. 

The totality of all abstract mathematical sciences is called 
Pure Mathematics. The totality of their concrete interpreta- 
tions or applications is called Applied Mathematics. Mathe- 
matics comprises both Pure and Applied Mathematics. 

We must distinguish,* for example, between geometry as a 
branch of pure mathematics and geometry as a l^ranch of ap- 
plied mathematics, applied to the “real world.” It is in this 
latter sense that you have probably thought of geometry up to 
now. You have thought of points and lines, for example, as be- 
ing the dots and streaks you draw on paper, and you may have 
thought of the axioms of geometry as self-evident truths. In 
geometry, as an abstract mathematical science, point and line 
are undefined terms. If we think of these terms as having the 
concrete meanings “dot” and “streak,” we are dealing with a 
concrete interpretation of this abstract mathematical science. 
With this interpretation, our postulates are certainly not satisfied 
except approximately. For no matter how small you make the 
dots or how thin you make the streaks, they are very large 

* This distinction was not clearly grasped by the ancient Greeks who seem to have 
perceived the need for unproved postulates but not for undefined terms. 
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smudges viewed under a magnifying glass and, for example, 
many streaks can be drawn through two dots, contrary to 
postulate 2 (Fig. 11). It is only in an approximate sense that 
you can imagine that the postulates seem to be satisfied. Of 
course, for practical work, a good 

approximation is all that is needed T** 

because no measurement can Fig. ll 

ever be exact, since our senses 

and measuring instruments yield only approximate measure- 
ments. This concrete interpretation does seem to work widl 
for our practical sciences and as long as it does we may make use 
of it. However, as pure mathematicians, we do not say that our 
postulates are self-evident truths (although this was said until 
the 19th century). We say only that if the postulates were sati.s- 
fied, that is, converted into true statements, by any interpreta- 
tion of the undefined terms, the theorems would be true too. 

In any concrete interpretation of an abstract mathematical 
science, we hope that the a.ssumptions are true. We may indeed 
verify their truth approximately by observation, or wo may feel 
that they are probably true, for one reason or another, Init cer- 
tainty concerning their absolute truth is often an unattainable 
ideal so far as science is concerned. 


As for the view that our postulates are self-evident truths one 
may well ask, “Self-evident to whom?” It is notorious that 
what seems self-evidently true to one person may seem doubtful 
or false to another. If one says that we mean self-evident to a 
sufficiently large jury of competent people, we have only to 
reply that history is strewn with abandoned ideas which were 
once considered self-evident for intuitive or other reasons. For 


example: “the earth is flat”; “the heavenly bodies travel around 
the earth” ; “the orbits of the planets around the sun are circles” ; 
“every surface has two sides” (Fig. 12, p. 32); “a heavier body 
will fall faster than a lighter one.” This last statement was as- 
serted by Aristotle (4th century b.c.) and therefore believed by 
everyone until, according to some historians, Galileo (1564-1642) 
cast doubt upon it by actually dropping two bodies from a tower. 
They fell simultaneously. 

In fact, even in ancient times one of the postulates of geometry 
(our postulate 3, the so-called Euclidean parallel postulate) was 
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not considered as self-evident as the others. This fortunate 
circumstance led to the invention of non-Euclidean geometries 
(in the 19th century) whose study contributed greatly to the 
understanding of the nature of pure mathematics and its applica- 
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TWO-SIDED SURFACE 

The spider cannot reach the 
fly without crossing the bound- 
ary. The surface has two sides 
and two edges. 


ONE-SIDED SURFACE 

The fly is not safe on this 
surface, which has only one 
side and one bounilary edge. 




(b) (0 

The surface (b) is made from the rectangular strip (a) of paper ACDF by 
matching A with F, B with and C with /), and pasting. Tlie surface (c) is 
made by twisting one end of the strip (a) through one half-revolution (ISO'^) and 
matching A with Z), B with Ey and C with F, and pasting. The line BE is to be 
midway between CD and AF. 

After the surface (c) has been made, try cutting it along the middle line BE, 
Then cut the resulting surface again along a line midway between its edges. 
Anyone who can guess what the resulting surface will look like has a far better 
intuition than most. Try it again, from the beginning, this time cutting along a 
line 1/3 of the width away from the edge. 

Fig. 12 


tion to the real world. We shall return to this subject in Chapter 
XVI. 

The notion of mathematics as the totality of all abstract 
mathematical sciences and their concrete interpretations or 
applications is a tremendously broad conception, far transcend- 
ing the old definition of mathematics as the science of space and 
quantity. In fact, it includes all subjects in which we reason 
logically, and amply justifies the assertion that mathematics is 
basic to all sciences. You may be reluctant to accept this strange 
new meaning of the word ‘^mathematics.^’ In fact, mathe- 
maticians accepted it with reluctance only toward the end of the 
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19th century when the development of modern mathematics 
forced this view on them. 

We have seen that to construct an abstract mathematical 
science you have only to take a few undefined terms, assume a 
few compatible statements involving them, perhaps also define 
other terms in terms of them, and deduce all the logical conse- 
quences you can. But what undefined terms and assumptions 
shall we choose to start with, and, having chosen them, to which 
of the many possible logical consequences shall we give our at- 
tention, and what new terms shall we define? And even if we do 
decide all this, how, you may ask, can grown men waste their 
time on such empty games? You are partly right. Mathe- 
maticians are not much interested in an abstract mathematical 
science, except perhaps as a mental exercise, unless it shows 
promise of having interesting concrete interpretations or ap- 
plications. By and large, we choose to work with certain 
postulates, definitions, etc., instead of others, because of the 
concrete interpretations or applications we have in mind for 
them. The assumptions and terms we choose to work with and the 
theorems we try to prove are usually suggested by experience. lu)r 
example, they might be probable conclusions obtained by in- 
duction or they might seem to be self-evident facts. Or, their 
invention may be due to creative imagination, insight, or intui- 
tion. However, censorship should not l)e too strict. It would be 
a great mistake to restrict scientific research to those things for 
which we can find an immediate use. History has shown us 
many times that pure mathematics, worked out originally for its 
own sake, has found unsuspected applications .'jO to 100 years 
later. For example, Riemann’s ideas on geometry, developed 
early in the 19th century for their own sake, were applied to the 
physical theory of relativity by Einstein in the 20th century. 
Similarly, group theory, a branch of algebra developed largely 
in the 19th century with no thought of physical applications, is 
now used extensively in Quantum Physics. To cite an extreme 
case, certain curves, called conic sections, were studied by the 
ancient Greeks with no thought of application; they became of 
central importance in physical science about 1800 years later. 

To summarize, an abstract mathematical science is con- 
structed by selecting some undefined terms, some unproved 
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postulates or assumptions involving these terms, and then de- 
fining new terms and proving new statements or theorems. If 
we give concrete meanings to the undefined terms, we obtain a 
concrete interpretation or application of the abstract science. 
If we knew that, for these meanings, the postulates become true 
statements then we would know automatically that the theorems 
must also be true for this interpretation. But usually we are 
uncertain as to the truth of our postulates when they are inter- 
preted concretely. For example, the notion that the postulates 
of geometry, interpreted concretely, are self-evident truths has 
been seen to be untenable. Reasoning from postulates is called 
postulational thinking. The totality of all abstract mathe- 
mathical sciences is called Pure Mathematics, and the totality of 
all concrete interpretations is called Applied Mathematics. 
Together they constitute Mathematics. We have seen that, in 
this broad sense. Mathematics includes every subject in which 
you try to be logical. For if you wish to prove a statement in 
any subject, you prove it by deducing it from other statements, 
and these in turn are either assumed or deduced from still other 
statements, and so on. Ultimately, if we arc to avoid circular 
reasoning, the entire subject must be rested on some unproved 
statements or postulates. Similarly if we define a word it is 
defined in terms of other terms, and so on. Ultimately all our 
terms are expressible in terms of some which are left undefined, 
unless we fall into the trap of circular definition. When all this 
is done our subject has become a part of Mathematics, according 
to our definition of Mathematics. 

We shall return to the ideas of abstract mathematical science 
and concrete interpretation many times in the remainder of the 
book and shall see many illustrations of these ideas, especially in 
/[Chapter XVII. See also section 19 for a non-trivial illustration. 

9. Postulational thinking and scientific theories. We can now 

touch briefly on one aspect of the nature of scientific theories 
which often puzzles the layman. For example, how does it hap- 
pen that Newton’s theory of gravitation is discarded after being 
regarded as “true” for over 200 years? Newton’s theory of 
gravitation can be regarded as an abstract logical system or ab- 
stract mathematical science, one of whose postulates, for ex- 
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ample, is the so-called first law * of motion: “Every body con- 
tinues in its state of rest or of uniform motion in a straight line 
unless it is compelled to change that state by a force impressed 
upon it.” From these postulates one may deduce logically a 
number of theorems which, when the undefined terms are inter- 
preted in an obvious way, state how’ baseballs, liombs, planets, 
and pendulums should move. It may then be possible to verify 
some of the.se theorems (approximately) by empirical or experi- 
mental observation within the limits of reasonable error. But 
the postulates them.selves usually cannot l^e verified by direct, 
observation and are thus not self-evident. f For instance, heav- 
enly bodies which are really at rest or in uniform motion in a 
straight line with respect to each other are entirely outside our 
experience. The chair on which you aie sit ting, for example, is 
undergoing a complicated motion, relative to the sun, resulting 
from the rotation of the earth on its axis, the revolution of the 
earth about the sun, etc. Hence we hav(! the logical situation 
“A implies B and B is true,” A being the postulates and B the 
experimentally veadfied theorems. But as we saw in section 4, 
this does not mean that A is really true. 

In fact, we might well get the same theorems from dilTorenf 
assumptions. Thus it should not surprise us to find two or more 
theories which “explain” observed phenomena equally well; for 
example, there were for some time two rival theories of light, 
the corpuscular and the wave theories. Nobody had ever seen 
a light corpuscle or a light wave directly. But as.suming that 
one or the other of these things exists and has certain properties, 
one can deduce the experimentally verifiable behavior of light. 
As long as both systems continued to fit the facts equally well, 
one theory was as good an “explanation” as the other. However, 
should an observable phenomenon occur which contradicts one 
of our deduced theorems, we then have the logical situation A 
implies B and B is false; hence A mast be false. Therefore, we 
must abandon or modify our abstract .system by changing the 
postulates. If we do this well and arrive at a new abstract 

* The word is often used indiscriminately, in scientific writing, to refer to a 

postulate, theorem, definition, or a probable truth obtained experibien tally. 

t Even if they could be regarded as approximately verifiable truths for small bil- 
liard balls on a table, it would still be quite a jump to assume that they therefore hold 
for planets, etc. 
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logical system which fits not only the old observed facts but the 
new troublesome facts as well, then we say that we have a better 
theory than before. This is what happened at the beginning of 
the 20th century, for example, when observed facts turned up 
which did not fit Newton’s theory of gravitation. The orbit of 
the planet Mercury * did not behave as predicted by Newton’s 
theory; and the discrepancy was greater than could be attributed 
to observational error. _'|'here was little use in attempting to 
persuade the planet Mercury to get back to its course. Al- 
though Newton’s theory had fitted all the facts for over 200 
years, there was nothing to do but change it since we cannot 
change or ignore the facts. This was done in a remarkable way 
by Einstein whose new theory fitted the new facts as well as 
the old.f When and if new facts turn up which do not fit into 
Einstein’s theory, it too will have to be abandoned or changed. 
Similarly "models” of the interior of an atom are hypotheses 
which are abandoned as soon as their logical consequences no 
longer fit the facts. 

A striking explanation of the postulational nature of scientific 
theories is given in the following quotation from The Evoluti on 
of Physics by A. Einstein and L. Infeld: “In our endeaw to 
understand reality we are somewhat like a man trying to under- 
stand the mechanism of a clo.sed watch. He sees the face and 
the moving hands, even hears its ticking, but he has no way of 
opening the case. If he is ingenious he may form some picture 
of a mechanism which could be responsible for all the things he 
observes, but he may never be quite sure his picture is the only 
one which could explain his observations.” 

But neither the question of whether the mechanism, which he 
has supposed hypothetically to be inside the case, is really there, 
nor even the interesting philosophical question of whether he 
may be sure that there is anything at all inside the case, need 
trouble the practical scientist as long as he has a theory which 
enables him to predict successfully the phenomena which can be 
observed. 

Remark. We have said that our hypotheses or postulates a re 

* Among other things. 

t The discrepancies betw^een Newton theory and Einstein^s are too small to be 
observed except in connection with astronomical distances. Hence for the local 
purposes of engineering we still prefer to use the simpler theory of Newton. 
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usually suggested by obsery a^iop- Some people are fond of say- 
ing that observed facts are all that matter and they use the word 
“theory” in a derogatory sense, saying, “Oh, that’s only a 
theory.” It is worth remarking that observation or empirical 
science cannot be wholly free from “theoretical” hypotheses . 
Experi ment is always guided by theory. For even in collecting 
facts, we must have some hypothesis as to which facts are rele- 
vant to the investigation in hand, since we can hardly amass all 
the facts in the universe. In fact, we often do not trust our 
direct observations but rather correct them because of theoretical 
considerations. 

We shall return to these ideas again when we have more 
mathematical background. Let us emphasize once more that 
postulational thinking is available for and indeed essential to a 
completely logical study of any subject matter. However, not 
many books, which pretend to be logical, outside of the so-called 
mathematical sciences, will bear critical examination from the 
point of view of postulational thinking. For instance, in reading 
a book on some social question, it would be a great comfort to 
know what underlying assumptions the author wants you to take 
for granted. There must be some, if he intends to prove any- 
thing logically. But he seldom tells you the basis for his “reason- 
ing.” In fact, if you try to imagine what his assumptions might 
be, in order to justify his conclusions, you are likely to find that 
one set of assumptions is needed on one page and an entirely 
different set on the next. Likewise, the meanings of his terms 
are likely to c;hange from page to page. 

Of course when we say that any logically organized subject 
“begins” with postulates and undefined terms, we mean “be- 
gins” in the logical, not the chronologic^^ sense. Historically, 
every science has begun sonieWhere-irrlts logical middle. It 
usually begins with observations. Then it is noticed that some 
of these observed statements are logical consequences of others. 
After attempts to organize these statements deductively, some- 
one ^finally conjectures hypotheses which would imply conclu- 
sions corresponding to these observations. It may happen that 
these hypotheses imply other conclusions th^t may be chec^ked 
against observation. If some of these do not check then we must 
abandon or modify our hypothe.ses; that is we try to imagine a 
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new set of postulates whose implications will check with experi- 
ence when interpreted in some concrete way. Thus empirical sci- 
ence poses problems to pure mathematical science. On the other 
hand, pure mathematical science deduces theorems logically which 
have to be tested experimentally by empirical science. That is, 
deduction may suggest crucial experiments to be performed in 
the laboratory; and laboratory observations may suggest pro- 
grams of deductive thought. The two play mutually helpful and 
complementary roles. 

Complete * logical organization, such as has been achieved in 
geometry, for example, is the final stage in the development of a 
science. If you say that it is extremely difficult to apply such 
standards of logical rigor to, say, the social sciences, because they 
are more complex than elementary mathematics, we must agree 
that it is difficult. It was also difficult to introduce successful 
logical theories into the apparent chaos of astronomy but it has 
been done with remarkable success in the course of many years 
of concentrated and painstaking effort. Today, chemistry and 
biology arc beginning to emerge from their early stages of devel- 
opment and are taking shape as genuine logical systems. Small 
beginnings are being made in this direction in such subjects as 
psychology and economics, which are, compared to physics and 
mathematics, in their early infancy. 

Briefly, the goal of science is to find assumptions, the fewer and 
simpler the better, whose logical consequences correspond with 
experience. Thus the first attempts to “explain” physical 
phenomena were mythologies. If each observed phenomenon is 
“explained” by saying that it is due to the whim of spirits, there 
is no way to disprove this theory. But it is a useless theory since 
it does not enable you to predict future phenomena. It must not 
be supposed that anything said here detracts from the great 
achievements of science. On the contrary, it should help you to 
appreciate the remarkable success of scientists in finding postu- 
lates whose logical consequences correspond with the varied 
observations of experience in so many diverse directions ; that is, 
in finding abstract mathematical sciences whose concrete inter- 
pretations correspond closely with observation. If little has been 

* According to present standards. This should be understood whenever the expres- 
sion ‘Completely logical” is used. 
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said here about the details of these scientific achievements, it is 
partly because of lack of space, and partly because it is assumed 
that you are at least vaguely familiar with them. Therefore we 
have concentrated on explaining the postulational nature of 
science, which you may never have understood. 

In any case, an understanding of the nature of abstract postu- 
lational thinking and its concrete applications, and of truth and 
validity, should help us in being critical of our beliefs, and in 
finding out the assumptions and reasoning on which our beliefs 
rest. It should make us less dogmatic and more tolerant, since 
it destroys the assurance, that some of us have, that we know 
with certainty the true answers and the only true answers to all 
questions. 

10. Generality and abstractness. In arithmetic one begins 
by counting apples or oranges. The importance of the abstract 
“number” comes into play when one realizes that three apples, 
three oranges, or three objects of any nature whatever have some 
abstract property in common, the numl^er three. Thus instead 
of making the particular statment that two apples plus one apple 
make three apples, one prefers the general abstract statement 
2 + 1=3. 

Later on, one observes that 9 — 4 = 5 • 1 or 3^ — 2^ = 
(3 + 2)(3 - 2), and 16 - 4 = 6-2 or 4^ - 2^ = (4 + 2)(4 - 2), 
and 2.5 - 4 = 7 • 3 or 5* - 22 = (5 + 2) (5 — 2). The mathe- 
matician naturally prefers the general statement — 4 = 
(x + 2)(x — 2) which holds for all numbers x, instead of the 
particular statements about individual numbers made above. 
In fact, one prefers still more the general statement x^ — = 

{x + y)(x — y) which holds for all numbers x and all numbers y. 

Similarly, in geometry one prefers the general statement that 
“the area of every rectangle is equal to its base multiplied by its 
altitude,” instead of any particular statement such as “the area 
of a rectangle whose base is 2 inches and altitude 3 inches is 6 
square inches.” 

In fact, this is characteristic of science in general. The 
scientist does not want to have to invent a separate explanation 
for each individual phenomenon. He much prefers to find a 
general law that will explain all of a large class of phenomena. 
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No two phenomena can ever be exactly alike since they differ at 
least in time or place. Hence generality can be obtained only by 
abstracting from the phenomena those characteristics which they 
have in common, ignoring other characteristics. Similarly, in 
the beginnings of arithmetic one learns to ignore the color, taste, 
etc., of the three apples or three oranges and to consider only the 
common characteristic of number. The same situation arises in 
logic when one ignores the content of the statements in an argu- 
ment and considers only their form (see section 5). Needless to 
say, generalizations are often discovered or suggested by observa- 
tion or inductive reasoning. 

Note carefully that in mathematics the word “generality” 
does not connote vagueness, as it sometimes does in everyday 
usage. Nor does “abstractness” imply having one’s feet firmly 
planted on a cloud. A general result, in mathematics, always in- 
cludes within it all the special results that may have suggested it. 
And an abstract statement yields, upon appropriate application 
to specific subject matter, all the concrete statements of which it 
is the prototype. It may help the student to understand the 
development and importance of mathematics if he grasps the 
significance of generality and abstractness. The desire to arrive 
at general statements about all of some (dass of things often 
actuates the mathematician and gives direction to his research. 

EXERCISES 

1. Explain the nature of (a) inductive logic; (b) deductive logic. 

2. Is the conclusion of a valid argument always true? Explain the distinction 
between truth and validity. 

3. Explain the nature of postulational thinking. What is an abstract mathe- 
matical science? A concrete interpretation? Define and discuss the relationship 
between pure and applied mathematics. 

4 . Explain the bearing of your answers to parts (c) and (d) of exercise 14, 
section 4, on the acceptance or rejection of scientific theories or hypotheses. 

6. Make up examples of different hypotheses which imply the same conclu- 
sion. 
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Chapter III 

THE SIMPLEST NUMBERS* t 


11. Introduction. We did not attempt in section 8 to give a com- 
plete set of postulates for Euclidean geometry and to deduce the 
familiar theorems from them. Such a task involves considerable 
technical diflficulty. Neither your high school text in geometry, 
nor Euclid’s original work, The Elements (about 300 b.c.), suc- 
ceeded in presenting a completely logical deduction of the theo- 
rems from the postulates according to present standards. In 
fact, such a treatment could not be given without a more com- 
plete set of postulates, and was not given until the last years of 
the 19th century. However, the treatment of geometry in your 
high school course, though incomplete, did make clear that the 
subject may be considered as an example of postulational think- 
ing in the light of our discussion in section 8. We may now turn 
to algebra and arithmetic, which we shall treat in greater detail 
because your high school treatment of these subjects was much 
inferior, from our point of view, to that of your geometric studies. 
Much of your algebra was probably learned by rote; here, it will 
be treated logically. While we cannot attempt a complete 
treatment because of technical difficulties, which would tax the 
abilities of more advanced students than you, we shall try to do 
enough to convince you that algebra has a logical structure simi- 
lar to that of geometry, and to acquaint you with its historical 
growth. Since a completely logical treatment is not feasible 
here, we shall have to ask you to adopt a kind of split personahty. 

* Note to the student: This chapter should be read slowly since the idea of logical 
proof in connection with numbers is strange to you. After completing this chapter, 
the work of Chapters IV, and, especially, V will be found to be much easier. 

t Note to the instructor: If it is felt that fewer proofs than are given here will suffice 
to enable the student to grasp the idea of logical proof, then the remaining proofs may 
be omitted and the facts assumed or discussed informally without disturbing the con- 
tinuity of the book. We have tried to include as much rigor as anyone would want 
since it is more convenient for the instructor to omit than to insert such details. 

42 
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Sometimes we shall address you as if you were children or bar- 
barians and we shall build up with careful logic even the most 
elementary of subjects. At other times we shall ask you to recall 
some simple things with which you have long been familiar, such 
as the addition and multiplication tables. 

The system of numbers, with which you became acquainted in 
your previous study of algebra, did not come into being full-grown. 
It developed very slowly, beginning in prehistoric times and reach- 
ing its present state only recently. The so-called natural num- 
bers, 1, 2, 3, 4, and so on, certainly prehistoric in origin, were 
doubtless the only numbers known to the human race for a long 
time. Fractions, like 3/5, 7/2, 1012/357, etc. were probably in- 
vented in order to facilitate the handling of problems of measure- 
ment concerning the division of things (like real estate or harvests) 
into equal parts. In their study of geometric magnitudes the G reeks 
discovered that some lengths could not be represented even by frac- 
tions (see section 24). Considerations of this sort led to the in- 
vention of irrational numbers like \/2. When it became conven- 
ient, for various purposes, to be able to subtract a larger number 
from a smaller one, negative numbers were invented. If one wishes 
to take the square root of a negative number, one is led to invent 
the so-called imaginary numbers like V— 2. Finally, there was 
evolved the system of so-called complex numbers, like 2 -f 3\/ — 7, 
with which you became acquainted in school. In the present chap- 
ter we shall discuss only the simplest numbers, namely the natural 
numbers and fractions, in some detail. In Chapter IV we shall 
continue our discussion of the gradual evolution of the number 
system. Since our purpose is not merely historical but also to de- 
velop the subject from a modern logical point of view, we shall 
depart somewhat from the chronological order of development, for 
pedagogical reasons. It would be foolish to retrace here all the 
blunderings of the human race in its efforts to create a satisfac- 
tory number system. 

In Chapter V, we shall indicate how the familiar manipulations 
of algebra might be based on a set of postulates and undefined terms. 
However, as remarked in Chapter II, our choice of postulates is 
usually suggested by some sort of experience. It is the purpose 
of Chapters III and IV to acquaint you with experiences of the 
human race which lead up to the formulation of the postulates used 
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in Chapter V, and, at the same time, to introduce you gradually 
to the use of logical proofs and strict definitions in connection with 
numbers. Chapters III and IV do not themselves constitute 
an abstract mathematical science, since the basic term natural 
number will not be regarded here as an undefined term devoid of 
meaning, but will rather have a concrete meaning, understood 
intuitively, to be indicated at the beginning of the next section. 

Many of the things we shall write down may seem trivial ' to 
you but you must recall that, as far as possible, you are to re- 
member nothing of your high school algebra, that we want to 
write down everything that we take for granted, and that we 
must use nothing in our proofs except what is explicitly assumed 
or previously proved. 



12. Natural numbers. Addition and equality. Let us begin 
by imagining ourselves to be young children or primitive savages 
who know nothing of numbers. Our earliest mathematical dis- 
covery would probably be that 
two apples, two fingers, two peo- 
ple, two dogs, etc., have some- 
thing in common. Thus, the 
first numbers to be invented 
would probably be one and two. 
Some primitive races are said to 
find it too much of a strain to 
enter into further refinements 
and have in their language only 
three words of number — one, 
two, and many.. Since n^ne of us 
can grasp intuitively large num- 
bers of objects like the number of 
blades of grass on a lawn or the 
number of people in an audito- 
rium, it is likely that our ances- 
tors would not have progressed 
much further than this were it not for the invention of counting. 
However, having invented the process of counting objects in suc- 
c^ion (that is, “counting by ones”), our ancestors, early in pre- 
historic times, surely developed the lumbers 1, 2, 3, 4, and so on. 


Chinese abacus or swan-pan 
Fig. 13 
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which are used in counting. These are called the natural num- 
bers. From our experience with counting objects we develop 
next the idea of the sum of two numbers. For example, if we 
have three apples and we add two more apples we have five 
apples; this fact leads to the statement 3 + 2 = 5. We then 
find it convenient to record and memorize the resulting tables of 
addition 

1 + 1 = 2 2 + 1= 3 3 + 1= 4 ••• 

1 + 2 = 3 2 + 2 = 4 3 + 2 = 5 ••• 

1+3=4 2+3=5 3+3=6 - 


which we can use in calculating sums. Devices other than tables, 
such as the abacus (Fig. 13) or various forms of finger-reckoning, 
were once used universally for addition and are still used today 
among unlettered people. We shall now assume that you are fa- 
miliar with the usual way of writing numbers, and that you can 
add. We also assume that you are familiar with the use of letters 
to represent unspecified numbers. 

The intuitive fact that any two natural numbers can be added 
to obtain another natural number may be formulated as a postu- 
late or assumption as follows. 

Ai. Given any pair of natural numbers, a and h, in the stated 
order, there exists one and only one natural number, denoted by 
a + 6, called the sum of a and b. (This is called the postulate of 
closure for addition of natural numbers.) 

The significance of the word closure is that the natural num- 
bers form a "closed” system under addition in the sense that the 
result of adding two numbers in the system always remains in the 
system. It is as though all natural numbers filled a fenced-in en- 
closure and performing the operation of addition never takes us 
outside the enclosure. This may be made clearer by considering 
the following examples of systems not closed under addition. 

Example 1 . Consider the system of all natural numbers from 
1 up to 10, inclusive. This system is not closed under addition 
for it would not be correct to say that given any two numbers in 
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the system there is a number in the system called their sum. For 
instance, 4 and 7 are in the system but their sum is not. 

Example 2. Consider the system of all odd numbers; that is, 
1, 3, 5, 7, • • •.* This system is not closed under addition since the 
sum of two odd numbers is even. On the other hand the system 
of all even numbers (2, 4, 6, • • •) is closed under addition for the 
sum of two even numbers is always even. (These statements are 
not being proved here; we are merely taking these illustrations 
intuitively.) 

If we add two pebbles to a collection of three pebbles we get 
the same number of pebbles as if we had added three pebbles to a 
collection of two pebbles. Thus 3 + 2 = 2 + 3. This, and sim- 
ilar experience, suggests formulating the following property of 
natural numbers as a postulate. 

A 2 . If aandhareany natural numbers, a -f- & = 6 + a. (Called 
the commutative law for addition of natural numbers.) 

That is, we may commute or interchange the order of the terms 
in the sum a b. 

Let us recall that parentheses are used to group together what 
is in them. This is merely a rule or agreement in the grammar of 
our written language of algebra. Thus 2 -f (3 + 4) means that 
we add 3 and 4 first, obtaining 7, and then find 2 + 7, obtaining 
9. Similarly, (2 + 3)+ 4 means 5 + 4or9. The fact that we get 
the same result from both expressions, although the operations 
performed are different, leads us to formulate the following prop- 
erty of natural numbers as a postulate. 

As. If a,b, care any naturalnumbers, (a + 6)+ c = a +(fe + c). 
(Called the associative law for addition of natural numbers.) 

This says that we get the same result whether we add the sum 
of a and b to c, or a to the sum of b and c. That is, the parenthe- 
ses may be put around the first or the second pair of natural num- 
bers, at will. 

To say that a = b means that a and b are different symbols rep- 
resenting the same natural number ; that is, they are different names 
for the same thing. If a = 6, then, in any statement involving a, 
we may replace a by 6 and vice versa. This is a fundamental princi- 

* Wherever three dots occur, the first dot means ‘^and,’^ the second dot means 
‘‘so,” and the third dot means ‘^on.” 
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pie of our underlying logic, called the principle of substitution. For 
example, postulate ^3 tells us that when we see the expression 
(a + 6)+ ewe may replace it by the expression a +(& + c). Sim- 
ilarly A-i tells us that we may substitute & -4- a for a -f 6. The 
principle of substitution is related to the following postulates con- 
cerning equality, which we shall use, often without explicit meii- 
tion. 

El. If a is a natural number, a = a. (Law of identity.) 

Ei. If a and b are any natural numbers and a = b, then b = a. 

Ez. If a, b, c are natural numbers, and if a = b and b = c, then 
a = c. (Things equal to the same thing are equal to each other.) 

Ei. If a = b and c — d, all letters representing natural num- 
bers, then a c = b d. (If equals are added to equals, the re- 
sults are equal.) 

As a consequence of Ez (or substitutioi^ we may use long chains 
of equalities; thus ii a — b, b — c, c = d, d = e, e = f, we may 
conclude that a = f, and we may write a = b = c = d = e=f. 

A statement of equality is called an equation ; the expressions 
on either side of the equals sign are referred to as the left member 
and right member of the equation, respectively. 

We can now prove some simple theorems like the following. 

Theoeem 1. If X, y, and z are any jiatural numbers, then 
(x y)+ z =(z + x)+ y. 

Proof. By hypothesis x and y are natural numbers. Hence, 
by the postulate of closure for addition of natural numbers (Ai) 
it follows that x + y is a natural number. That is, x + y is a 
long name for a certain natural number. By hypothesis z is a 
natural number. By the commutative law for addition of natural 
numbers (A 2), applied to the natural numbers (x + y) and z, we 
have 

(1) (x + y)+ z = z -f(x -f y). 

By the associative law for addition of natural numbers (A 3 ), 
applied to the right member of (1), we have 

(2) z -\-(x A- y)=(z x)-^ y. 

From (1) and (2) we obtain by substitution, or by Ez, the result 
(x + y) + z =(z + x)-f y 
which is what we had to prove. 
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Note that before we applied Ai to the symbols {x + y) and z, 
we had to be sure that they both represented natural numbers, 
since A<i applies only to natural numbers. That {x + y') was a 
natural number was established by using Ai. 

Remark 1. The sum of three or more terms has not been de- 
termined by .Ai. Nor does the addition table tell you the sum 
of more than two terms. Thus a symbol like a + 6 + c has no 
meaning at present. But (a + 6) + c has a meaning and so has 
a +{h c) since each indicated step in either expression is ad- 
dition of two terms which is possible by A.i. Furthermore by Az, 
both of these expressions are equal. Hence we define a + 6 + c 
to mean the number obtained by inserting parentheses in either 
way: a -+-(6 + c) or (a + 6)+ c. As for sums involving four 
terms, we observe that ([3 + 4]-|- 6)+ 5 =(7 + 6)+ 5 = 
13 + 5 = 18 while [3 + 4]+(6 + 5) = 7 + 11 = 18. This sug- 
gests that we can now prove theorems like the following, on the 
basis of our postulates. 

Theorem 2. If a, b, c, and d are any natural numbers then 
([a -|- &]+ c)-f- d =[a -|- 6]-l-(c -f- d). 

Proof. By hypothesis, a and b are natural numbers. Hence 
the postulate of closure for addition of natural numbers (Ai) 
tells us that [a -f- 6] is a natural number. Since [a ■+• 6], c, and d 
are now known to be natural numbers, the associative law for 
addition of natural numbers (As) tells us that ([a + 6] + c) + 
d = [a + 6]-l-(c -t- d). This is what we had to prove. 

Similarly we could show that all expressions obtained by insert- 
ing parentheses in the various possible ways must yield the same 
result. Thus [a +(6 + c)]+ d = a +[(6 + c)-l- d], and so on. 
Hence we define the expression a + ft + c-l-dto mean the num- 
ber arrived at by pairing off the terms by inserting parentheses 
in any way that makes sense, since all such ways yield the same 
result. In general, the sum of any number of terms a + 6 + c + 
• • • -|- A: may be defined, and we can write such sums without 
parentheses, or we may group the terms in any way by putting in 
parentheses at will (as long as we are only adding). This could 
be proved rigorously * but we will not go into details here. We 

* With the help of further postulates not stated here. In particular, the postulate 
of mathematical induction, discussed in Chapter XIV, is needed. 
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shall say that such insertion or removal of parentheses in sums is 
justified by the generalized associative law for addition of natural 
numbers. 

Remark 2. The commutative and associative laws may seem 
trivial, but there are in fact many operations which do not obey 
them. To anticipate, subtraction obeys neither. For 2 — 7 is 
not the same as 7 — 2; and (8 — 4) — 2 is not the same as 8 — 
(4 — 2), since the first expression means 4 — 2 or 2 and the second 
means 8 — 2 or 6. Similarly the operation of doing one thing 
after another is not commutative, for the order in which you do 
two things may well matter; for example, shelling an egg and 
beating it up; or undressing and bathing. Chemistry students 
all know that one may safely pour sulphuric acid into water, 
while it is dangerous to pour water into sulphuric acid. 

Remark 3. The student should memorize the names of these 
laws, not their numbers, although for the sake of brevity we shall 
often use the numbers for cross-references. When quoting a pos- 
tulate as justification for a step in a proof, the student should 
either write out the postulate in full, or use abbreviations like 
Comm. Add. Nat. Nos. for the commutative law for addition of 
natural numbers. 

Remark 1^. The commutative and associative laws are implic- 
itly used when we say that we can add a column of figures either 
up or down. Thus adding the column 

7 

4 

17 

up means (6 -f 4) -b 7 while adding it down means (7 -b 4) -}- 6. 
The results are the same. 

EXERCISES 

1. Name the postulate which justifies each of the following statements, all let- 
ters representing natural numbers: 

(а) 5 -h 7 = 7 + 5. 

(б) (5 -H 7)-}- 2 = 5 -l-(7 + 2). 

(c) X + y = y + X. 

(d) (m -h a:)-b r = m -|-(a: -b r). 

(e) a + t is a natural number. 
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2. Prove the following, justifying each step by means of one of our postulates, 
all letters representing natural numbers. Do not use the generalized associative 
law discussed in remark 1. 

(а) [a +(6 + c)] + d is a natural number. (Hint: use Ai several times.) 

(б) a + [(?> + c) + d] is U' natural number. 

(c) [a +(6 + c)] + d = a + [(& + c)+ d]. 

(d) (a: + y)+ z = x +(z + y)- (Hint: use As and ^ 2 .) 

(e) (x + y)+ z = y +(.x + z). 

(/) (a + 6)+ c = c +(a + 6). (Hint: use Ai and ^ 2 -) 

(g) (a + h) + (c + d) = (c + d) + (a + h). 

(h) [a +(6 + c)] + d = a + [d +(h + c)]. (Hint: use ^ 1 , and .^ 2 .) 

(t) [o +(6 + c)] + d = (a + fc) + (c + d). 

(j) (x + y)+ z =-(x + z)+ y- 

13. Multiplication of natural numbers. Early in the history 
of the human race it must have been noticed that repeated addi- 
tions of the same natural number can be abbreviated by the in- 
vention of multiplication. Thus, a herdsman counting cattle 
passing through a gate three abreast might have observed that 
he could “count by threes” more quickly than by “ones,” and he 
might have then decided to remember that four threes add up to 
twelve, and similar facts. Hence we might define “4 times 3” to 
mean 3 -f 3 -f 3 -f 3. This leads us to the following definition. 

Definition 1. If a and b are natural numbers, the product of 
a and b shall mean the number b + b + b+---+b where there are 
a terms in the sum. In symbols, ab = b b -{• •••+&(« terms 
on the right of the equals sign). The numbers a and b are called 
the factors of the 'product. The product of a and b will be written * 
as ah or a • b. In particular 1 • b = b. 

For example, 4-3 = 3-|-3 + 3-b3. Note that our defini- 
tion of product involves only terms (like “sum”) which have al- 
ready been introduced. Since the sum of any number of natural 
numbers is a natural number, it is natural to assume the follow- 
ing postulate. 

Ml. If a and b are any two natural numbers, given in the stated 
order, there exists one and only one natural number denoted by ab or 
a • b, called the product of a and b. (This is called the postulate of 
closure for multiplication of natural munbers.) 

This could have been proved t but we shall assume it here. An 

* The dot is always used when specific numbers are multiplied. For example 4 
timei 3 is written 4 • 3, not 43. 

t See footnote, page 48. 
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example of a system of numbers not closed under multiplication 
is the system of all natural numbers between one and ten inclu- 
sive ; for the numbers 3 and 4 are in this system but their product 
is not. Postulate Mi asserts that the system of all natural num- 
bers is closed under multiplication. 

According to definition l,4-3 = 3-l-3-f3-|-3 while 3 • 4 = 
4 -b 4 -h 4. These expressions represent different operations but 




Fig. 14 

the result is the same in both cases. Our experience suggests that 
we should always get the same result even if the order of our 
factors is reversed. Therefore we assume the following postulate. 

Mo. If a and h are any natural numbers, then ah = ha. (This 
is called the commutative law for multiplication of natural num- 
bers.) 

Similarly our experience tells us that although (4 • 3) - 2 = 
12 -2 and 4 -(3 • 2)=4 • 6 represent different operations, they 
yield the same result. Therefore it is natural to make the follow- 
ing postulate. 

Mz. If a, b, c, are any natural numbers, then (ab)c = a(bc). 
(This is called the associative law for the multiplication of natural 
numbers.) 

From these postulates we can deduce some simple theorems 
like the following. 
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Theobem. If X , y, z are any natural numbers, then x{yz) = 
z(xy). 

Proof. By Mz, x{yz) — (xy)z. By Mi, (xy) is a natural num- 
ber. Hence we may apply M2 to the natural numbers (xy) and 
z, obtaining (xy)z = z(xy). By Ez or substitution we have 
x(yz) = z(xy) which was to be proved. 



4 • (3 • 2)= 2 • (4 • 3) 
Fig. 15 


We now assume you to be familiar with the tables of multipli- 
cation which can be derived from definition 1 and the tables of 
addition: 

1-1 = 1 2-1=2 3-l=3 --- 

1-2 = 2 2-2 = 4 3-2 = 6 ••• 

1-3 = 3 2-3 = 6 3-3 = 9 ••• 


Remark 4- The product of three terms is not defined yet. But 
Mz enables us to define and use symbols like abc or abed. We 
shall insert or remove parentheses in a product of any number of 
factors freely, saying that this is justified by the generalized asso- 
ciative law for multiplication. Compare what we said in connec- 
tion with addition in Remark 1, section 12. 

We recall the convention of notation (a rule of grammar in the 
written language of algebra) that in a chain of additions and mul- 
tiplications the multiplications are to be done first except where other- 
wise indicated by parentheses. This convention enables us to omit 
cumbersome parentheses around products. For example 2 -J- 
(3 - 4) can be written simply as 2 -f 3 - 4. Note that 2 -}- 3 - 4 
means 2 -f 12 or 14 while (2 -f 3) - 4 means 5 - 4 or 20. Simi- 
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larly, 2-3 + 4 = 6 + 4 = 10 while 2 -(3 + 4) = 2 • 7 = 14. 
However, we observe that 2 -(3 + 4) = 2 • 3 + 2 • 4 since the left 
member is 2 • 7 while the right is 6 + 8. In fact, 2 -(3 + 4) = 
(3 + 4) + (3 + 4) by definition of product. But, using the asso- 
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ciative and commutative laws we have (3 + 4) + (3 + 4) = 
3 + 4 + 3 + 4 = 3 + 3 + 4 + 4=(3 + 3) + (4 + 4) = 
2 • 3 + 2 • 4. This suggests the following general postulate. 

D. If a, 6, c are natural numbers, then a(b + c) = a6 + ac. 
(This is called the distributive law for natural numbers.) 

The effect of the multiplier a is distributed between the terms 
b and c. This is the first postulate we have made which connects 
addition and multiplication. In high school this law was referred 
to as “removing parentheses” if read from left to right, and as 
“taking out a common factor” if read from right to left. 

We also assume the following postulate of equality. 

Er,. If a = b and c = d, all letters representing natural numbers, 
then ac = bd. (If equals are multiplied by equals, the results are 
equal.) 


EXERCISES 

1. Name the postulate or postulates which justify each of the following state- 
ments, all letters representing natural numbers: 

(o) 3 • 5 = 5 ■ 3. (6) (3 • 5) • 4 = 3 • (5 • 4). 

(c) 3(5 + 4)= 3 • 5 -I- 3 • 4. {d) 5 • 2 -|- 5 • 3 = 5(2 -|- 3). 

(e) xy = yx. (/) lxy)z — x(yz). 

' (g) x{y + z)= xy + xz. (h) mp + mq = m(p + q). 
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2. According to the definition of multiplication what is the meaning of 3 • 5? 
of 5 • 3? of 5o? 

3. Find the value of each of the following: 

(a) 3 + 4-5. Q>) (3 + 4) • 5. (c) 3 ■ 4 + 5. 

(d) 3 • (4 + 5). (e) 3 + 4 ■ 5 + 6. (/) (3 + 4) • 5 + 6. 

(g) (3 + 4) -(5 + 6). (A) 3 + 4 • (5 + 6). 

4. Notice that 2 + 3 • 4 = 2 + 12 = 14, and 2 • (3 + 4) = 2 • 7 = 14. Hence 
2 + ,3 • 4 = 2 • (3 + 4). May we conclude from this that a + h ■ c = a ■ {h + c) 
for all natural numbers a, b, and c? 

6. Prove each of the following, justifying each step by means of one of our 
postulates, all letters representing natural numbers. 

(a) {xy)z = x{zy). (Hint: use Ms and Ms.) 

(b) {xy)z = y{xz). 

(c) {xy){zu) = {zu){xy). (Hint: use Mi and il/ 2 .) 

{(1) (xy)z =-{xz)y. 

(e) xy + xz is a natural number. (Hint: use Mi and Ai.) 

14. Some theorems about natural numbers. We are now in 

a position to prove some theorems about natural numbers on the 
basis of our postulates. The student’s chief difficulty here will 
be the necessity for confining himself to steps which are justified 
by the postulates. It will be necessary to refrain consciously 
from performing manipulations, made familiar by habitual use, 
which are not assumed and have not yet been proved to be per- 
missible here. We give two illustrations. 

Theobem 1. If x,y,z are any natural numbers, then {y + z)x = 
yx -f- zx. 

Note that this is not the distributive law as we assumed it, 
since the number outside the parenthesis here is on the right in- 
stead of the left of the parenthesis. It will be advisable to restate 
all theorems indicating hypothesis and conclusion clearly, as fol- 
lows. 

Hypothesis, x, y, and z are natural numbers. 

Conclusion, (y + z)x = yx + zx. 

Proof. By the postulate of closure for addition of natural num- 
bers (Ai), 2 / + z is a natural number. Now a: is a natural number 
by hypothesis. Hence, applying the commutative law for mul- 
tiplication of natural numbers (M 2 ) to the natural numbers 
{y + z) and x, we have 

{y + z)x = x{y + z). 
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But, by the distributive law (D), 

z{y z)= xy -{■ xz. 

Now, by the commutative law for multiplication (M 2 ), 

xy = yx and xz = zx. 

Hence, xy xz = yx + zx (by Ei). 

Finally, (y + z)x = yx zx (by Fs or substitution). 

This is what we had to prove. 

Remark. Instead of recognizing that y + z may be regarded 
as a long name for a natural number, the student may substitute 
a short name for it if he wishes. Thus we might have said: let 
y + z = a. Then (y + z)x = ax by substitution. Now ax = xa 
by M 2 . Hence (y + z)x = x(y + z) by substitution. The rest 
of the proof would proceed as before. However, this substitution 
is unnecessary. Note that the step “let y z = a” is, not a step 
of reasoning but merely a matter of name-calling. Logic should 
not be confused with name-calling even in a political campaign. 

Theoeem 2. If a, b, c, d are natural numbers, then a(b -1- c -1- d) 
— ab ac ad. 

Hypothesis, a, b, c, d are natural numbers. 

Conclusion. a(b c d) = ab -i- ac ad. 

Proof. By the associative law for addition of natural num- 
bers (see Remark 1, section 12), b + c + d can be written as 
[6 4- c] -}- d. By Ai, [6 c] is a natural number. Then 



a(b -j- c -j- d) = a([b -(- c] -f- d) 

(by substitution). 

Now, 

o,([b -f c] -4 d) = a{b 4 c] 4 ad 

(by D). 

But, 

a\b 4 c] = ab + ac 

(by D). 

Thus, 

a{b 4 c] 4 ad - a6 4 ac 4 ad 

(by substitution). 

Finally, 

a(b 4 c 4 d) = a6 4 ac 4 ad 

(by Ei or substi- 
tution.) 


Notice that the steps in these proofs are things that you would 
have done in high school without stopping to think at all. Our 
purpose is not to “get the answer” quickly, but rather to deduce 
our results from the postulates or assumptions we set down, being 
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careful to justify each step on that basis. The extreme care we 
have employed in justifying each minute step logically is doubt- 
less new to you. All of mathematics from these small beginnings 
to the most advanced branches can be built up in this way with 
each step justified by a logically rigorous argument. 

While you will have had little difficulty in following the proofs 
given above, you may be at a loss as to how to proceed in the 
original exercises below. When the proof is given, you can see 
that each step is logically justified. But when you have to invent 
your own proof you may be puzzled as to which of the many pos- 
sible justifiable steps you ought to take. The best counsel that 
the author can think of in this connection is the advice given 
to Alice by the Cheshire Cat in Alice in Wonderland * by C. L. 
Dodgson (Lewis Carroll). Alice asks the Cat: 

' “Would you tell me, please, which way ought I go from here?” 

‘ “That depends a good deal on where you want to get to,” said 
the Cat. 

‘ “I don’t much care where — ,” said Alice. 

‘ “Then it doesn’t matter which way you go,” said the Cat.’ 

Similarly, it is usually easier to see what to do next if you know 
what goal you are driving at. Thus when you are trying to de- 
termine which of many possible logically justifiable steps you 
should take, think of what you are trying to prove and select 
some justifiable step which will bring you nearer to that goal. 

As an illustration, let us analyze theorem 1 so as to discover 
naturally how the proof should go. We have to prove that 
(y z)x = yx -\- zx. There is only one postulate which deals 
with both addition and multiplication together, namely the dis- 
tributive law. But we cannot apply the distributive law since x 
is on the wrong side of the parenthesis. Therefore we would like 
to put the X on the left side of the parenthesis. This could be 
done by the commutative law for multiplication provided the pa- 
renthesis represented a natural number. But it does by the law 
of closure for addition. Therefore we begin our proof by saying 
that y -f 2 is a natural number by Ai. Then by M^, we get 
{y -f z)x = x{y -f z). By D, x{y z)=xy A- xz. Now we have 

* This book, and Through the Looking Glass ^ by the same author, make good reading 
for adults. The Reverend Charles L. Dodgson was a teacher of mathematics, and his 
tales contain many sly allusions of mathematical and philosophical character. 
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attained our first objective of removing the parentheses. But the 
right member of the last step is not yet what we have to prove. 
But it is easily made so by the commutative law for multiplica- 
tion. Having thus analyzed the proof, we then write it down in 
good order as above. 

Theorems 1 and 2 and exercises 5 and 6 below, are all instances 
of what may be called the generalized distributive law. That is, 

(i(b c d -|“^)~ (d) “f~ ac -j- cid “b ••• -b cik 
and (& -b c -b d + ••• + k)a — ba + ca da ••• + ka 

no matter how many terms are within the parenthesis. We shall 
not prove this generalized distributive law here but we shall use 
it in later sections. Do not use it in the following exercises. 

Remark 1. In applying any postulate or theorem to any ex- 
pression, or in using "substitution,” always be sure you know 
what you are substituting for what. Write out all "reasons” in 
full. If you are doubtful about whether a certain postulate ap- 
plies to the situation in hand, it is a good idea to write out the 
postulate and then substitute in it the expressions which are to 
play the part of the symbols in the postulate. For example, in 
the above analysis of theorem 1 we want at one stage to use M 2 
which says : if a and b are natural numbers, then ab = ba. Ap- 
plying this to the situation in hand, we write: if (y -b z) and x are 
natural numbers then (y + z)x = xiy z). This will be all 
right provided (y -b z) is a natural number. And so on. 

Remark 2. The student should note that every step in our 
proofs, no matter how small, is carefully justified. However, if 
this practice were continued throughout the book, the proofs 
would become intolerably long. Therefore, as a matter of ex- 
pedience, as soon as we have become sufficiently familiar with 
the justification of tiny steps such as those involving the com- 
mutative and associative laws, we shall begin to slur over them; 
that is, we shall begin to do several of them simultaneously and 
finally shall do them mentally without explicit mention. How- 
ever, the student should not relax his standard of proof in this 
way until he has become thoroughly familiar with the task of 
proving things in full, justifying even the smallest steps. He 
should be capable of putting in every step if it is desired. 
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EXERCISES 

(a) Prove the j allowing, all letters being understood to represent natural numbers, 
justifying each step by means of a postulate or a previously proved theorem, (b) 
Also illustrate each formula by replacing the letters by particular numbers. 

1. m{p + g) = gm + mp. 2. 'x{y + 2 ) = zx + yx. 

3. {a + b)c - ca-\- cb. 4. (m + n)t = tn + mt. 

6. a{b + c A- d e) = ab + ac + ad + ae. (Hint: write 6 + c + d + e = 
[6 + c] + [rf + e] and proceed as in Theorem 2.) 

6 . aif) + c A- d e A- f)= ab A- ac A- ad A- ae A- af. (Hint: write 6 + c + 
d + e + /= [6 + c] + [d + e]+/ and apply Theorem 2.) 

7. (a + 6) (c + d) = ac + 6c + ad + bd. Compare the way you would have 
obtained this result in high school. 


8. 

(a “I- 6) (c -|- d -f- c) = ac A" 

be 

“1“ ad “1“ bd "j- ae -i- be. 

9. 

2(x + 3) = 2 X -1- 6. 



10. 

(x -f- 5) • 3 = 3 X -f- 15. 



11. 

(a + 2)(6 + 3)= a6 + 3a 

+ 

26 + 6. 

12. 

(x + 5)(y A-2) = 5 y A- xy 

-f- 

2 X + 10. 


16. Subtraction and division of natural numbers. “My friend 
has more marbles than I have; how many more?” This question 
occurs early in a child’s life just as it must have occurred early in 
the history of the human race. It leads to the concept of sub- 
traction. Children are often taught to subtract 2 from 5 by ask- 
ing, “What must be added to 2 in order to get 5?” Formalizing 
this question, we make the following definition. 

Definition 1 (a). If a and b are natural numbers then the sym- 
bola — b means a natural number x such that b A- x — a, provided 
such a number x exists. The symbol a — b is called the difference 
a minus b. 

This is not unnatural since the number of marbles which must 
be added to 2 in order to get 5 is clearly the same as the number 
of marbles left when 2 are taken away from 5. This is exhibited 
in the fact that there are two schools of thought among shop- 
keepers in regard to making change from a five-dollar bill. Some 
will figure out what is left when the purchase price is taken away 
from $5 ; others will start with the purchase price and calculate 
what must be added to it to obtain $5. 




§ 15 ] 


SUBTRACTION AND DIVISION 


59 


Definition 1 (b). If there exists a natural number x such that 
b X = a, then a is said to be greater than b orb is said to be less 
than a; in symbols, a > b or b < a. 

Note that, as always, we define new terms in terms of old ones. 
Thus “a — b” and “a > b” are defined in terms of addition. 

Notice that while sums and products of two natural numbers a 
and b always exist (among the natural numbers), the difference 
may not. For example, 5 — 2 means a number x such that 
2+a; = 5;orx = 3 since we discover from the addition table 
that 2 + 3 = 5. But 2 — 5 means a number x such that 5 + a: 
= 2, and no such number exists among the natural numbers. 
Hence 2 — 5 is at present a meaningless symbol. Our definition 
1(a) is like the requirements for a degree or title. If a number x 
satisfies the requirement b x — a, then x is entitled to be called 
a — b. But it may be that no number x satisfies the require- 
ments, as in the case 2 — 5. The system of natural numbers is 
not closed under the operation of subtraction. 

Similarly, children often are taught to divide 6 by 2 by asking 
“By what must we multiply 2 in order to get 6?” Formalizing 
this question, we get the following definition. 

Definition 2 (a) . If a and b are natural numbers, then the sym- 
bol a b means a natural number x such that bx = a, 'provided 
such a number x exists. The symbol a -r- b is called the quotient 
a divided by b. 

Definition 2 (6). If there exists a natural number x such that 
bx = a, we say that a is a multiple of b, or a is divisible by b, or b 

is a factor of a. 

Example. 6 is a multiple of 2 and 2 is a factor of 6 since 
2-3 = 6. 

Note that we define the new terms “a -t- b” and “a is a mul- 
tiple of 6” in terms of the old term “multiplication.” 

The quotient of two natural numbers need not exist. Thus 
6 -i- 2 means a natural number x such that 2 x = 6; or x = 3, 
since we discover from the multiplication table that 2-3 =6. 
Similarly 5 2 means a natural number x such that 2 x = 5; but 

no such natural number exists. Hence 5 2 is at present a 

meaningless symbol. The system of natural numbers is not closed 
under the operation of division. 
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We shall often use the following postulates of equality. 

Ei. If a = b and c = d, all letters representing natural num- 
bers, then a — c = b — d, provided these differences exist. {If 
equals are subtracted from equals, the results are equal.) 

E^. If a ~ b and c = d, all letters representing natural numbers, 
then a -i- c = b d, provided these quotients exist. {If equals are 
divided by equals, the results are equal.) 

We might raise the natural question: if there is a number x 
satisfying the requirements of definition 1, may there not be more 
than one such number? That is, is a — 6 a uniquely determined 
number? There are many instances of symbols whose meanings 
are not uniquely determined. For example, if A and B are a hus- 
band and wife, the symbol “son of A and B” may not have a 
uniquely determined meaning for there may be more than one 
person satisfying the requirements of the definition of this sym- 
bol. That the numbers a — b and a -i- b are uniquely deter- 
mined, if they exist at all, follows at once from the postulates Ee 
and E^ respectively. Therefore the use of the definite article 
“the” in the expressions “the difference” and “the quotient” is 
justified. 

Only a novice would calculate the value of the expression 
(675 -(- 348) — 675 by actually adding the numbers in the paren- 
theses and then subtracting, although this is what the expression 
seems to call for. That this labor is needless is shown by the fol- 
lowing theorem. 

Theorem 1. If p and q are any natural numbers, then 
(P + 9) - P = ?• 

Hypothesis, p and q are natural numbers. 

Conclusion, (p + 9) — p = 9- 

Proof. By .4i, p -f g is a natural number. To prove that one 
natural number (p -t- q) minus a second (p) equals a third {q), 
we have only to prove that the second plus the third equals the 
first, by definition 1(a). But p + 9 = (p + 9) by identity. This 
completes the proof. 

Theorem 2. If p and q are any natural numbers, then 
(P9) -i- P = q- 
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Hypothesis, p and q are natural numbers. 

Conclusion, (pq) -r- p = q. 

Proof. By Mi, (pq) is a natural number. To prove that one 
natural number (pq) divided by a second (p) equals a third (q), 
we have only to prove that the second multiplied by the third 
equals the first, by definition 2(a). But pq = (pq) by identity. 
This completes the proof. 

Remark. Subtraction is called the inverse of addition and di- 
vision is called the inverse of multiplication, for obvious reasons. 
Theorems 1 and 2 show that subtraction of x undoes addition of x 
and division by x undoes multiplication by x. 

Remark. Note that in proving theorems 1 and 2 we have made 
use, essentially, only of definitions 1 and 2. One must guard 
against the temptation to say, in proving theorem 1 for example, 
that 

(p + q)~p = p + q — p = p — p-\-q-(i-{-q=^q. 

For we have no number zero at our command, since the only 
numbers we know about at present are the natural numbers, and 
we have never assumed any ‘'commutative law” justifying the 
second step above. In proving theorems about subtraction, di- 
vision, greater than, etc., we must not use any intuitive notions, 
since these terms are defined, not undefined. We must prove any 
theorem about a defined term in the light of its definition. 

The existence of the distributive law connecting multiplication 
with addition suggests that we might have a similar law with sub- 
traction. This is provided by the following theorem. 

Theorem 3. If a, p and q are natural numbers, and if p — q 
exists, then a(p — q) — ap — aq. 

Hypothesis, a, p, and q are natural numbers; p — q exists. 

Conclusion. a(p — q) = ap — aq. 

Proof. Since p — q exists by hypothesis, we may let x = 
p — q. By definition 1 (a), this means that 

(1) q -h X = p. 

This statement involves p and q as individual terms. What we 
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want to prove involves aq and ap. Hence it is natural to think of 
multiplying both sides of (1) by a. Now 

(2) a = a 

by identity. Hence, applying to (1) and (2), we obtain 

a(q + x) = ap. 

Now aq + ax — ap (by D and substitution). 

This means, by definition 1 (a), that 

(3) ax = ap — aq. 

But X = p — q. Hence, substituting in (3), 

— q)= ap — aq (by substitution). 

This completes the proof. 

Theoeem 4. If a > b and b > c, then a > c, all letters rep- 
resenting natural numbers. 

Hypothesis, a, b, c are natural numbers; 

a > b; b > c. 

Conclusion, a > c. 

Proof. By definition 1(6), a > 6 means there exists a natural 
number x such that 

(4) b + X = a. 

Similarly b > c means that there exists a natural number y such 
that 

(5) c + p = 6. 

We have to prove that a > c; that is, that there exists a natural 
number z such that c z = a. Substituting (5) in (4), both be- 
ing correct by hypothesis, we obtain 

{c -h y)+ X = a. 

By ^ 3 , this becomes c -\-{y x)= a. But y -f x is a natural 

number by A i and this is the “z” we have been looking for. This 
proves the theorem. 

Theorem 5. If p and q are natural numbers and if p — q exists, 
then (p — ?)+? = p- 

Hypothesis, p and q are natural numbers; 
p — q exists. 

Conclusion, (p — (?) + 3 = P- 
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Proof. By hypothesis, there is a natural number x such that 
q + X = p. By A 2 , 

(6) X + q = p. 

But X = p — q by definition. Substituting in (6), we get 
iv ~ 0. — P which was to be proved. 

Theorem 3 is an instance of what we shall refer to as the gen- 
eralized distributive law which we shall not prove here but which 
we shall use in later sections. We shall write * 

0(6 -f- c — d — e + ••• + A:) = a& + ac — ad — ae + ••• + aA: 

or 

(6 + c — d— + k)a = ba + ca — da — ea + + ka 

whenever these expressions have a meaning. Do not use this 
generalized distributive law in the exercises below. 

EXERCISES 

All letters represent natural numbers, 

1. Explain what is meant by the statement 10 2 = 5 in terms of definition 

2(a). 

2. Explain what is meant by the statement 10 — 2 = 8 in terms of definition 
1 (a). 

3. Which of the following expressions are meaningless? Explain, (a) 8 -r 2. 

(6) 3-^2. (c) 3 - 7. (d) 2-^3. {e) 2 8. (/) 7-3. 

4. Do the following expressions always represent a natural number? (a) 

a + 6. (6) a — 6. (c) ab. (d) a -i- b, 

6. If your answer to parts of exercise 4 is negative, what restriction must be 
placed on a and b in order for these expressions to represent natural numbers? 

6. Prove the following, justifying each step by means of a postulate, defini- 
tion, or previously proved theorem. 

(а) {m + n) — n — m. 

(б) {rnn) n = m, 

(c) If m — n exists, then n + (m — n) = m. 

(d) If m -f- n exists, then (m n) • n = m. (Hint: use def. 2 (a).) 

(e) m m- = 1. (Hint: use def. 2 (a).) 

(/) If p - q exists, then {p — q)a = pa - qa. (Hint: see Theorem 3.) 

(g) (a6 + ac)-^ a = 6 + c. (Hint: use def. 2 (a).) 

(h) (a + &)•(?> + r) -5- (a + 6) = 6 4- c. (Hint: use def. 2 (a).) 

(i) If a is a multiple of b and 6 is a multiple of c, then a is a multiple of c. 
(Hint: use def. 2(6). Compare Theorem 4.) 

(j) If a < b and h < Cy then a < c. 

* In an expression like 6+c — d-e-f- •** + A:itis understood that the opera- 
tions indicated are to be performed in the given order, reading from left to right. 
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(fc) If a is a factor of b and & is a factor of c, then o is a factor of c. 

(J) If a < 6 then a + c < 6 + c. 

(m) If a < b then ac < be. 

16. Fractions, equality, multiplication, and division. Early in 
history, practical problems of measurement, involving the divi- 
sion of things (such as real estate or quantities of grain) into 
equal parts, must have led to the invention of fractions. As long 
as we have only natural numbers at our disposal, division of 4 by 
6 is impossible, for there exists no natural number x such that 
6 X = 4, In order to make division of one natural number by 
another always possible without restriction, we invent fractions. 
To be entirely naive about it, let us notice that when we write a 
fraction, like 2/3, we are merely writing down a symbol con- 
sisting of two natural numbers: 2 and 3. Hence we make the 
following definition. 

Definition 1. A fraction is a symbol - (or a/b) where a and b 

b 

are natural numbers {read “a over b”). We call a the numerator 
and b the denominator. 

For example, 4/6 and 6/4 are fractions. We wish to apply the 
symbol 4/6 to represent four of six equal parts of something. 
Notice that 4/6 does not have anything to do with division at 
present ; it is merely a symbol composed of two natural numbers. 



Fig. 17 
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We might equally well have used some other symbol, like (o, 6), 
for example; thus 4/6 would be written (4, 6). We shall retain 
the familiar symbolism to avoid confusion. Be careful, however, 
to read 4/6 as “four over six,” not “four divided by six.” N otice 
that we have defined the new term “fraction” in terms of the old 
term “natural number.” 

The fractions 4/6, 2/3, 6/9, 8/12 are all different; that is, they 
are different symbols. But because we have in mind the division 
of things into equal parts as the application for our abstract frac- 
tions, we would like the different fractions 4/6, 2/3, 6/9, 8/12 to 
be regarded as equal (Fig. 17). Notice that 


42-2 62-3 82-4 

6 3 2’ 9 3 -3’ 12 3 • 4’ 

Of course, since fractions are merely symbols created by us, wc 
are free to decide what we shall mean by “equal” fractions. Oiir 
practical application to division into equal parts suggests the 
following preliminary definition. 

Definition 2a. If a, b, and x are any natural numbers then 

ax _ a 
bx b 


This mcan.s that we may multiply numerator and denominator 
of a fraction by the same natural number x and obtain an eipial 
fraction. Multiplying numerator and denominator of 2/3 by 2 
to get 4/6 simply means concretely that we split each of our 3 
equal parts (Fig. 17) into halves and take twice as many of the 
new parts. Conversely, definition 2a means that wc may re- 
move a common factor from the numerator and denominator of a 
fraction, and obtain thereby an equal fraction. In high school 
this was called “cancelling.” * Thus 

4 ^ 2 -2 ^ 2 
6 “ 3 • 2 “ 3’ 


By M 2 , it follows from definition 2a that we may also write 

xa a 


( 1 ) 


xb b 


* It may surprise some students to learn that ^‘cancellation^^ is not a license to strike 
out any symbol in both places whenever it appears twice on the same paper or black- 
board. 
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. The word denominator is analogous to the word denomination, 
used in connection with money. For example, two quarters of a 
dollar may be expressed by the fraction 2/4, the denominator 
telling the kind of part of the dollar (denomination of the coin) 
we are talking about while the numerator tells the number of 
such parts we are considering. To find out whether or not two 
quarters (2/4) is equal to 5 dimes (5/10) we first express each 
amount in a common denomination. Thus two quarters may be 
expressed as 50 cents and 5 dimes may be expressed as 50 cents. 
We want to regard 2/4 as equal to 5/10 since 

2 _ 2 • 25 _ 50 

4 “ 4 • 25 “ 100 

and 

5 _ 5 • 10 _ 50 
10 ■" 10 • 10 ~ 100 

and we would of course like to have the statement “things equal 
to the same thing are equal to each other” remain valid even for 
fractions.* But the statement 2/4 = 5/10 can not be obtained 
from definition 2a since there is no natural number x such that 
2 X = 5 and 4 x = 10. Nevertheless we want to be able to say 
that 2/4 = 5/10. This suggests the following definition. 

Definition 26. Two fractions shall be equal if and only if, 
when they are expressed with the same denominator {by means of def- 
inition 2a, if necessary), they then have the same numerator. 

Applying this definition to two arbitrary fractions a/6 and c/d 
we see that 

a _ ad 

6 Id 

and 

c _ be 
d hd 

and hence that our two fractions are equal if and only if the nu- 
merators ad and be are equal. This proves the following theorem. 

Theorem 1. Two fractions a/b and c/d are equal if and only if 
ad — be. 

* It was assumed only for natural numbers. 


(by Def. 2a) 
(by (D) 


(by Def. 2a) 

(by Def. 2a) 
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We might have adopted the statement of theorem 1 as our def- 
inition of equal fractions. But we prefer to think in terms of def- 
inition 26 because it is more natural. For example, to decide 


whether or not|^ and ^ are equal, we have only 


4 - 


with a common denominator and then compare t he numerat ors. 


Thus 


20 

24 


20 • 3 
24 • 3 


GO 

72 


w'hile 


30 

36 


3 0 • 2 
36 • 2 


60 

72 


Hence our t w o 


given fractions are equal. Note also that 20 • 36 = 24 • 30 (see 
theorem 1). 

We could now prove, on the basis of our definitions that state- 
ments * analogous to postxdates Ei, Et, Ez for natural numbers 
hold for fractions as well. We shall not do this here. In partic- 
ular, for any fraction wc may substitute an equal fraction, in any 
equation. 

When all common factors, other than 1, have been removed 
from numerator and denominator of a fraction, we say that (he 
fraction has been reduced to lowest terms or expressed in its 
simplest form. That is, a fraction is in lowest terms when its nu- 
merator and demominator are as small as possible. It could he 
proved t that each fraction can be reduced to a unique simplest 
form. For example, 4/6 and 6/9 both have the simplest form 
2/3. It could also be proved that two fractions arc equal if and 
only if they have the same simplest form. We shall not prove 
these statements here. 

Definitions 2a and 26 are motivated by the practical applica- 
tion we have in mind for fractions, namely the division of things 
into equal parts. If we were going to use the symbol a/6 to de- 
note the length and width of a rug it would be foolish to use these 
definitions; for a rug whose length was 4 and width 6 would be 
represented by 4/6 while 2/3 would represent a rug whose length 
is 2 and width 3, and it would be silly to regard 4/6 as equal to 


♦ The treatment of equality of fractions given here is not above logical reproach. 
For example, one should be able to substitute an equal for an equal in any context 
whatever. But if in the true statement *'4 is the numerator of 4/6'^ we substitute the 
^‘equar^ 2/3 for 4/6, we obtain the false statement '‘4 is the numeratfjr of 2/3.'" This 
difficulty can be circumvented but w^e shall not do so here, because of technical com- 
plications. 

t With the help of further postulates not stated here. A similar remark applies to 
many of our statements beginning with “It can be proved that • • Our set of pos- 
tulates is neither complete nor irreducible. 
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2/3. But these fractions (symbols) were created by us for our 
own use and we make definitions and postulates suitable for the 
use we have in mind for the symbols. 

Our application of fractions to division into equal parts also 

suggests that ^ should be since f | is interpreted practi- 
3 5 15 3 5 

cally to mean two thirds of four fifths (Fig. 18). This is suggested 
by various considerations. If an automobile goes at the rate of 




J L 




3 ■ 


4 

z 


J L 


J L 


i. 

16 


1 

B 


Fig. 18 


2 miles per minute for 3 minutes, it covers 6 miles. This suggests 
the formula rt = d, rate times time equals distance, all these 
quantities being measured in appropriate units.* If a car goes at 

the rate of ^ mile per minute for ^ of a minute, it covers half of ^ 
Z o o 

of a mile or 4 of a mile. Hence if we want the same formula to 
o 

apply to fractional rates and times we are led to define - • - to be 

Z o 


- or half of -• Similarly if we sell two dozen eggs at 50 cents per 

v) O 

dozen the amount is 100 cents. This suggests the formula pw = a, 
price per item times number equals amount, all these quantities 
being measured in appropriate units. If we want the same for- 
mula to hold for fractional numbers and prices we are led to de- 
fine ^ • 4 = 4 or half of ^ since if we sell ^ of a dozen eggs at the 

rate of ^ dollar per dozen the amount is of a dollar. This is also 
Z O 


suggested by the following geometrical illustration. The area of 


* One cannot ^^multiply^^ miles per minute by minutes to get miles. One can only 
multiply numbers by numbers to get numbers. Hence in any such formula it is under- 
stood that each letter represents a number (of units of some kind). 
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a rectangle of length 5 ft. and width 2 ft. is 10 square feet (Fig. 
19). Similarly the area of a rectangle ABCD of length 1 ft. and 
width 1 ft. is 1 square ft. (Fig. 20). 

This suggests the formula A = Iw for 
the area of a rectangle, all these 
quantities being measured in appro- 
priate units. Now if we want the 
area of the rectangle AEFG (Fig. 20) Fic.. 19 

to be given by the same formula we 

want to be Notice that the area of AEFG is - of the area 

ju O V ^ 



of AEHB which is | sq. ft. Hence we want to interpret ^ • ^as 


one half of one-third or 


5 4 

Similarly - • - could be interpreted as 

o 


five halves of 4/3; that is five times four sixths or 20/6. These 
considerations suggest the following definition. 


Definition 3. If a/h and c/d arc a n.y fractions, their product 

? • shall mean the fraction 
b d •' bd 

Note that ac/hd is a fraction .since nc and bd are both natural 

numbers, by Mi. Definition 3 
says in effect, that the product of 
two fractions shall be a fraction 
whose numerator is the product 
of the two given numerators and 
whose denominator is the product 
of the two given denominators. 

It can be shown that if a/b or c/d 
or both are replaced by equal frac- 
tions then the resulting product re- 
mains equal to ac/bd. A similar 
remark will hold for the quotient, 
sum, and difference of two fractions. 
It must be emphasizeil that the paragraph preceding Dcf. 3 
must not be construed as a “proof” that the definition is “so.” 
This paragraph is merely an intuitive explanation of why we 
choose this definition out of all possible definitions. 



Fig. 20 
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As in section 15, we may now define division of two fractions 
as the inverse of multiplication. 

d Q 

Definition 4. The quotient of -^-r shall mean another frac- 

0 a 

lion ^ such that ^ ‘ ~ 'provided such a fraction exists. 

d c 

Theorem 2. T'he quotient of two fractions ^ -f- - always exists; 

• ... eb c ad 
in fact, - -j- - = — • 

’ 6 d be 

Proof. We have only to prove that ad/bc satisfies the defini- 
tion of quotient. That is, we have to show that v • ^ = v’ But 

d be b 

By definition 


ad 


j ■ I” ~ definition 3. By 

d be dbc ^ ^ ’ dbc 


bed' 


2a, 7 ^ = -v- Hence, by substitution, - ■ — This completes 

bed b d be b 

the proof. 

This theorem will ])e recognized as corresponding to the rule 
learned by rote in school ; namely, to divide one fraction by an- 
other, “invert” the second and multiply. 

We would like to identify the fraction a/b with the quotient 
a -T- &, so that division of one natural number by another would 

3 

always be possible. But if we did that we would have 3 1 = j 

and also 3 -f- 1 = 3 by definition 2 of section 15. But the natural 
number 3 is not the same as the fraction 3/1 which is a symbol 
composed of two natural numbers. Hence we are led to make the 
following agreement, to prevent such a conflict of meaning. 
a . 

A fraction - with 1 as denominator shall be written interchange- 
ably with the natural number a. 

This might also have been motivated by our concrete applica- 

3 

tion of fractions to division of things into equal parts. Just as - 
ft. may be interpreted as “divide a foot into 4 equal parts and 

3 

take 3 of these fourths,” we would like to interpret - ft. to mean 
“divide” a foot into one part (that is, leave it undivided) and 
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take 3 of these “parts.” The result of this is of course 3 fl. 
Hence we would like to regard 3/1 as equal to 3. 


Theorem 3. If a and b are any two natural numbers then 



Proof, 
a b _ 


. a 0 

By our agreement, a -i- b — j y 

^ ^ = 7 - This completes the proof. 
1 • 0 0 


By theorem 2, 


The fraction line may now be used interchangeably with the 
division sign, although we shall not prove this completely here. 
The fractions (including the natural numbers which are now iden- 
tified with fractions whose denominator is 1) have the advantage 
that any two fraedions may be divided. We could now prove that 
the statement “if equals are multiplied or divided by equals, the 
results are equal” is true for fractions. (This was assumed only 
for natural numbers, of course.) 

We shall use the symbols P,, E-., etc. freely to refi'r to anal- 
ogous statements for fractions as well as for natuial numlxa’s. 


Example. As an example, we give another proof of theoresm 1 , 
which is really a theorem and its converse. 


(a) ^ ^ ^ 


Proof. By hypothesis, | Multiplying both .sides by the 

eommon denominator bd we have 


Or, 

Hence, 

Therefore, 

Or, 


bd ■ j 
b 

bd a 

T ‘ b 

bda 

~T 

da 

ad 


bd • 

d 

bd c 

T ■ d 

bde 

" T 

be. 

be 


(b) Conversely, if ad = be then ^ ~ ^ 


(by A’,). 


(by agreement). 

(by def. 3). 

(Reasons?) 
(by M,). 
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Proof. By hypothesis, ad = he. Dividing both sides by bd, 
we have 


Hence, 


ad _ he 

hd~hd 
a _ c 

h~d 


(by Et). 
(by def. 2a). 


2 2-2 4 

Notice that when we write - = ^ = - 

S 3-2 o 


we obtain an equal 


fraction by definition. This is in harmony with the fact that 
2-2 22 

(by definition of multiplication of fractions) and 


3-2 32 

. 2 2-2 2 2 
thereforeg = ^ = 32 


2 2 . 

- • 1 = -sinceany number a times 


1 should yield a as the product. 


EXERCISES 

All letters represent natural numbers. 

1. Apply our definitions or tlieorems to calculate tlie indicuited products and 
quotients and reduce to simplest form: 


(«) 3 ••7; 

3 12 


r/^ 2 . 5. 

(') 3 • 


.,2 0 
W 3 -4; 


2 4 

3-^9^ 


r N 2 . 8 

3 ■ 12' 


2. Write a fraction equal to 2/3 having the denominator 21. 

3. Write a fraction equal to a/6 having the denominator bd. 

4. Prove, justifying each step by means of our definitions, theorems, and pos- 
tulates : 


(^0 

(d) 

(/) 


ab b __ a 

cd d c 

(lb + ac d 
a 


(h) 


2 a 
¥b 


2 

be 


2 ac 


ab + ac 

(c) = b + c. 


b + c 


df a f 
ax + ay ^ x + y _ a 
be -f- bd c -{- d b 


, ^ mx + tay m 


6. Prove that if ~ == ^ then ~ 

b d c d 

6. Prove that if ~ ^ then - = — 

b d a c 

7. Prove that if r = jrT~l ^ ^ y 

b 6 + a b d 

8. State and prove the converse of exercise 7. 
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9. Prove that if — then ? = j 
b d h d 

10 . State and prove the converse of exercise 9. 


17. Addition and subtraction of fractions. Since fractions are 
merely symbols, created by us, it is up to us to decide what we 
shall mean by the sum of two fractions. Here again our choice of 
definition will be motivated by the practical application we have 
in mind, namely, the division of things into equal parts. 

To add coins of the same denomination we merely add the 
numbers of coins; for example, two quarters plus one quarter 
yields three quarters. If two fractions have the same denomi- 
nator we would naturally like their sum to be a fraction with the 
same denominator whose numerator is the sum of the two given 


3 2 5 

numerators. For example, we would like ^ ^ 


This 


suggests the following definition. 


Definition 1. 



Cl -f- c 


Note that the right member of definition 1 is a fraction since 
a -b c is a natural number by Ai. 

To add coins of different denominations we first express them 
in a common denomination, and then add as before. For ex- 
ample, two quarters and three dimes may be added by saying 
that two quarters is equivalent to 50 cents and three dimes is 
equivalent to 30 cents; hence the sum is 80 cents. Analogously, 
it is natural, bearing our applications in mind (Fig. 21 ), to add 

1 1-3 3 

1/2 and 1/3 as follows. By def. 2a, .section 10 , 2 ^ 6 

i — ? = — • hence — — — r — 7 ;' This lead.s u.s to 

3 3-2 6 ’ 2^3 () ^ 0 6 

make the following definition. 


Definition 2. The sum of two fractions with different denom- 
inators shall he the fraction obtained by replacing these fractions by 
equal fractions having a common denominator {by def. 2a, section 
16) and then adding according to definition 1. 

It can be proved that the same result is obtained no matter 
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what common denominator is chosen. One commonly uses the 
least common denominator. 



I + i = I 

Fig. 21 


a c 

Example. If and ^ are any two fractions we have 


Hence 

( 1 ) 


a c _ ad be 
b d bd bd 


a c ad + be 
b'^d~ M 


(by def. 2a, section 10). 


(by def. 1). 


Note that ad, be, and bd are natural numbers by Mi; hence 

ad + 6c is a natural number by Ai. Therefore a frac- 

bd 


tion. Instead of going through this process every time we want 
to add fractions, we might have dispensed with the definitions 1 
and 2 altogether and adopted (1) as a general definition. How- 
ever, it is more natural, and, in practice, it is often more con- 
venient to use our definitions instead of the general definition 


1 3 

(1). For example, if we add - -f ^ by definition (1) we obtain 

O 

" — — ~ ~ ^ which has to be reduced to 7/8. But if we add 

Z • o 10 


i -f I by our definitions we say | + | = 


^ + |, by def. 2a 
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section 16, and then ^ ^ = q, by definition 1 , which doesn’t 

o o o 

need to be reduced to lowest terms. 

In school, the reader may have been taught to add fractions by 
rote, using blindly memorized mechanical schemes which looked 
like this 


][ 

3 

1 

2 

5 

6 


2 


3 


6 


or this 11 
3 2 


< 
1+31 
6 


5 


or some other scheme which seems to be expressly designed to 
hide the plain sense of what is going on. If you do not recognize 
these hieroglyphics, so much the better. 

Notice that we have been led to make definitions 1 and 2 be- 
cause of the application or concrete interpretation we have in 
mind for fractions, namely problems of measurement involving 
the division of things into equal parts. Many students attempt 


to add y + 3 by writing 


adding numerators and de- 


nominators separately. This is analogous to multiplication where 
5 2 5-2 10 

we do write 7 - 0 = » — ^ = + 1 ^ multiplying numerators and de- 

# O i ' O Zii. 

nominators separately. Now the definition ^ “h ^ = ^- j p ^ which 


these independent souls persist in using seems a very natural one 
to write down. It certainly looks simpler, and hence more desir- 
able, than the one we adopted. But it does not fit in with the ap- 

plications we have in mind. For example, 2 3 

112 

with Fig. 21 but o + o ~ i would not. However, there is no log- 
Z o o 

ical reason why we could not make the definition ^ + 3 = 

0 a 0 + a 


if we wanted to. We would, of course, get an algebra which looks 
quite different from the one we are used to and we would, of 
course, be unable to apply it to the division of things into equal 
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parts. But this new strange algebra might have other applica- 
tions. For example, if we want to use the fraction to represent 
the number of games a baseball team has won as compared with 
the number it has played, we might do it as follows. If a team 
has played a series of 7 games and won 5, we would express this 
fact by the fraction 5/7. Suppose the team now plays a series of 
3 games and wins 2 of these. The result of this series is expressed 
by the fraction 2/3. Now if we want the total result of both series 
to be obtained by adding the two fractions together, it is natural 

to use the definition v + 3 = , ^ , and write « + o ~ Tn> f^^us 

expressing the fact that the team has won 7 games out of 10. 
This brings into the foreground again the idea that we can choose 
our postulates and definitions in any self-consistent way and get 
different abstract mathematical sciences which may have differ- 
ent concrete applications. In Chapter VI we shall in fact discuss 
algebras different from the one we are used to and which do have 
important applications. 

We now define subtraction of fractions as the inverse of addi- 
tion. 


d c 

Definition 3. If -r and 3 are any two fractions, the difference 
h d 

^ ^ shall mean the fraction - such that y ~ b’ 

a fraction exists. If such a fraction does exist, we shall say that 
a c c a 

Q- C 

Expressing the fractions - and ^ with a common denominator 

we have — and It would seem natural to subtract one from 
bd bd 

the other by subtracting numerators and retaining the common 
denominator, just as one would do with coins of the same denom- 
ination. For example, three quarters minus one quarter is two 

quarters. This would yield the fraction as the difference 


f 3 ~ ^ provided he can be subtracted from ad, that is, if ad > be. 
bd bd 

This result is established by the following theorem. 
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Theorem 1 . If ad > be, then 


c _ od — be 
d ~ bd 


Proof. Note that if ad were not greater than he then n.d — be 

would not be a natural number and ^ would not be a frao- 

bd 

tion at all. We have to prove that — , , satisfies definition 3; 

bd 

, . ,, c ad — be a tvt 

that IS, that - + — ; 7 — = r- Now 
d bd b 


c , ad — be _ be ^ ad — be 

d b(r~ ^ 

be -\-{ad — be) 
^ bd 


(Def. 2a, section lb) 
(Def. 1) 


{A<i and Theorem 5, section 15) 


= ^ (Def. 2a, section 10). 

This completes the proof. 

The converse of this theorem can also be proved; in fact, it can 
be proved that the three statements -- — - exists,” - > 


^ b d b d 

and “ad > be” are equivalent. (We shall not prove this here.) 
This last statement means that one fraction is greater than another 
if and only if its numerator is greater than the numerator of the other 
when they have both been expressed with a eomrnon denominator. 
Thus to decide whether or not 21/24 is greatejr than 31/30 we 
.21 21-3 03 ,31 31-2 02, 21 31 

may write - = 2473 = 72 “"'* 30 " ST^ “ 72’*'"'“* 24 > 30' 

We might also have decided this from the fact that 21 • 30 = 
756 > 744 = 24 . 31 amce = 24— ^ = goi M = 


31-24 744 

36 • 24 “ 864’ 


, a ad ... c be , 

In general -r = v , while = ti', hence we can 
” b bd d bd 


CL C 

verify that 7- > ^ by merely ob.serving that ad > be. 
b d 

In practice, it is unnecessary to memorize theorem 1. To sub- 
tract fractions, simply express them with a common denomina- 
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tor and subtract the numerators, as follows — ;r = ;r~;r = 

2 3 6 6 

3-2 1 

6 6 ’ 

We could now prove easily that the statements “if equals are 
added to, or subtracted from, equals, the results are equal” is 
true for fractions, but we shall not do so here. (These statements 
were assumed only for natural numbers.) We shall use freely the 
symbols and E^ to refer to these analogous statements for 
fractions as well as for natural numbers. 

Note that if we express natural numbers a and c as fractions 
a/1, c/1, respectively, then the operations defined for fractions 
yield the same results as the former operations for natural num- 
bers, wherever the latter have a sense. For example, ^ ^ ^ 


d c a “f“ c 

and Y + Y ~ — 1 — which is what we would get from our opera- 
tions for the natural numbers a and c if we did not write them 
as fractions. This is essentially why “identifying” a with a/1 
causes no trouble. 

It can be shown that if a and h are any two unequal fractions, 
either a < b ov a > b, but not both. 

EXERCISES 


1, Apply our definitions, theorems and postulates to calculate the indicated 
sums and differences, wherever possible, and reduce to lowest terms: 

(«) 3 + 2 (i) 2 - 3 M 3 - 2 W 3 “ 3 

. . /2 . 3\ . 7 2 . /3 .7 \ 


M 


r 1 2 3 

3-2 




(/) 3+(4 + f2)' 


2. If a and b are any two fractious^ does there always exisiwa fraction 

(a) a + 6; (6) a — b; (r) ab; (d) a -r- 6; 

and, if not, what restrictions must be placed on a and b in order to insure the 
existence of the result? 

3. Prove, justifying each step by a definition, postulate, or theorem, all letters 
representing natural numbers : 

M (i + s) + (£ + ;)- W (5 + i) - (j + s) * ? 


1 x?/ -f 1 

(c) X -f - = 

y y 
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</> (s+t) -(£+?) = ? 

(h\ I ^ «^/+ 

h\d^]) bdf 

<•> (5 + i ) -^ (5 ' i) “ < '’■ 


4 . Is 34/51 equal to, greater than, or less than 38/57? 
6. Is 34/51 equal to, greater than, or less than 48/09? 


18. Some properties of fractions. We have seen in connection 
with natural numbers that many of the familiar manipulations 
can be justified by the associative, commutative, and distributive 
laws. These law's were assuimnl for natural numl)ers only. We 
shall now prove that fractions obey them. As a result we shall be 
able to manipulate fractions in the usual ways. 

Theorem 1. {Compare Ai). Given any pair of fractions a/h 
and c/d, in the stated order, there is a third fraction called, their snm. 

(Law of closure for addition of fractions.) 


Proof. By definition 2, section 17. 

Theorem 2. {Compare A 2 .) If x/y and u/v are any fractions 
then 

X _ u 

y V v y 

(Commutative law for addition of fractions.) 

T 77 T71 

Proof. By definitions 1 and 2, section 17, — | — = 1- 

y V yv 

ny + vx 

Noww?; = vy, 

yv yv V y vy xnj x<y 


yu XV -{■ yu , u ^ X uy , x'x 
— and — I — = h 


XV = vx and yu = uy by M^. Thus xv yu = vx uy. Fi- 
nally vx uy = uy vx by A 2 . The theorem follows by E 3 . 


Theorem 3. {Compare A3). If x/y, u/v, m/n are any fractions. 


i~ + ”) 

\y vf 


n y 


(- + — )• 
\v nj 


(Associative law for addition of fractions.) 
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Proof. 

X ^u\ 2/w'\ ^ 


,y V/ n \yv yvf n 
_ XV -\- yu ^ m 
yv n 

_ (xv + yu)n ^ yvm 
yvn yvn 

(xv + yu)n + yvm 


yvn 


(def. 1, section 17) 
(def. 2, section 17) 
(def. 1, section 17) 
(def. 2, section 17) 


( 1 ) 


xvn + yun + yvm 
yvn 


Similarly, 

?+(“+-)= 

y \v n f 


( 2 ) 


X ^un vm 
y vn 

xvn + y{un + vm) 
yvn 

xvn + yun + yvm 
yvn 


(by the generalized 
distributive law for 
natural numbers). 

(Reason?) 

(Reason?) 

(Reason?) 


But the right members of (1) and (2) are the same. Hence, the 
left members are equal since things equal to the same thing are 
equal to each other. This completes the proof. 


Theoeem 4. (Compare Mf). If a/h and c/d are any fractions, 
given in the stated order, there exists a third fraction called their 
product. (Law of closure for multiplication of fractions.) 

Proof. By definition 3, section 16. 

Theorems. (Compare Mf). If x/y and u/v are any fractions, 

X u _ u X 
y V V y 

(Commutative law for the multiplication of fractions.) 

Proof. Left to the reader. 


Theorem 6. (Compare Mf). If x/y, u/v, m/n are any fractions 

( X u\m_x/u m\ 
y v) n y\v nj 

(Associative law for the multiplication of fractions.) 
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Proof. Left to the reader. 


Theorem 7. (Compare D). If x/i/yu/v, min are any fractions, 
then 


X /u m 

y 


m\ _ X 

n / y 


u X m 

I — 

p y 11 


(Distributive law for fractions.) 

Proof. 

m\ _ 
n) 


y \v 


X / un 
y \vn 


vm 

vn 


) 


+_?’w\ (definition 2, 
V ru / section 17) 



x(un + vm) 

(definition 3, 


yvn 

.section 16) 

(3) 

xun -f- xvm 

yvn 

(D). 

Now, 



X n ^ X 

y V y 

771 ^ X7n 

n yv yn 

(definition 3, 
.section 16) 


xun ^ xmv 
yvn y7iv 

(definition 2a, 
section 16) 


xun 1 xvrn 
yvn yvn 

(Reason?) 

(4) 

xun + xvm 

yvn 

(definition 1, 
section 17). 


But the right members of (3) and (4) are equal. Hence the left 
members are equal since things equal to the same thing are equal 
to each other. This completes the proof. 

We may use these theorems to good advantage in .simplifying 
expres.sions involving fractions. 

Example. Prove that ? ( ^ + c. By the dls- 

^ y \ X nx / n 

tributive law for fractions, 
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X 

y 




X cy ^ X 
y X, y 
xcy xmy 


yx 
_ c m 
~ \ '^~n 
_ m c 

“ ^ T 

m , 

= f- c 

n 


ynx 


my 

nx 


(definition 3, section 16) 

(definition 2a, section 
16) 

(commutative law for 
addition of fractions) 

(by agreement). 


The ancient Greeks were acquainted with fractions but re- 
garded a fraction as a relation between two numbers. From the 
modern point of view, a fraction is considered as a single number 
because it does have many important properties in common with the 
natural numbers, such as the associative, commutative, and distrib- 
utive laws. 

We have proved that fractions have the properties enunciated 
for natural numbers in postulates Ai, A^, Az, M\, Mz, Ms, and D. 
An important consequence of this is that fractions must therefore 
have the properties enunciated for natural numbers in all the 
theorems which follow from these postulates alone. That is, any 
theorem about natural numbers whose proof depends only on the 
seven postulates mentioned can be converted into a correct theo- 
rem about fractions by merely changing the term “natural num- 
ber” into the term “fraction.” This is so because, since the pos- 
tulates are true of fractions, all their consequences must be too. 
Another way to put this is that if we based an abstract mathe- 
matical science on the seven postulates mentioned, writing 
mumbo instead of natural number, then interpreting the un- 
defined term mumbo as meaning natural number would yield a 
concrete interpretation of this mathematical science; while inter- 
preting the undefined term mumbo as meaning fraction would 
yield a different concrete interpretation of the same abstract 
mathematical science. 

By this time the student is beginning to see how a great many 
of the manipulations of symbols which he learned by rote in 
school are really logical consequences of a few simple postulates 
and definitions which in turn are suggested by experience. Now 
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it goes without saying that mechanical manipulations are quicker 
for the technician who does not wish to waste time, and there is 
no harm in using short cuts and trick devices provided their use is 
preceded by a clear understanding of the reasoning behind them. 
However, if mechanical devices replace reasoning, the purposes 
and ideals of mathematics are forgotten and we are merely learn- 
ing a trade by memory, much as some sea-captains navigate with- 
out understanding trigonometry, upon which navigation is based. 
In any case, our purpose is not technical facility but rather under- 
standing of the logical structure of algebra. 


EXERCISES 


1. Simplify, justifying eacli step by means of a definition, theorem, or pos- 
tulate, all letters representing natural numbers. 


(») 3(i + 4) 


{>>) 


1 + 1 ' 
2 ’ G 2 ’ C 


(<■) 


+ 0 X 


('/) 


2 + 10 


(e) 


2 3 


h (I 

(/) , assimiiiig tliat ad > be. 


2. Provo, justifyiiiji; each stop by means of a definition, theorem, or postulate, 
all letters reiiresenting natural numbers: 



ih) 

h ' 

^ at/ a > 


i\ /\Q he dh\ 6 d 

('/) 

1 

- 1 
JC 


= - + 1 . 

V 


3. Prove, using definition 8 of seetion 17, and theorems of the present section: 

if - > - and - > 7 then ~ > -■ 

b d d f b f 

4. Prove that if -- > - then 7 + - ^ ■7 H 

b d b y d y 


19. Relations. Exercise 3, section 18, and theorem 4, section 
15, suggest that the relation “is greater than” has a very familiar 
property. We digress to discuss briefly some important proper- 
ties of relations in general. The idea of “relation” is an easy one 
to grasp. We shall indicate the meaning of the word by some il- 
lustrative examples. For example, “being father of,” “being an 
ancestor of,” “being taller than,” “being equal to,” “being 
greater than,” are relations in which things of various kinds may 
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stand to one another. The first three relations mentioned above 
may hold between people, while the last two may hold between 
numbers. We shall Ust three important properties that relations 
sometimes have. 

Consider an arbitrary relation R and let x, y, z, etc. represent 
things which may stand in this relation to each other. 

It may happen that for any object x it must be true that x has 
the relation R to itself. If this is the case, the relation R is called 
reflexive. For example, the relation “is equal to,” for numbers, 
is a reflexive relation, since a = a (see Fi). But “is the father 
of,” for people, is definitely not reflexive since no person x is the 
father of himself. 

It may happen that whenever x has the relation R to y then y 
must also have the relation R to x. If this is the case, the relation 
R is called S3unmetric. Thus “is equal to,” for numbers, is a 
symmetric relation since if a = 6 then b = a (see E 2 ). But “is 
the father of,” for people, is not symmetric since if x is the father 
of y it is not true that y is the father of x. 

It may happen that if x has the relation R to y and y has the 
relation Rto z then x must have the relation R to z. If this is the 
case the relation R is called transitive. The relation “is equal 
to,” for numbers, is transitive, since if a = 6 and 6 = c then a = c 
(see F 3 ). But “is the father of,” for people, is not transitive, 
since if x is the father of y and y is the father of z, it is not true 
that X is the father of z. 

In exercise 3, section 18, we proved that the relation “is greater 
than,” for fractions, is transitive. In theorem 4, section 15, we 
proved that the relation “is greater than,” for natural numbers, 
is transitive. If you found it hard to see why we bothered to 
prove the.se statements, it is doubtless becau.se you have always 
assumed subconsciously that the relation “greater than” is tran- 
sitive. 

Example 1. Consider the relation “implies,” which may hold 
between propositions p, q, r, etc. This relation is clearly reflexive 
since p implies p; that is, if p is true then p is true. It is not sym- 
metric, since p implies q may be correct while q implies p is not ; 
that is, a proposition may be correct while its converse is not. It 
is transitive since if p implies q and q implies r, then p implies r ; 




RELATIONS 


85 


§t91 

in fact, this is an important principle of logic which we use con- 
tinually in our proofs without the slightest hesitation. 

Example 2. Consider the relation “was born in the same town 
as,” which may hold among people. This is clearly reflexive, 
symmetric, and transitive. 

EXERCISES 

Which of the (uljcctives “rcflerire," “nipinnetrir,” “tran.v'lm;” ?.s npplicohh to the 
following relations? 

1 . the mother of/’ for ^leople. 

2. im ancestor of,” for pe()j)le. 

3. the spouse of,” for people. 

4 . ''Is in love with,” for people. 

6. "Is taller than,” for people. 

6. "Is less than,” for numbers. 

7. "Is the husband of,” for people. 

8. "Is west of,” for places in America. 

9 . "Is west of,” for places anywhere on Eartli exce})t tlie poles. 

10. "Is a multiple of,” for natural numbers. 

11 . '‘Is a factor of,” for natural numbers. 

12. "Has the same length as,” for line-segments. 

13. "Is perpendicular to,” for lines in a plane. 

14. "Is not equal to,” for numbers. 

16. "Is congruent to,” for triangles. 

16. "Is similar to,” for triangles. 

17. "Lives within a mile of,” for people. 

Since “natural number” ha.s had a concrete meaning for u.s, 
our study of numbers has not constituted an abstract mathe- 
matical science (although it will suggest an abstract treatment of 
algebra to be discu.ssed briefly in .section 28). In any ca.se, 
neither algebra nor geometry provides a simple example of an 
abstract mathematical science since each rests on a large number 
of postulates. On the other hand, the examples 1 and 2 of section 
8 are simple but trivial. The following is a good example of an 
abstract mathematical science with several different concrete 
interpretations; it is neither complicated nor unimportant. 

Example. Consider a collection of objects, of unspecified na- 
ture, and an undefined relation, of unspecified nature, which may 
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hold between pairs of these objects. The objects in the collec- 
tion will be denoted by small letters, like a, h, c, and we shall 
write a Rb to mean that a has the relation (mentioned above) to 
b. Assume the following postulates. 

Postulate 1. If a Rb then a is different from b. 

Postulate 2. If a Rb and if b R c then a R c. 

From these postulates we deduce the following theorem. 

Theorem 1. If a Rb is true then b R a is false. 

Proof. By hypothesis, a R bis true. Suppose that b R a were 
also true. Then from postulate 2, we would have a R a, because 
a Rb and b R a would imply a R a. But by postulate 1 , a R a 
implies that a is different from a, which is absurd. Hence the 
supposition that bRais> true must be false since it leads to a false 
conclusion. That is, b R a is false. 

We now introduce a defined term. 

Definition. If a Rb and b R c then b is said to he between a 
and c. 

Theorem 2. If b is between a and c and if c is between b and d, 
then c is between a and d. 

Proof. The hypothesis “6 is between a and c” means that a Rb 
and b Rc. By postulate 2, this implies that a Rc. The hypothe- 
sis “c is between b and d” implies that b R c and c Rd. But a Rc 
and c R d means, by definition, that c is between a and d. 

Here we have the beginnings of an abstract mathematical 
science with undefined terms, postulates, defined terms and the- 
orems. This abstract mathematical science has many important 
concrete interpretations, some of which we shall now list. 

First Interpretation. Let the “objects” be natural numbers 
and let a jR 6 mean “a is less than 6.” 

Second Interpretation. Let the “objects” be fractions and let 
a Rb mean “a is less than 6.” 

Third Interpretation. Let the “objects” be natural numbers 
and let a J? 6 mean “a is greater than 6.” 

Fourth Interpretation. Let the “objects” be points on a line 
and let a jR 6 mean “a is to the left of 6.” 
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Fifth Interpretation. Let the “objects” be instants of time and 
lot a R b mean “a is before b.” 

Sixth Interpretation. Let the “objects” be all the natural num- 
bers, and lota Rb mean “a is a proper factor of 6.” By a proper 
factor of a natural number n is meant any factor except 1 and the 
number n itself. (Every natural number n has the factors 1 and 
n, sometimes called its “trivial factors.”) 

Seventh Interpretation. Let the “objects” be people, and let 
a Rb mean “a is an ancestor of 6.” 

Eighth Interpretation. Let the “objects” be people, and let 
a Rb mean “a is taller than 6.” 

Exercise. Verify intuitively that each of these concrete interpretations con- 
verts our postulates into true statements, and therefore converts our theorems 
into true statements as well. Restate postulates, definitions and theorems in 
terms of each interpretation, in succession. 
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Chapter IV 

FURTHER EVOLUTION OF THE NUMBER SYSTEM 


20. Introduction. In the last chapter we discussed in consid- 
erable detail the logical development of the simplest numbers, 
that is, the natural numbers and the fractions. These numbers 
satisfied the practical needs of man for many thousands of years 
and were the only ones dealt with until comparatively modern 
times. In this chapter we shall discuss still other types of num- 
bers such as negative, irrational, and imaginary numbers. We 
shall make no attempt to carry through many strictly logical 
proofs in connection with these more sophisticated kinds of num- 
bers, since such a task would be too difficult. We shall, however, 
indicate why it was natural for these numbers to be invented and 
we shall try to dispel some of the misconceptions which you may 
have about them. 

21. Directed numbers. Among the fractions, it is possible to 
add, multiply, and divide freely, since the sum, product, and quo- 
tient of any two fractions exists within the system of fractions 
(that is, is a fraction). But it is still impossible to subtract a 
larger fraction from a smaller one, or even a fraction from itself. 
In other words, the system of fractions is closed under the opera- 
tions of addition, multiplication, and division, but not under sub- 
traction. We shall remedy this situation by extending the idea 
of number in a fundamental way. Corresponding to each num- 
ber already in existence, such as 3, we invent two new symbols or 

marks, such as -i- 3 and — 3. Corresponding to the number ~ 

we invent two new symbols -f \ and — The symbols preceded 

by a plus sign are called positive luunbers and those preceded by 
a minus sign are called negative numbers. We also invent a new 
symbol 0, called zero. The symbols 0, -|- 1, -h 2, -f- 3, and so on, 
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and — 1, — 2, — 3, and so on, are called integers, or whole num- 
bers. (The Latin word "integer’^ means whole.) We speak of 
positive and negative integers, and of positive and negative frac- 
tions. Zero is neither positive nor negative. 

All these new s 3 anbols are called directed numbers or signed 
numbers. They are so-called because they may be interpreted 
geometrically in terms of direction. This is done by choosing a 
line, a suitable unit of length, and a starting point on the line 
which we shall call the origin. To the origin we attach the num- 

I .,., 1 , I I -1 I I .1 I I I I I I . 1 .,1 .1 

“5 — <4 — 3 — ^ —2 — 2 —1 — t 0 '*’5 "^1 '*'2 

Fig . 22 

ber zero. Marking off equal intervals in both directions (Fig. 22), 
we attach positive integers to marked points in one direction and 
negative integers in the other. The other positive and negative 
fractions are also attached to points on the line in the obvious 
way. It is customary to use the right hand side of the line for the 
positive numbers. 

Notice that the plus and minus signs in the symbols -f- 3 and 
— 3 are not intended to indicate the operations of addition and 
subtraction, but are merely marks to distinguish one direction 
from another. We might well have tlenoted -f- 3 and — 3 by k 3 
and i3, respectively, to indicate the right-hand 3 and the left- 
hand 3. However, we shall adhere to the usual notation to avoid 
confusing you. The numbers studied in the preceding chapter 
will be called unsigned numbers to distinguish them from our 
new signed or directed numbers. 

The idea of a negative number struggled for recognition for 
centuries and was received with great reluctance as late as the 
early years of the 17th century, even by mathematicians. Nega- 
tive numbers were often called false or fictitious numbers. Now 
it is true that no one ever saw — 3 books on a table. But the 
whole point is that directed numbers are no longer to be inter- 
preted as quantity or magnitude alone. One way of interpreting 
them is as quantity or magnitude together with direction. To 
try to think of — 3 as referring to taking away 3 books from an 
empty table is to miss the point completely. But since these new 
things involve a new idea, namely direction, why do we call them 
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numbers? Simply because, when we have made the appropriate 
definitions of addition and multiplication, they will have many of 
the characteristics of our former numbers, such as the commuta- 
tive, associative, and distributive laws. In fact, we will be care- 
ful to make our definitions of addition and multiplication in such 
a way as to insure the validity of these laws. As for applications, 
you are well aware that they are convenient for such things as 
East and West, up and down, profit and loss, past and future, 
temperature above and below zero, a push in one direction and a 
push in the opposite direction, etc. 

In fact, to question whether a word, like “number,” can be per- 
mitted to have a certain meaning is foolish, because the meaning 
of any word or sym})ol is merely a matter of agreement. All that 
one may reasonably demand is that the writer inform us what he 
intends a given symbol or word to mean.* This point was en- 
countered by Alice in Lewis Carroll’s Through the Looking Glass 
when Humpty Dumpty said: 

“ 'When I use a word, it means just what I choose it to mean — 
neither more or less.’ 

“ 'The question is,’ said Alice, 'whether you can make words 
mean so many different things.’ 

'' 'The question is,’ said Humpty Dumpty, 'which is to be the 
master — that’s all.’ ” 

Sinee these directed numbers were created by us, it is up to us 
to decide what we shall mean by the sum, product, etc., of two 
directed numbers. Our definition of the sum of two directed 
numbers will be motivated by Fig. 22. 

Suppose we begin by standing at the origin facing the positive 
direction, and interpret each successive directed number as a 
marching order. The directed number + 2 will mean ''march 
forward (that is, to the right) 2 units,” while the directed number 
— 2 will mean ''march backward (that is, to the left) 2 units.” 
The plus sign for addition will mean ''and then.” Zero will be 
interpreted as “do not march at all.” The number attached to 
the point at which we arrive at the end is called the sum of the 
given directed numbers. 

* In discussions of social problems, this is, unfortunately, seldom done. The fu- 
tility of many debates is due to the undeclared use of different meanings for the same 
word. 
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Example 1. (+ 3) + (+ 2) means walk forward 3 units and 

then walk forward two units. We arrive at the point marked 
+ 5. Hence (+ 3) + (+ 2) = -k 5. Note that the plus signs 
within the parentheses on the left indicate positive numbers while 
the plus sign between the two sets of parentheses indicates the 
operation of addition. It would be preferable to avoid this am- 
biguity by reserving the plus sign for the operation of addition 
and to write ^3 + «2 = but we shall not do this because of 
the weight of habit and tradition. 

Example 2. (-f- 5)-k(— 2) means walk .5 units forward and 

then 2 units backward, arriving at the point marked + 3. Hence, 
(“k 5) “k ( — 2) = “k 3, or k. 5 -k ^-2 = k.3. 

Example 8. (-k 2)-k(— 5) means walk forward 2 units and 

then 5 units backward. Hence (-k 2)-k(— 8) = — 3, or k 2 -k /.5 
= /.3. 

Example 4- (+ 3)-k(— 3) means walk forward 3 \inits and 

then backward 3 units. Hence (-k 3)-k(— 3) = 0, or *3 + /.3 = 

0 . 

Example 5. ( — 3)-k( — 2) means walk backward 3 units 

and then backward 2 units. Hence (— 3)-k(— 2) = — 8, or 
Z.3 l2 = 7.5. 

Example 6. Clearly any number plus zero will l)e the given 
number again, since zero means “do not march at all.” 

This intuitive idea of walking back and forth on the line of Fig. 
22, is expressed formally in the following definition of addition of 
directed numbers. The formal definition seems complicated only 
because of the necessity for treating exhaustively all possil)le 
cases. For example, we would like ( + 5) -k ( — 2) to be -k 3 ; this 
can be written formally as ( -k 5) -k ( — 2) = -k (5 — 2) where the 
5 — 2 in the parenthesis on the right means subtraction of the 
unsigned numbers 5 and 2. This subtraction has a sense since 
5 > 2. But we could not write (+ 2)-k(— 5) as +(2 — 5) be- 
cause the difference 2 — 5 of the unsigned numbers 2 and 5 does 
not exist since 2 < 5. Hence in this case we write ( -k 2) -k ( — 5) = 
— (5 — 2) or — 3 since the difference 5 — 2 of the unsigned num- 
bers 5 and 2 does have a present meaning. The several cases in 
the following definition are numbered so as to correspond to the 
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numbered examples above. Note that the definition of the new 
term “sum of two directed numbers” is given in terms of old 
terms, namely operations on unsigned numbers. 

Definition 1. If a and h are unsigned numbers then: 

Casel. (+ o) + (+ 6) = +(a + 6); 

Case 2. (+ «) + (—&) = (—&) + (+«) = +(« ~ &) if a > & ; 
Case 3. (+ a) + ( — 6) = (— 6) + (+ a) = — (& — a) if a < 6; 
Case Jf.. — b) = { — ?;)-|-(-|-u)=0 if a = b', 

Case 5. (— a) — b) = — (a b) ; 

Case 6. (-b®)~f‘0 = 0-|-(+fi) = -|-ct, 

( — rt) -f" 0 = 0 -}■ ( — rt) = — a, 

0 + 0 = 0 . 

Exercise. Substitute particular numbers in each case of definition 1 and 
verify that it yields the expected results. Interpret each illustration on Fig. 22. 

It is convenient to identif y our positive {signed) numbers with our 
previous unsigned numbers. We shall do this from here on. Hence 
we shall write 3 and + 3 interchangeably. 

Our definition of multiplication of directed numbers will be 
motivated by our desire to have directed numbers behave as 
much like our former (unsigned) numbers as possible. For ex- 
ample, we would like them to obey the commutative and distrib- 
utive laws. 

Definition 1, section 13, tells us that 3 • 2 means 2+2 + 2. 
Therefore we would like 3 • ( — 2) to mean ( — 2) + ( — 2) + ( — 2) 
or — 6; that is, 3 • ( — 2) means what you get by counting out 
three — 2’s and adding them up. However, we cannot similarly 
let ( — 2) • 3 mean what you get by counting out — 2 threes and 
adding them up. But, since we want the commutative law to re- 
main in force, we would like ( — 2) • 3 to be the same as 3 • ( — 2), 
that is, — 6. Similarly, we want 3 • 0 to mean 0 + 0 + 0 or 0; 
because we want to keep the commutative law, we want 0 • 3 to 
be 0 as well. 

As for the mysterious case (— 3)( — 2) = + 6 we may moti- 
vate it by referring to the distributive law. Consider the expres- 
sion (— 3)[(— 2)+ 2]. We want the distributive law to hold so 
that 

(- 3)[(- 2)+ 2] =(- 3)(- 2) + (- 3) • 2. 



§211 


DIRECTED NUMBERS 


93 


But the left member is (— 3) • 0 which we should like to bo zero. 
Hence the right member ( — 3)( — 2) + (— 3) -2 = 0. The sec- 
ond term, as we have already decided, should be — 6. Hence 
( — 3) ( — 2) -f ( — 6) = 0. For this to be true, ( — 3) ( — 2) should 
be 6. Notice that we have not proved that ( — 3)( — 2) = 6. We 
have only shown that if we want the distributive law and other 
former rules to remain valid we have to define ( — 3)( — 2) = 0. 

Another consideration that suggests this definition is the fol- 
lowing. We would certainly like ( — 3)( — 2) to be either -T G or 

— 6. Now ( — 6) = ( — 3) • 2 by previous agreement. If wc took 
(— 3)(— 2)= — 6 and if we wanted the axiom that “if equals 
are divided by equals, the results are equal” to hold, then 
(— 3)(— 2) = (— 3) -2 would yield ( — 2)= 2 (dividing both 
sides by — 3). This is undesirable. 

Since we find it convenient to have our rules operate without 
exception we make the following definition of multiplication of 
directed numbers. 

Definition 2. If a and b are unsigned numbers, 

(+ a)(+ b) = -\-(ab), 

(- a)(- b) = +{ab), 

(+a)(-6) = (-6)(-f-a) = -(a/>), 

(-j- u) '0 = 0(+ a) = 0, 

(_ a) . 0 = 0 • (- a)= 0, 

0-0 = 0 . 

This is sometimes called the “rule of signs.” 

Note that 2-3 = G is 3 less than 3 • 3 = !), and 1 • 3 = 3 is 3 
less than 2 • 3 = G. Hence we would like 0 • 3 to lie 3 less than 
1 -3 = 3, or 0; and we would like (— 1)3 to be 3 less than 0 • 3 = 
0, or — 3; and we would like (— 2)3 to be 3 less than (— 1)3 = 

— 3, or — 6. Similarly we note that 1( — 3)= — 3 is 3 more 
than 2(— 3) = — G. Hence we would like 0(— 3) to be 3 more 
than 1(— 3) = — 3, or 0; and we would like (— 1)(— 3) to be 3 
more than 0( — 3) = 0, or -f 3 ; and we would Uke ( — 2) ( — 3) to 
be 3 more than (- 1)(- 3) = + 3, or 4-6. These desires for 
uniform behavior are satisfied by our definition 2. 

Subtraction and division of directed numbers will be defined 
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as the inverses of addition and multiplication, respectively, as 
before. 

Definition 3. If a and b are any directed numbers, then a — b 
shall mean a directed number x such that b x = a, if stick a 
number exists. If there is a positive number x such that b + x — a, 
we shall say a > b or b < a. 

Intuitively a > b means that a is found to the right of b on the 
line in Fig. 22. 

For example (— 2) — (— 3) means a number x such that 
(— 3)+ X = — 2] thus X = I, since (— 3)+ 1 = —2; hence 
(— 2) — (— 3)= 1. Similarly 2 — ( — 3) means a number x such 
that (— 3)+ X = 2; thus x = b, since ( — 3) + 5 = 2; hence 

2 — ( — 3) = 5. The results obtained here from our definition 

3 are exactly what would be obtained from the familiar rule, 
learned by rote in high school : to subtract one quantity from a 
second, change the sign of the first and add. 

Note that the minus sign is being used in two different ways: 
to indicate negative numbers, and to indicate the operation of 
subtraction. It might be preferable to use l 2 instead of — 2 for 
the negative number “minus two” and reserve the minus sign for 
the operation of subtraction. Then 2 — ( — 3) = 5 would be writ- 
ten 2 — lS = 5. However, we shall adhere to the customary 
notation. 

It is intuitively evident and it can be proved that the difference 
between any two directed numbers always exists and is unique. 

Definition 4. If a and b are any directed numbers, a -i- b 
shall mean the unique directed number x such that bx = a, if such 
a number exists. 

It can be shown that, except for the case where 6 = 0, to be 
discussed in the next section, the quotient a -i- b oi any two 
directed numbers exists and is unique. 

Examples. (— 6)-^ 2 means a directed number x such 
that 2a:=— 6; thus x = —Z, since 2(— 3) = — 6; hence 
( — 6) -h 2 = — 3. Similarly, 6 -5- ( — 2) means a number x such 
that (— 2)x = 6; thus x — — Z, since (— 2)(— 3)= 6; hence 
6 -j- ( — 2) = — 3. Finally, ( — 6) — 2) means a number x 

such that (— 2)x = — 6; thus a: = 3, since (— 2)3 = — 6; hence 
(- 6)^(- 2)= 3. 
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EXERCISES 

Calculate, using the appropriate definitions: 

1. 5+(-2). 2. 5 -(-2). 3. (-5)+ 2. 4. (- 5) + (- 2). 

6 . (- 5)-(- 2). 6 . (- 5)- 2. 7 . (- 5) • 2. 8 . 5 • (- 2). 

9. (-5) -(-2). 10. (-8)-h2. 11. (-8)-i-(-2). 12. 8 ^(- 2). 

Definition 5. The negative of a directed number x is a directed 

number having the pro-perty that when it is added to x the sxim is 
zero. The negative of a directed number x is denoted by — x. In 
other words, — x stands for the number 0 — x. 

Example. The negative of (+3) is (— 3) since (+ 3) + 
(— 3) = 0. Similarly the negative of (—3) is (+3) since 
(— 3) + (+3)=0. Hence — (+3)=— 3antl — (— 3) = +3. 
That is, + 3 and — 3 are negatives of each other. 

In general, x and — x are negatives of each other; thus 
— (— x)= X. 

That is, if a directed number x is interpreted as a marching 
order, starting from 0, then — x shall signify what you must do 
to get back to 0 after obeying the order “x.” Thus, the order 
“ — x” undoes the order “x.” 

This is still a thiixl meaning for the minus sign. It can be 
shown that no trouble arises from this triple use of the minus sign. 

We could now prove that the associative, commutative, and 
distributive laws hold for directed numbers; we shall not do so 

here. All the rules for manipulating fractions carry over to di- 

ax a 

rected numbers in an obvious way. For example, ^ where 

a, b, X are any directed numbers (b and x 0). The fraction 
line is used interchangeably with the -r- sign. In short, our defi- 
nitions enable you to manipulate directed numbers as you have been 
taught to do it in high school. While we shall not establish all this 
in detail here, we prove the following theorems as illustrations; 
each of them justifies a manipulation long familiar to the student. 

Theorem 1 . If a and b are any directed numbers, then a — b = 
a +(— b). 

Proof. Note that the minus sign on the left indicates the 
operation of subtraction, while the one on the right indicates the 
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negative of b (def. 5). By definition 3, we have only to show that 
b plus the right member equals a. But 

b + [a + ( — &)] = [«+(— b)] + b (commutative law for addition) 
= a + [(—&)+ 6] (associative law for addition) 

= a + 0 (definition 5) 

= a (definition 1). 

This completes the proof. 

Theorem 1 says that subtraction of b is equivalent to addition 
of — b. To apply the commutative law for addition, say, to 
a — 6 it is understood that we are to write the expression as a 
sum first ; thus, a — b — a+(— b) — {— b)-\- a. 

Theorem 2. If a and b are any directed numbers, then 
a — b) = a + b. 

Proof. By theorem 1, a minus (—6) is equal to a plus the 
negative of (—6). But the negative of (— h) is b. Hence, 
a — ( — 6) = a + 6. 

Theorem 3. If a and b are any directed numbers, then a( — 6) = 
-{ab). 

Proof. By definitions 5 and 2, 

a[& + ( — 6)] = a • 0 = 0. 

By the distributive law, 

a[b +(— 6 )]= ab + a(— b). 

Hence, 

a6 + a(— 6) = 0. 

By definition 5, this means that a(— b) is the negative of ab. 
This completes the proof. 

Theorem 4. If a and b are any directed numbers, then 
( — a) ( — b)= ab. 

Proof. By theorem 3, {— a){— b) equals the negative of 
(— a)b. But (— a)b = —(ab) by theorem 3 and the commuta- 
tive law for multiplication. Hence the negative of ( — a)b equals 
the negative of —(ab), that is, ab. Hence, (— a)(— b)= ab. 

It can also be proved that ^ = — r ^^^d — ^ 

b — b b — b b 

where a and b are any signed numbers, b 0. Compare ex- 
ercises 13 and 27 below. 
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We shall use these rules for manipulating directed numbers in the 
remainder of the book without explicit mention. 

Our rules for manipulating directed numbers fit in well with 
applications like the following. 

Example 1. Consider the rectangles in Fig, 23. The area of 
the unshaded rectangle is (a — c)(5 — d), or [a + ( — c)][6 + (— d)]. 
Applying the distributive law to this expression we get 
[a +(— c)] h + [a +(— c)] (— d) = ab +(— c)h + a{~ d)-f- 
(— c)(— d). Now using our definitions for multiplying directed 
numbers, we get ab — cb — ad cd as the area of the unshaded 
rectangle. This is in agreement 
with the geometry of the situa- 
tion for ab is the area of the en- 
tire large rectangle, cb is the area 
of the shaded horizontal rectan- 
gle, ad is the area of the shaded 
vertical rectangle, and cd is the 
area of the cross-shaded rectan- 
gle. Our result is in agreement 
with the geometric interpreta- 
tion of each term, because in subtracting cb and ad from ah we 
have subtracted the cross-shaded area twice and therefore have 
to put it back once by adding the term cd. However, this does 
not prove that the definition (— c)(— d) = cd must be adopted. 
It merely* shows that if we want our multiplication of directed 
numbers to be applicable to the geometrical situation above and 
if we want the distributive law to hold for directed numbers, 
then we should make the definition ( — c) ( — d) = cd. 

Example 2. If the water level in a tank is rising at the steady 
rate of 2 inches per minute, and we want to know how much 
higher it will be in 3 minutes from now, the answer is 3 • 2 or 6 
inches. The usual rule is rf = a (rate times time equals amount). 
Suppose we interpret negative time as referring to the past and 
negative rate as meaning that the water level is sinking. We can 
say that if the water level is changing at the rate of 2 inches per 
minute, then 3 minutes ago it was 2( 3) = — 6 inches higher 

or 6 inches lower. If the water level is sinking at the rate of 2 
inches per minute, we might say it is changing at the rate of - 2 



Fig. 23 
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inches per minute. Then 3 minutes from now it will have changed 
(— 2) • 3 = — 6 inches; that is, it will have sunk 6 inches. Sim- 
ilarly, 3 minutes ago (that is, — 3 minutes from now), it would 
be ( — 2)( — 3) = -f- 6 inches higher. Our rules for directed num- 
bers evidently fit this practical situation. But we have not proved 
here that our rules are correct. We have only shown that if we 
want our rules for negative numbers to fit this application and if 
we want the formula rt = a io apply in all cases, then we should 
define ( — 2) ( — 3) = 6 . 


EXERCISES 


13 . Prove that (a) — — 2; (h) 


6 


3 


(c) -^=-2; 


id) —3 = 2 . 

14 . Does — a always represent a nej^ative number? Illustrate. 
Calculate and siniplify each of the following: 


16 . 

l+-i 

2 2 

16 . + 

Hi. 17 

Hl + l 

2 ^3 


2 

19 . 

1 2 

2 3' 

20 . ( 


21 . ( 

V)(^) 

22 . 



P-I) 

24 . ( 

-DHP) 

26 . 

By means of the generalized distributive law, 

simplify: 



(a) (-l)(a-?0; 

26 . Prove, by means of definition 5 , that: 

(a) -{a - h)=- — a 

27 . Prove that: 

- a a n\ ^ ^ 

TT - <'’> — ' 

where a and b are any signed numbers, b ^ 0. 

28 . Show that [3 -h( — 2)] -|-( — 4)= 3 [( — 2)-[-( — 4)]. 

29 . Show that (- 3)[5 2)] = (- 3)5 -f-(- 3)(- 2). 


(b) (-!)(- a + 6). 

(b) a + b)= a - b. 

('■) 


a 

P 


— a 


a 

P 


22. The system of rational numbers. All the numbers intro- 
duced so far, namely zero, the positive and negative integers, and 
the positive and negative fractions, (and no others), are called 
rational numbers. The word “rational” does not mean reason- 
able. It comes from the word ratio; every rational number can 
be expressed as a quotient or ratio of two integers. 
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When we had natural numbers only, the sum and prodind of 
two natural numbers was always a natural number, but we could 
not say as much about quotients and differences. With fractions 
we could say that the sum, product, or quotient of any two frac- 
tions was always a fraction, but we could not say as much for dif- 
ferences. But the system of all rational numbers is closed under 
addition, subtraction, multiplication and division save for one ex- 
ceptional case. That is, it can now be proved that the sum, dif- 
ference, product and quotient of any two rational numbers exists 
within the system of rational numbers, with the single exception 
that division by zero must he excluded. Why we must make this 
exception will be seen at once from the definition of division : 

The quotient a -i- b is the unique number x such that bx = a, if 
such a number exists. 

Let us attempt to apply this definition wit h b = 0. Now either 
a 7^ 0 or a = 0. 

Case I. Let a 5^ 0. Then a 0 means a number x such that 
0 • X = a. But 0 • X = 0 no mat, ter what num))cr x is and a 5^ 0. 
Hence the definition cannot be satisfied. For example, 3/0 means 
a number x such that 0 • a: = 3, provided such a number x exists. 
But clearly no such number can exist since 0 • a; = 0 and not 3 no 
matter what x is. 

Case II. If a = 0, o 0 or 0 -f- 0 means a number x such 
that 0 • a; = 0; but this equation is satisfied by any number x 
whatever and hence is quite useless. 

Therefore division by zero is excluded in all cases. 

This is analogous to the following .situation. Suppose the only 
requirement for admission to the college were that one must be 
more than 30 ft. tall. Then no one could satisfy the requirement. 
This is analogous to Case I where no number can satisfy the re- 
quirement of the definition. Case II is analogous to the situa- 
tion we would find if the only entrance requirement were that one 
must be less than 30 ft. tall. Then the requirement excludes no 
candidate. Neither arrangement is a usable requirement. 

On the other hand, 0 -r- b does have a definite value ii b 9 ^ 0 . 
By definition 0-4-6 means a number x such that bx = 0. There 
is such a number x, namely zero. Thus 0 -i- b = 0 if b 9 ^ 0 . For 
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example, 0 -r- 3 means a number x such that 3 a; = 0; hence 
a; = 0. That is 0 -j- 3 = 0. 

Note that 0/1 = 0 while 1/0 is a meaningless symbol, since 
there exists no number satisfying the definition of 1/0. To say 
that a symbol has no meaning is not the same as to say it has the 
meaning “zero.” A student who is not registered for this course 
receives no mark in it; a student must register for the course be- 
fore he can aspire to the mark of zero. 

Amusing results can be obtained if division by zero is over- 
looked. (We assume for the moment that the student recalls 
some high school algebra.) For example, let Alice be a years old 
and Betty be b years old. Suppose the two girls are of the same 
age. Then b = a. Multiplying both sides of this equation by a, 
we obtain ab = a^. Subtracting from both sides of the equa- 
tion, we obtain ah — b‘^ = a? — bK Factoring, we have b(a — b) 
= (a -f 6)(a — h). Dividing both sides by (a — b) we have 
6 = a + ?), or 6 = a -t- a, or 6 = 2 a. Thus Betty discovers to 
her dismay that she is twice as old as Alice. The trouble is, of 
course, that we have divided by a — & which is zero since a = b 
by hypothesis, and division by zero has been excluded. If divi- 
sion by zero were permissible we could obtain a somewhat over- 
simplified system of arithmetic which might well appeal to some 
students although it would not be very practical. For, from the 
result b = 2 a just obtained above, we get a = 2 a and hence, di- 
viding by a, we obtain 1=2. Then 3 = 2-|-l = l + l= 2 = l, 
and 4 = 3-|-l = l + l= 2 = l, and so on. Hence all num- 
bers would be equal to each other and there would be no such 
thing as a wrong answer. 

As remarked above, the quotient of any two rational numbers 
exists except when the divisor is zero. In particular 1/a exists if 
a ^0. 

Definition 1. If a 9 ^ 0, the number 1 /a is called the reciprocal 
of a. 

Note that division by a 0) is equivalent to multiplication 
by 1/a. 

The number zero has another important property, which will 
be useful later, as follows. 

Theorem 1. If ab — 0 and a 9^ 0 then b must be 0. 
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Proof . Since a 5^ 0, there is a rational number 1 /a. By hy- 
pothesis, ab = 0. Multiplying both sides by 1/a, we have by 
Ee, that 

(1) - • a/j = - • 0. 

a a 

By our now familiar processes of algebra, the left member becomes 

— or b and the right member becomes 0. Hence (1) becomes 
a 

b = 0, which is what we had to prove. 

This theorem may be stated in other ways, as follows : the prod- 
uct of two non-zero numbers cannot be zero; if the product of two 
numbers is zero, at least one of the factors is itself zero; the product of 
two numbers can be zero only when one or the other {or both) of the 
factors is zero. 

We may characterize rational numbers by means of the follow- 
ing theorem, which we shall not prove here. 

A number is rational if and only if it can he expressed as the 
quotient a/b of two integers a and b, with b 0. 

— 7 3 

Thus and — ^ are rational numbers. 

We can classify rational numbers as follows: 

Rational Numbers (or positive and negative fracllons and zero) 
Integers (rational numlx^rs which can be expressed with de- 
nominators = 1) 

Negative integers 
Zero 

Positive integers or Natural Numbers. 

EXERCISES 

1. If a and b are any two rational numbers, which of the following expressions 
must also represent a rational numirer: 

(a) a + b; (b) n - b; (c) a ■ b; {d) a b'l 

2. If a and b are any two integers, whiith of the expressions in exercise 1 must 
also represent an integer? 


23. Powers and roots. The following definition is no more 
than an abbreviation. 
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Definition 1. If n is a natural number, a:” means x • x • • ■ x 
with n factors. 

For example, x^ = xxx. The exponent n is merely the num- 
ber of factors. We say that a;” is the nth power of x. x^ is called 
the square of x, and x^ is the cube of x. 

Definition 2. If there exists a number x such that x’^ = a, n be- 
ing a natural number, then x is called an nth root of a. In 'particu- 
lar if x'^ = a, X is called a square root of a, and if x^ = a, x is 
called a cube root of a. 

For example, 3 is a square root of 9 since 3^ = 9. Similarly 
( — 3) is a square root of 9 since ( — 3)^ = 9. Both 2 and — 2 are 
fourth roots of 16 since 2^ = 16and(— 2)'* = 16. A cube root of 
8 is 2. 

If a is a positive number, we shall use the radical sign to de- 
note the positive nth root of a, provided such a positive nth root 
exists. The number n written above the radical sign is called the 
index of the root. In the case of square roots it is customary to 
omit the index 2. Thus \/9 stands for 3, but not for — 3. If we 
wish to indicate — 3 we shall write —\/d. This agreement is 
made in order to avoid the confusion that would arise if we al- 
lowed the symbol \/9 to stand for either 3 or — 3 ambiguously. 
Similarly, although 2 and — 2 are both fourth roots of 16, the 
symbol -y/Tb will mean 2 alone. We shall be almost always con- 
cerned with 7ith roots of positive numbers, only ; these are unique 
whenever they exist. 

We make the linguistic agreement that powers shall take pre- 
cedence over multiplication and division, except where parentheses 
indicate otherwise. For example, 5 • 2® = 5 • 8 = 40 while 
(5 -2)* = 10® = 1000. The radical sign, however, acts as a paren- 
thesis; all indicated operations under the radical sign are to be done be- 
fore extracting the root. For example, \/9 -j- 16 means -j- 16) 
= \/25 = 5. 

It may be conjectured that our radical sign (from the Latin 
word “radix” meaning “root”) comes from the letter r and the 
“vinculum” (a Latin word meaning “bond”) which was often 
used as we use parentheses. For example, older books might 
write a • b c = ab ac for our distributive law. Hence 
■\/x -f y means \/(^ + v)- 
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Theorem 1. If n is any positwe integer then (xy)" — x”y”. 

Proof, {xy)" = (xy){xy) ••• (xy) where there are n paren- 
theses. By the generalized associative law for nniltiplieation we 
have 

(xy)" = xyxy ■ ■ ■ xy 

= XX ■■ ■ xyy • • ■ y (commutative law for 

nniltiplieation) 

= x"y" (by definition 1). 

For example, (xy)^ = {xy){xy){xy) = xxxyyy = 3 ^ 7 /. 

Theorem 2. If n is any positive integer, then ^^a ■ =yf^ab, 
provided that all these nth roots exist, a and b being positive. 

Proof. Let x = v^; then x" = a by definition 2. Let 
y = lyE; then y" = b. By theorem 1, (xy)" = x"y" — ab. Hence 
xy — y/ab by definition 2. By .substitution we have I^a • I/b = 

For example, y/i ■ -y/Q =\/4 • 0 =\/v?B- 

EXERCISES 

1. Find (a) (6)J/T0; (c) v/FT; (d) (e) (/) 

2. Is it true that \/a- + = a + b? Illustrate witli jiartieular numbers re- 

placing a and b. 

3. Is it true that \/a^ ~ = a -- b? Illustrate with particular numbers re- 

placing a and b. 

4. Of what is a + fc a square root? (We assume some previous knowledge of 
algebra here.) 

6. Of what is a — 6 a square root? (We assume some previous knowledge of 
algebra here.) 

6. Is it true that \/x + V Illustrate with parti(!ular numbers 

replacing x and y, 

7. Is it true that - y Illustrate with particular numbers 

replacing x and y. 

Simplify each of the following: 

8. (\/5)*- 1 / 1 _ 1 ■*" 

rV' 

12. (^)K 


“■ I/' - (f )’ 


13. (.V^)\ 
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14. (•v^)*’. 

17. 5 + 2-3*. 

20. (5 + 2-3)*. 

23. • \/l^. 


16. 4 -3*. 

18. (5 + 2) -3*. 
21. ([5 + 2]3)*. 

24. ■\/2xy\/8 xy. 


16. (4 - 3)*. 

19. 5 +(2-3)* 

22 . 

26. (v^)*. 


24. The square root of two. We shall prove the following sur- 
prising theorem. 

Theorem 1. No rational number can be a square root of 2. 


Before proving this theorem, let us see why it is surprising. A 
rational number is one which can be expressed as a quotient a/b 
of two integers (& 5^ 0). If we arrange the positive rational num- 
bers according to the following scheme 

1 2 3 4 5 

1 1 1 1 1 

1 2 3 4 5 

2 2 2 2 2 

1 2 3 4 5 

3 3 3 3 3 ’ 

1 2 3 4 5 

4 4 4 4 4 


we see at once that every positive rational number is represented 
somewhere in this endless array. For example, the number 
273/565 is to be found in the 273rd column and 565th row. Let 
us imagine the points corresponding to these numbers marked off 
on a line one row at a time, the number attached to each point 
representing its distance from the zero-point or origin. At each 
stage (Fig. 24) the marked points are more and more thickly 
strewn (“densely distributed” is a technical term for this) on the 
line/ Although it cannot * be accomplished in practice, since the 
number of rational numbers is unlimited, we can imagine all the 
rational numbers marked off on the line. You might think that 
they fill up the entire line. But if our theorem is correct, this is 
not so ; despite the density of the marked points on the line there 
are points which are not marked. One such point can be con- 

* However any particular fraction can be marked off. 
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-s/2 

1 ^ ^ ^ 1 

0 


1 2 


3 

1 

--- 1 

42 

1 1 1 1 . 

1 

1 

0 

1 

9 

1 3 2 

9 

5 

•> 

3 


2 2 2 




1 1 1 1 1 1 

1 t 1 1 1 1 L- 

0 111 1 4 

3 2 3 3 

3 5 2 7 3 3 3 

3 5 3 


The first three stages 
Fig. 24 


structed by taking an isosceles right triangle whose side is 1 unit 
in length. Its hypotenuse then must be \/ = \/2 by the 
Pythagorean theorem. The length of this hypoti'inisi; can then 
be laid off on the line from the origin and the 
other end cannot be a marked point, if our theo- 
rem is correct. For all marked points have ra- 
tional numbers corresponding to them, while our 
theorem asserts that \/2, whatever it may be, is 
not a rational number. If you recall that we have 
assumed that all rational numbers, including all Fhj. 2!i 
fractions with denominators equal to a million, a 
billion, a trillion, etc., have been marked off, it may seem remark- 
able that there is still a “gap,” that is, an unmarked point, left. 
The density of the rational numbers may be seen from the fact 
that between any two rational numbers a and b no matter how 
close together, there must be another rational number; in fact, 

j jg guch a rational number. It is not hard to see intuitively 

2 

that ^ is exactly midway between a and b. 

Let us now look at theorem 1 from a somewhat different point 
of view. Consider two line-segments. A length is said to be a 
common measure of these two line-segments if it goes into each 
of them exactly a whole number of times. For example, if the two 
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given line-segments are 1 yd. and 1- ft. respectively, then 1 inch 


is a common measure for them, since 1 inch goes into the first 36 
times and into the second 15 times. Similarly, a 1 ft. line-seg- 
3 1 

ment and a 5- in. line-segment have - in. as a common measure, 
.since ^ in. goes into the first 48 times and into the second 23 


times. If two line-segments have a common measure they are 
called commensurable. It would seem intuitively that any two 
line-segments would be commensurable if only we try a small 
enough length as common measure. But if theorem 1 is correct, 
this is not the ca.se. The leg and hypotenuse of the right triangle 
in Fig. 25 can have no common measure. For, suppose they 
could have a common measure. Then it would go into the unit 
leg q times and into the hypotenuse p times, where q and p are 
both whole numbers. But then the common measure would be 
represented by the number \/q and the hypotenuse by the ra- 
tional number p/q. But, according to theorem 1, this is impo.s- 
sible since 'v/2 is not a rational number. Two line-segments 
which have no common measure are called incommensurable. 
The existence of incommen.surablc lengths was probably known 
to Pythagoras (about the 6th century b.c.) and is said to have 
disturbed him so much that he tried to suppress the information 
lest it discredit mathematicians in the eyes of the general public. 

Still another way to understand what our theorem asserts is to 
imagine all the rational numbers enumerated in some order. If 
we tried to enumerate th*em one row at a time we would never 
get to the second row .since we could never finish the first row. 
Hence we enumerate them in the diagonal order indicated in Fig. 
26 by the arrows, starting with 1/1. That is, we write them in 
the following order: 


... 1 1 2 3 2 1 1 2 3 4 

2 ^ > 2 ^ 2 ^ 2 ^^ 2 ^ 3 ^ 4 ^ 3 ^ 2 ^ 


In this way we must reach any given positive rational number if 
we proceed along the sequence (^1) far enough. Our theorem as- 
serts that none of them will yield exactly 2 when squared. This 
obviously cannot be proved by trying them in succession, be- 
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cause life is short and there is no end to the sequence (^4) of posi- 
tive rational numbers. If there were only a limited number of 
rational numbers we could prove 
the theorem by testing each num- 
ber. But the number of rational 
numbers is unlimited. If we 
squared the first thousand (or first 
billion) positive rational numbers 
in the sequence (A) without get- 
ting 2 as the result, we could not be 
sure that we might not get 2 at 
some later trial. It might be that 
we simply hadn’t found the right 
one yet. 

How then can we piove that no rational numlier (ran yield 
exactly 2 when squared? We shall need a few preliminaries. 

Definition 1. An integer is called even if and only if it can be 
expressed as 2 x where x is some integer. 

In other words, an integer is even if it is divisible by 2, or has 

2 as a factor. For example, 10 is even since 10 = 2 • 5. 

Remark. Notice the necessary restriidion that x be an integer. 

The number 3 can be expressed as 2 • (3/2) but we would not call 

3 even. 

An integer which is not even is called odd. It can be proved 
that an integer is odd if and onltj if it can be expressed as 2 x + 1 
where x is an integer. In other words every odd integer is exactly 
one more than some even integer. We shall not prove this here. 
For example, 7 = 2 • 3 -|- 1, and 11 = 2 • 5 -|- 1 are odd. Or, 
an integer is odd if you gid a remainder of one when you divide 
it by 2. 

* Theorem A. If a is even, a^ is even. 

Proof. Since a is even we can write a = 2x where x is an inte- 
ger, by definition 1. Thus a* ={2xP = 4 = 2(2 x^). Now 

since x is an integer so is x^, because the product of two integers 
is an integer, and hence so is 2 x^ for the same reason. Hence 
has been expressed as 2 times the integer 2 xA . Thus (P is even, 
by definition 1. 

* Theorem A is not needed, but is included to emphasize the distinction between it 
and theorems B and C. 



Fig. 26 
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Theorem B. If a is odd, a® is odd. 

Proof. Since a is odd we can write a = 2 a; + 1 where x 
is an integer. Thus a* =(2 a: + 1)^ = 4 x® + 4 x + 1 = 
2(2 x^ + 2 x)+ 1- (We assumed in this step that the student 
remembers how to multiply 2 x + 1 by itself. This will be taken 
up again in Chapter V. Compare exercise 7, section 14.) Now 
since x is an integer and since the sum and product of two inte- 
gers is again an integer, 2 x^ -b 2 x is an integer. Hence has 
been expressed as twice the integer (2 x^ -f- 2 x) plus 1 and is 
therefore odd. 


Theorem C. If n is an integer and n^ is even, then n is even. 

Proof. Since n is an integer it is either even or odd. If n were 
odd, then n^ would have to be odd by Theorem B. Since n^ is 
even, by hypothesis, this cannot be so. Hence the only possibil- 
ity is that n is even, which is what we had to prove. 

We are now ready for the proof of Theorem 1. 

Proof of Theorem 1 . Either there is a rational number = \/2 
or there is not. Suppose there were such a rational number; it 
could be reduced to lowest terms, and hence expressed as p/q 
where p and q are integers having no factor in common except 
± 1 (? ^ 0). Then, 

p/q =V2. 

If this were so, then 

— 2. (Reason?) 

Hence 

(1) 2 q^. (Reason?) 

Now is an integer; therefore q^ is an integer. Hence (1) says 
that is an even integer since it is twice the integer q^. By The- 
orem C it follows that p is an even integer. Since p and q have 
no factor in common q must be odd, for if q were also even, p and 
q would have a common factor 2. Since p is even, we can write 
p = 2 X where x is an integer. Substituting this in (1) we get 

(2 xY = 2q^ 



4 x^ = 2 
. q^ =2x\ 


or, 


(Reason?) 
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But this says that is even since it is twice the integer x^. By 
Theorem C it follows that q is even. But the italicized statements 
contradict each other since q cannot be both even and odd ; hence 
the supposition that p/q =y/2 is absurd because it leads to a 
false conclusion. The only remaining possibility is that no ra- 
tional number can be =\/2, which is what we had to prove. 

Remark. In this section we used the so-called indirect proof or 
reductio ad ahsurdum with which you first l^ecame acquainted in 
your high school geometry. That is, we show that since supposi- 
tion A leads logically to a false (or, .self-cont radictory) conclusion 
B then A must be false. This is merely the logical principle that 
if A implies B and B is false then A is false (see section 4, exercise 
14). 


EXERCISES 

1. Prove that if a is even, then </•' is oven. (Hint: imitate as far as possible, 
the proof of Theorem .4.) 

2. (rt) Prove that if 0 is odd, then rP is odd. (Hint: imitate as far as possildc 
the proof of Theorem li.) 

(b) Prove that if ?i is an integer and «'* is even, then v is oven. (Hint: imi- 
tate as far as possible the proof of Theorem C. .Use the tlHH)rem of e.xcreise 2<i.) 

(c) Prove that no rational number is (Hpial to (Hint: using exercise 2b, 
imitate as far as possible the proof of Theorem 1 .) 

3. Prove that if o is divisible by .‘i then is divisibh; by .‘h (Hint: by defini- 
tion, an integer is divisible by d if and only if it can be exjrressed as d x where x is 
some integer.) 

4 . (a) Prove that if n is not divisible by d, then is not divisible by 3. (As- 
sume that if an integer is not divisible by d it can be expressed as either d x + 1 
or 3 X + 2 where x is an integer; that is, if you divide any integer by 3, you get a 
remainder of 0, 1, or 2. For example, 1.5 = d • .'5, Hi = 3 • 5 -f 1, 17 = d • .5 + 2, 
18 = 3 • 6, • • • . Imitate the proof of Theorem B iis far as jrossible. There will 
be two cases.) 

[b) Prove that if n is an integer and is divisible by 3 then n is divisible by d. 
(Hint: Imitate as far as possible the proof of Theorem C. Use exercise 4o.) 

(c) Prove that no rational number is equal to Vd. (Hint: using exercise 4h, 
imitate as far as possible the proof of Theorem 1.) 

6. Prove that no rational number is equal to 

6. Prove that no rational numl^er is etpial to y/b. 

7. Prove that no rational numlxir is cciual to-^/ii. 

8. Prove that the sum of two even numbers is even. 

9. Prove that the product of two odd numbers is odd. 
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10. Prove that the product of any natural number and an even number is even. 

11. Prove that no rational number is equal to V6' (Hint: use exercise 9.) 

25. Irrational numbers. Decimal notation. The fact that no 
rational number is exactly equal to means that our system of 
rational numbers contains no number which can represent the 
length of the hypotenuse of an isosceles right triangle whose leg 
is of unit length. This is regarded as an inadequacy in the ra- 
tional number system. We are therefore led to invent irrational 
numbers. The word “irrational’^ must not be taken to mean “un- 
reasonable”; it means not expressible as a ratio of two integers. 
We shall give no accurate definition of irrational number here be- 
cause of the technical difficulties involved. In fact, as we re- 
marked above, the strange story of V2 was probably known to 
Pythagoras (about the 6th century b.c.) but the difficulties in- 
volved were not straightened out with complete logical rigor until 
about 1870 when G. Cantor and R. Dedekind, two German 
mathematicians, did it independently of each other. However, 
we can point out some of the essential characteristics of irrational 
numbers. 

Notice that the usual decimal notation for numbers, which 
you learned as children, is based on powers of 10. For example, 
2347.568 means 

2 • 10« -f 3 • 10-= -b 4 • 10 -f 7 -f ^ ~ -b 

Recall the peculiar process you once memorized for extracting 
the square root of a number as a decimal. (Your knowledge of 
this weird process is a splendid example of sheer memorization 
without the slightest understanding. In fact, it will be unneces- 
sary to recall the process as far as this book is concerned for, as 
we shall see soon, the same results can be obtained in a more 
straightforward, although slower, way.) Applying this process 
to the task of extracting the square root of 2, we get 1.4 as a first 
result, but there is a remainder. If we go further we get 1.41, 
then 1.414, then 1.4142, and so on. At each stage the process 
produces a remainder and hence fails to give an exact square root 
of 2. In fact, 

(1.4)2 1 96 < 2 < (1.5)2 = 2.25, 

(1.41)2 = 1.9881 < 2 < (1.42)2 = 2.0164, 

(1.414)2 1.999396 < 2 < (1.415)2 = 2.002225, 


§251 


IRRATIONAL NUMBERS 


lit 


and so on. Thus the decimal expression for \/2 does not seem to 
stop. We cannot prove that it doesn’ti stop by continuing the 
process until we are exhausted for if it hadn’t stopped by the 
1000th place, we could still not be sure that it wouldn’t stop at 
the 2000th. But we can in fact prove that the process never stops. 
For if it did stop we would have a terminated decimal expression 
for V2. Now i/ a decimal terminates then it represents a ra- 
tional number; that is, the quotient of two integers. For ex- 
ample 2.315 means But v/2 is not a rational number, by 

section 24. Hence its decimal expre.ssion cannot stop. However, 
each of the successive stages of the process gives a rational num- 
ber whose square becomes clo.ser and closer to 2. That is, \/2 >s 
approximated by rational rmmbers and can be so approximated as 
closely as we wish (that is, to the nearest thousandth, or millionth, 
etc.) by carrying the proce.ss far enough. This is one essential 
characteristic of irrational numbers. 

The converse of the theorem in heavy type above would say 
that if a number is rational, then its decimal expression termi- 
nates. This is not so, as can be seen from the rational numbers 

1 /3 = .3333333 • • • and 
1 /7 = . 142857142857 1 42857 

whose decimal expressions do not terminate, as you can see from 
the process of ol)taining them by division. Notice that both of 
these decimals “repeat in blocks”; in techni(-al language they arc 
periodic. In the case of 1/7, notice that when you divide 1 by 7, 
the only remainders which can occur in the process of long divi- 
sion are the numbers 0, 1, 2, 3, 4, 5, G. If 0 occurred, the process 
would terminate. If 0 does not occur, the only possible remain- 
ders are 1, 2, 3, 4, 5, 6. After enough steps (.seven or fewer) are 
made in the process of long division, we must therefore get one of 
these remainders back again for the .second time, whereupon the 
whole proce.ss repeats it.self exactly, thus producing a periodic 
decimal. 

Exercise. Perform the long division of 1 by 7 long enough to observe the de- 
scribed phenomenon. 

In the same way it can be proved that if the decimal expression 
for any rational number p/q does not terminate, then it is nece.s- 
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sarily periodic. It can also be proved that every periodic deci- 
mal represents a rational number. It follows that the decimal 
expression for \/2 can neither terminate nor be periodic. Every 
irrational number has a decimal expression which neither termi- 
nates nor is periodic. 

We shall assume that the irrational numbers fill up all the 
“gaps” left in the line (Fig. 24), so that every point on the line 
has a number attached to it, rational or irrational. These num- 
bers are called real. In particular, we now have a number to 
represent each length, such as, for example, the hypotenuse of 
Fig. 25. Every real number can be expressed as a decimal, either 
terminating or not, and conversely. The processes of addition, 
subtraction, multiplication and division can be defined for real 
numbers so that the sum, difference, product, and quotient of 
any two real numbers is again a real number, except that division 
by 0 remains excluded. The new numbers can be shown to sat- 
isfy the familiar laws, such as the associative, commutative, and 
distributive laws, and we are therefore content to call them num- 
bers. We shall be unable to prove these statements here because 
we have not given a clear cut definition of real number. The sys- 
tem of real numbers is subdivided into irrational and rational 
numbers. 

You might think that irrational numbers are rare because we 
have pointed out only a few. But it can be shown that the square 
root of any positive integer which is not the square of an integer 
is irrational. In general, the nth root of any positive integer 
which is not the nth power of an integer is irrational. There are 
many more irrational numbers which cannot be expressed as 
roots at all such as ir = 3.14159265 • • •, a number you met in 
your geometry course. It is not hard to prove the following 
exercises. 

Exercise 1 . Prove that if you add any rational number r to an irrational one, 5, 
the sum t must be irrational. (Hint: the sum is either rational or not. Suppose 
it is rational and show that this leads to a contradiction.) 

Exercise 2, Prove that if you multiply any rational number r{ 9 ^ 0) by an ir- 
rational one, s, the product t is irrational. 

Hence there are at least as many irrational numbers as rational 
numbers. It can be proved that, between every pair of rational 
numbers no matter how close together, there is an irrational one. 
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and between every pair of irrational numbers there is a rational 
one. 

Whether a real number is rational or not does not matter to 
the practical engineer since measurements are never more than 
approximate and an irrational number can be approximated as 
closely as we please by rational numbers. But the idea of irra- 
tional numbers is essential to any careful theory of geometric 
magnitudes and to the logical derivation of the theorems of cal- 
culus, upon which much practical work is based. All real num- 
bers are either 'positive, negative, or zero, according to where they lie 
on the line (Fig. 22) ; that is, a real number is positive or negative 
according as it lies to the right or the left of the origin or zero- 
point. 

Note that it is not necessary to remember the complicated proc- 
ess for extracting square roots. One can proceed as follows. By 


V2 



1.41 


Fig. 27 

multiplication we find that P = 1 ; 2^ = 4; and hence P < 2 < 2^, 
or,* 1 < a/2 < 2. Then by trying successive tenths, (l.l)S (1.2)^ 
and so on, we find, as above, that (1.4)* < 2 < (1.5)* or 1.4 < 
a/2 < 1.5. Then by trying successive_ hundredths we find 
that (1.41)* < 2 < (1.42)* or 1.41 < V2 < 1.42; and so on. 
This simple straightforward method of successive approxima- 
tions can be applied equally well to cube roots, fourth roots, etc. 
It resembles the process of running down a base-runner between 
first and second base in a baseball game, except that while we 
continue to pinch the irrational number between narrower and 
narrower limits, we never tag it. 

Remark. The word “fraction” is often used for any indicated 
quotient as \/2/3 which is not a fraction in the sense of section 
16. To avoid confusion we might now refer to the “fractions” of 
section 16 as “positive rational fractions” or simply as “positive 
rational numbers.” 

♦ This depends on a theorem we shall not prove here, namely : if a and h are non- 
negative real numbers and a < bj then y/a < y/b. 
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EXERCISES 

(a) Approximate as far as three (tecimal places; that is, locate between successive 
thousandths: 

ih) Write the answer correct to the nearest hundredth: 

1. \/3. 2. V5. 3. 4. 6. <rb. 

Show that each of the following numbers is irrational. {Hint: assume it to he ra- 
tional and shoiv that this leads to a contradiction.) 

6. 1 +\/2. 7. 3V2. 8. \/2 9. 1 +y/2 10. 1 -\/2 

3 ' 4 ■ 4 ■ 

26. Complex numbers. Our original motive for the introduc- 
tion of irrational numbers was our desire to have a number to 
represent each length, or to have a number to attach to every 
point on a line (Fig. 24). This implied in particular, that we 
wanted some number to be the square root of 2. While our num- 
ber system consisted of only rational numbers, it contained no 
number exactly equal to V2, so we enlarged the numljer system 
again to include irrational numbers. 

Suppose we now consider any negative number, say — 4. A 
square root of — 4 would be a number x such that x- = — A. 
We shall now prove that such a number x cannot be found even 
in our larger system of real numbers. For any real number x is 
either positive, zero, or negative. If x is positive, x^ is also posi- 
tive and cannot be — 4. If a; = 0, then = 0 and not — 4. 
Finally, if x is negative, x'^ is positive and not — 4. We have ex- 
hausted all the possibilities for a real number. This argument 
clearly applies to any negative number. Hence negative num- 
bers have no square roots among the real numbers. In order to 
remedy this situation we take the .symbol y/ — 4 and call it a 
pure imaginary number. Any symbol of the form b\/ n 'where b 
stands for a real number ( 5^ 0) and nfor any negative number, will be 
called a pure imaginary number. For example 4\/ — 3 is a pure 
imaginary number. If we add a real number a to a pure imagi- 
nary number fe-s/n we get a peculiar hybrid beast a -}- b\^n 
(where a and h are real and n is negative) which is called a com- 
plex number. For example, 3 -f- S-s/ — 4 is a complex number. 

The complex numbers a -\- 6\/a (a and b being real and n be- 
ing negative) include all the previous kinds of numbers as special 
cases. If 6 7 ^ 0 the complex number a -f- by/ n is called imagi- 
nary. For example, 3 -|- 5\/ — 4 is imaginary. If a = 0 and 
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b 9^ Owe have a pure imaginary number as 5\/ — 4. If 6 = 0 we 
have a real number. Thus 3 can be written as 3 + Oy/— 1, and 
Sy/^ 2 as 0 4- 3y/ — 2. We may summarize the entire number 
system as it now stands: 

Complex Numbers (a + by/li) 

Imaginary (/> 9^ 0) 

Pure Imaginary (a — 0, b 9^ 0) 

Real (b = 0) 

Irrational 

Rational 

Integers 

Negative integers 

Zero 

Positive integers or Natural N^imbers. 

Do not think that the word “imaginary” means that these 
numbers are mystical or fictitious or “unreal” in the everyday 
sense of the word, or that “complex” means complicated. It is 
true that pure imaginary and complex numbers did meet with 
opposition on some such grounds in the lOt.h and 17th centuries 
but so did negative numbers and with as little justice. Imagi- 
nary numbers have very “real” applications in many branches of 
physical science, into which we cannot go here, and may be given 
concrete interpretations. There is no room for the imaginary 
numbers on the line of Fig. 24, for the real numbers already ac- 
count for every point on the line. To represent imaginary num- 
bers graphically we use a whole plane. W(i shall not go into this 
here, since we shall not use imaginary numbers very much. As 
far as we are concerned, we are content to call them numbers for 
the usual reason that the familiar operations can be defined for 
them and that they can be shown to satisfy the familiar laws like 
the associative, commutative, and distributive laws. It is im- 
possible to introduce a usable “less than” relation among all the 
complex numbers. Thus < and >, and hence “positive” and 
“negative” are used only in connection with real numbers. 

EXERCISES 

1 . List all the adjectives “complex, imaginary, pure imaginary, real, irra- 
tional, rational, integral, irositive, negative, zero, natural” which apply to each 
number: 
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(a) 2 + 3\/^. (b) 3V4. (c) 3\/=l. (d) 3\/5. 

{e) (f) -2/3. (g) (1 +V3)/2. (h) (1 +V^)/2. 

3 ' 

2. What was our original motive in introducing 

(a) fractions; (6) negative numbers; (c) irrational numbers; 
(d) pure imaginary numbers; (e) complex numbers? 

3. State some properties which the systems of rational, real, and complex 
numbers have in common. 

27. Conclusion. We have come a long way from the natural 
numbers we started with. The system of complex numbers did 
not spring into being full-grown. Natural numbers satisfied the 
needs of primitive man for an indeterminate length of time. The 
positive fractions became necessary when people began to share 
real estate or harvests of grain. These numbers arose in answer 
to the needs of everyday life. The others, like negative, irra- 
tional, and imaginary numbers, arose in answer to the more so- 
phisticated needs of mathematicians. But at each stage we intro- 
duced new kinds of numbers because of some inadequacy in the 
system of numbers already at hand. 

Recall that a system of numbers is called closed under a given 
operation if performing that operation on numbers in the system 
always yields as a result a number in the system, that is, never 
takes us outside the system. The system of natural numbers is 
closed under addition and multiplication since the sum or prod- 
uct of two natural numbers is again a natural number. But the 
system of natural numbers is not closed under division. We 
would like our system of numbers to be closed under all our oper- 
ations, so that we may freely perform the operations and always 
be sure that the result is in our number system. Therefore we in- 
vented the (positive) fractions. The system of positive fractions 
is closed under addition, multiplication, and division, but not 
under subtraction. Therefore we invented the negative rational 
numbers and zero. The entire system of rational numbers is 
closed under addition, subtraction, multiplication, and division 
except that division by zero is excluded. But the system of ra- 
tional numbers is not closed under the operation of taking nth 
roots. The irrational numbers were introduced because the ra- 
tional numbers did not provide a number to attach to every point 
on a line, so that, in particular, not every positive rational num- 
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her had a square root among the rational numbers. The system 
of real numbers is still not closed under the operation of taking 
nth roots since negative numbers have no square roots among the 
real numbers. Hence we invented the pure imaginary numbers. 
The system composed of the real numbers and pure imaginary 
numbers together would not be closed under addition since the 
sum of a real number and a pure imaginary number is neither real 
nor pure imaginary. Hence we invented the system of complex 
numbers. 

The reader may now be in a state of mortal terror lest we have 
to extend the number system still further if we look at cube roots 
or some other operation. However, this will not be necessary. 
The complex number system is not going to be extended any fur- 
ther. There are several reasons 
for this. One reason is that the, 
complex number system is closed 
under all the operations to be 
studied in this book. This will 
be discussed from a .slightly dif- 
ferent point of view in the next 
chapter (.section 37). Another 
reason is that the complex num- 
bers are sufficient for most prac- 
tical applications. However, 
there are other number systems, 
some of which are called hyper- 
complex number systems, which 
are studied for various reasons 
in higher mathematics and which 
include the complex number sy.s- 
tem as a special case, much as 
the complex number system in- 
cludes the real number system which, in turn, includes the ra- 
tional number system. 

The natural numbers can be considered as the basis for all the 
numerical portions of mathematics. All the different kinds of 
numbers introduced can be rigorously defined in terms of the nat- 
ural numbers, although we have not done this here completely. 
For example, a fraction was defined as a symbol consisting of a 
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pair of natural numbers. L. Kroneckcr (1823-1891) is said to 
have remarked that “the whole number was created by God, 
everything else is man’s handiwork.” The fundamental char- 
acter of the natural numbers, alluded to by Kronecker, has led 
not only to the extensive study of their arithmetical properties 
(the Theory of Numbers,* one of the oldest branches of mathe- 
matics) but also, frequently, to the long common practice of at- 
tributing to them mystical and supernatural properties (Numer- 
ology, one of the oldest branches of balderdash). In fact, the 
practice of ascribing mystic properties to numbers is not confined 
to commercial frauds who give marital and financial advice based 
on numbers assigned to your name, and so on, but has been in- 
dulged in by scientists, ancient and modern. Pythagoras, for 
instance, seems to have been mystically inspired by his discovery 
that the ratio of the frequencies of harmonious sounds is always 
expressible in terms of small numl)ers. For example, if two sounds 
form an octave, their frequencies are in the ratio of 2/1 ; if a fifth, 
their frequencies are in the ratio of 3/2; a fourth, 4/3; a third, 
5/4; a minor third, 6/5. t The entire group of Pythagorean dis- 
ciples mixed mysticism with their science. They felt, for various 
reasons, that in the whole numbers lay the key to th(^ universe. 
It may have been this belief that (caused them to be so upset al)out 
the fact that -\/2 is not expressil)le as the ratio of two whole num- 
bers that they decided to suppress the information. The human 
tendency toward mysticism is seen not only in the simultaneous 
and often intertwined development of the mathematical Theory 
of Numbers and mystical Numerology but also in the simulta- 
neous and often intertwined development of Astronomy and As- 
trology. When we are depressed about the various forms of 
stupidity abroad in the world today, it may be some small com- 
fort to reflect that only three centuries ago as great a man as 
Kepler wrote with equal seriousness about both astronomy and 
astrology. 

Numerology has been taken with the utmost seriousness by 
some people, at all times in human history. For example, ac- 

* Many arithmetical tricks and amusements depend on the Theory of Numbers. 
See the chapter on the Theory of Numbers in J, W. A. Young, M onographs on Topics 
of Modem MathematicSy W. W. R. Ball, Maihenmtical Recreations and Essays^ and 
textbooks on the Theory of Numbers. 

t Jeans, Science and Musicy p. 154. 
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cording to the New Testament,* the number of the beast is 666. 
This statement was for many years a choice weapon of numer- 
ological theologians who would prove a man to be a heretic by 
attaching the number 666 to his name. This was usually done by 
assigning numbers to some or all of the letters in some form of his 
name in some language and showing that these numbers added 
up to 666. In the middle ages it was no laughing matter to have 
this done to you. Much the same kind of scheme is used today 
by the commercial variety of numerologists. 
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Chapter V 

THE LOGIC OF ALGEBRA 


28. Algebra as an abstract mathematical science. In the pre- 
ceding two chapters we sketched the evolution of our complex 
number system and showed that some of the familiar algebraic 
manipulations were logical consequences of a few simple defini- 
tions and properties, such as the associative, commutative, and 
distributive laws. In the course of this discussion we found that 
the number system had certain properties some of which are listed 
below for reference. 

I. To every pair of numbers a and h, in that order, there is a 
unique third number denoted by a h, called the sum of a and b. 

(Law of closure for addition.) 

II. a b = b -{- a. (Commutative law for addition.) 

III. (a -f 6)-j- c = a -[-(& -h’c). (Associative law for addi- 
tion.) 

IV. To every pair of numbers a and b, in that order, there is a 
unique third number denoted by ab or a ■ b, called the product of a 

and b. (Law of closure for multiplication.) 

V. ab = ba. (Commutative law for multiplication.) 

VI. a{bc) = {ab)c. (Associative law for multiplication.) 

VII. a{b -H c) = a6 -f- ac. (Distributive law.) 

VIII. There is a unique number 0 , called “zero,” such that 

(a) 0 ■+■ a = a, for any number a; 

(b) 0 ’ a = 0 , for any number a ; 

(c) if a 9 ^ 0 and b 9 ^ 0 then ab 9 ^ 0 . 

IX. There is a unique number 1, called “one,” such that 1 ■ a = 
a, for any number a. 

X. If a < b and b < c then a < c. 

Definition. If a number x > 0, it is called positive. 

If a number x < 0, it is called negative. 

ISO 
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XL (a) If a > 0 and b > 0, then ab > 0. 

(b) If a < 0 and b > 0, then ab < 0. 

(c) If a < 0 and b < 0, then ab > 0. 

XII. a — a. (Law of identity.) 

XIII. If a = b then b — a. 

XIV. If a = b and b = c then a = c. ( Things equal to the same 
thing are equal to each other.) 

XV. If a and b are any numbers, there exists a unique number x 
such that b + X = a. 

Definition. This number x is called a — b. The number 0 — b 
is denoted by — b. 

XVI. If a and b are any numbers (b ^ 0), there exists a unique 
number x such that bx — a. 

Definition. This number x is called a/b. 

XVII. If equals are (a) added to (/>) subtracted from (c) m^llti- 
plied by (d) divided by equals, the results are equal. 

Properties X and XI apply only to real numbers since the rela- 
tion < applies only to real numl)ers. 

The principal objective of this chapter will be to explain the 
logical justification of many more of the familiar manipulations 
of algebra which you have learned liy rote in high school. In 
particular we shall see that many results of algebra are merely 
logical consequences of properties I-XVII. There is no need for 
the student to memorize all these properties since we shall not 
use many of them formally. 

Having justified many of the familiar elementary manipula- 
tions in Chapters III, IV, and V, we shall use them freely in the 
remainder of the book without explicit mention. 

Before proceeding to the main business of the chapter, how- 
ever, let us point out, in passing, how we could make an abstract 
mathematical science out of algebra. Recall that an abstract 
mathematical science is constructed by taking some undefined 
terms and unproved assertions about them (postulates) and then 
defining new terms and deducing new assertions (theorems). As 
remarked in Chapter II, section 8, our choice of undefined terms 
and postulates is usually guided by experience and an abstract 
mathematical science is usually made with some concrete inter- 
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pretation or application in mind. Our experience with numbers 
and their concrete applications to counting and measuring, in 
Chapters III and IV, suggest the following choice of postulates 
and undefined terms for an abstract mathematical science called 
the algebra of {complex) numbers. 

Let us take the term “number,” the operations of “addition,” 
and “multiplication,” and the relations “greater than,” “less 
than,” and “equal to” as undefined terms, and let statements 
I-XVII be some of the postulates, all letters representing arbi- 
trary “numbers.” 

All of elementary algebra, that is the algebra of (complex) 
numbers, can be deduced logically from such a set of postulates, 
although several more postulates than we have listed here would 
be needed to do this completely. However, a completely logical 
derivation of elementary algebra from such a set of postulates 
would be too difficult to do here. 

For example, from the distributive law, and others, we may 
deduce immediately, as in Chapter III, such results as 

a{b + c — d — e-{-f-h • • • -f- k) = 

ab + ac — ad — ae af • • • -i- ak 

and 

(6-t-c — d — e+/-|- ••• + k)a = 

ba ca — da — ea -\- fa ka 

which we shall use freely and call the generalized distributive 
law. Also as in Chapter HI, we shall use the right to insert or 
remove parentheses in a sum of terms, (or a product of factors) 
calling the justification for this the generalized associative law 
for addition (or multiplication). (See sections 12-15.) 

Note that in our present abstract mathematical science, “num- 
ber,” “sum,” “product” are completely undefined terms. Thus 
counting and measuring and all the work of Chapters III and IV 
may be regarded as concrete interpretations or applications of 
our present abstract mathematical science. For example, we 
need not assume the tables of addition on the basis of experience 
here (as we did in Chapter III) because we can deduce them log- 
ically from our postulates. Let us indicate briefly how this may 
be done. By postulate IX, there is a number 1. By postulate I, 
there is a number 1 -b 1 ; call it 2. By postulate I, there is a num- 
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her 2 + 1 ; call it 3. By postulate I, there is a number 3 + 1 ; call 
it 4 ; and so on. We can now prove the following important the- 
orems. 

Theorem 1. 2 -f- 2 = 4. 

Proof. By definition, 2 = 1+1 and 4 = 3 + 1 =(2 + l)+l. 
We have to prove that 2 + 2 = 4 or, 

2 +(1 + 1 ) = (2 + 1 )+ 1 . 

But this follows immediately from the associative law for addi- 
tion. 

Theorem 2. 2-2 = 4. 

Proof. By definition, 2 = 1 + 1. Hence we have to prove 
that 2(1 + 1)= 4. But by the distril)utive law, 2(1 + 1) = 
2 • 1 + 2 • 1. By the commutative law for multiplication and 
postulate IX, 2 • 1 = 1-2 = 2. Thus 2(1 + 1)=2 + 2 which 
is 4 by Theorem 1. This is what we had to prove. 

In a similar fashion we covdd deduce the rest of the tables of 
addition and multiplication. 

That arithmetic can be done with “num])er” undefined should 
not surprise us. The usual meaning of th(i word number is surely 
not understood by an inanimate; cahadating maediine, but the 
machine gives us correct answers l)ecause it. is (;onst.ru(;ted so as 
to follow the formal rules by which numbers are (iombined. Thus 
arithmetic and algebra can be consielered as an abstract mathe- 
matical science having no logically nec(;ssary connection with 
counting and measuring, but which docs have counting and meas- 
uring among its applications or concrete interpretations. 

EXERCISES 

Defining 5 as 4 1 , 6 as J) + 1 , and so on, prove, hg means of our postulates, 
that: 

1. 2 -f- 3 = 5. 2. 2 + 4 = 0. (Hint: use e.xoreise 1.) 

3. 3 + 3 = 6. (Hint : use exerci.se 2.) 

4. 3-2 = 6. (Hint: use exercise 3.) 

6. 6 + 2 = 8. 6. 5 + 3 = 8. 7. 4 + 4 = 8. 8. 2-4 = 8. 

29. Algebraic expressions. A letter which may represent dif- 
ferent numbers during the same discussion is called a variable. 
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A symbol which is permitted to represent only one certain num- 
ber throughout a discussion is called a constant even if we do not 
specify what number it represents. It is customary to use the 
later letters of the alphabet for variables and the earlier ones for 
constants. For example, x, y, z will usually represent variables 
and a, b, c, d will represent constants ; of course specified numbers 
like 2, — 3/2, \/2, or 3 -|- 2\/ — 4 are constants. 

The operations of addition, subtraction, multiplication, and 
division are called rational operations. The rational operations 
together with the operation of taking nth roots, where n is any 
positive integer, are called algebraic operations. An expression 
which can be built up from the variable x and any constants by 
means of a finite (limited) number of algebraic operations is called 
an algebraic expression in x. For example, 

(2 a; -f- V3) -f \ 

is an algebraic expression in x. Note that x* is l)uilt up by means 
of multiplication alone; that is, x* = xxxx. 

Remark. As an example of a non-algel)rai(; expression we might 
mention the “exponential” expression 2^. This is not algebraic 
because the exponent a: is a variable. On the other hand, the ex- 
pression x^ is algebraic since x^ = xx. 

An expression which can be built up from the variable x and 
any constants whatever by means of a finite number of rational 
operations alone is called a rational expression in x. Thus 

1 2 a-2 — 3 a: -f- 5 1/2 x 2x‘^ ax — y/— 1 

~x’ 3X-T^ ’ ^“2 a: -f- 3 ’ -f- x 

arc rational expressions in x. Note that radicals may occur in a 
rational expression ; the essential thing is that the expression can 
be built up in such a way that x does not occur under a radical. 
The last example is a rational expression since it may be built up 
from X and the constants 2, a, — 1, \/3 by rational operations 
alone. An algebraic expression in x which is not a rational ex- 
pression (that is, which necessarily involves an nth root of some 
expression involving x) is called an irrational expression in x. 
Thus 1 -fVx is an irrational expression in x. A rational expres- 
sion in X which can be built up from the letter x and any con- 
stants by means of the operations of addition, subtraction and 
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multiplication alone (but not division), is called a pol3momial in 
X. For example, x,2 — 7 and 

(1) ax^ -{-^x^ - lx +{4: + 2^/^) 

are polynomials in x. Note that the last example is a polynomial 
in X even though divisions occur; the essential thing is that the 
expression can be built up in such a way that we do not divide by 
any expression involving x. For example, (1) can be buil t up 
from the letter x and the constants a, \/3/2, 3/5, and 4 + 2-\/— 3 
by means of the operations of addition, subtraction, and multi- 
plication alone, and is therefore a polynomial in x. On the other 
hand, the rational expression 1/x is not a polynomial. Polyno- 
mials are a special kind of rational expressions, and rational ex- 
pressions are a special kind of algebraic expressions. 

Note that the three terms “rational number,” “rational oper- 
ation,” and “rational expression” have entirely different mean- 
ings. 

Every rational expression in x can be reduced to a quotient of 
two polynomials in x, by performing the indicated operations. 

1 5 

For example, the rational expression — I — — can be reduced 

X X o 

6 X — 3 

to , by addition of fractions. 

— 3 X 

The constant factors in each term are called coefficients. The 
coefficients in (1) are a, 3/5, and 4 -|- 2\/— 3. The de- 

gree of a pol)aiomiaI in x is the highest exponent occurring in a 
power of X when all indicated operations have been carried out as 
far as possible. For example, (x + l)(x + 2) is a polynomial of 
degree 2 because it becomes x^ + 3 x + 2 when multiplied out; 
similarly (x -|- l)(x + 2) - x* is a polynomial of degree 1 since it 
reduces to 3 x -f- 2. Polynomials of degree 1, 2, 3 are called 
linear, quadratic, and cubic, respectively. For example, 2 x — 3, 
3 x^ + 4 X — 1, and 2 x® — 5 are linear, quadratic, and cubic pol- 
ynomials, respectively. 

Similarly we have algebraic expressions, rational and irrational 
expressions, and polynomials in several variables. For example, 
3 x^y^ -f4x*?/ — Sy + x — 3isa polynomial in x and y. The 

degree of a term involving more than one variable is defined to 
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mean the sum of the exponents attached to these variables. The 
degree of a polynomial in more than one variable is defined to 
mean the highest of the degrees of its terms, after all indicated 
operations have been carried out as far as possible. The degree 
of the polynomial in the last example is 5. 

Algebraic expressions do not represent definite numbers be- 
cause of the presence of variables. If, however, we replace the 
variable by a definite number, the expression is either undefined 
or takes on a definite value. For example, the rational expression 
(12 — has the value 5 if we let x = 2, the value 3 if we let 
X = 3, the value 7/5 if we let x = 5, the value 0 if we let x = 12, 
and no value at all if we let x = 0 because division by zero is ex- 
cluded. Note that to say an expression has no value at all is not 
the same as to say it has the value zero. 

EXERCISES 

(a) Lui all the terms algebraic expression/^ * irrational expression/^ ^ National 
expression/^ ^^polynomiaV^ which apply to each of the following; 

(b) Find the value of each expression when x — 3^ y = 2: 

1. VTx -f 7. 2. 6/x. 

6. X, 6. X + 3 y, 

9. 2 x3 + 4 X - 7. 10. \/x2 + 1(3. 

11. If rational numbers are substituted for the variables in a rational expres- 
sion whose coefficients are rational numbers, what kind of number must the re- 
sulting value of the expression be? Explain and illustrate. 

12. If integers are substituted for the variables in a polynomial whose coeffi- 
cients are integers, what kind of number must the resulting value of the expres- 
sion be? Explain and illustrate. 

13. Will the value of an irrational expression for any value of the variable al- 
ways be an irrational number? Explain and illustrate. 

30. Polynomials. Addition and multiplication. To add two 

polynomials, for example, 2 + Z x + b and 3 + 4 x: — 3, 

you have learned to write ^4ike powers’^ beneath each other and 
proceed as follows: 

2 x^ + Zx + b 

3 + 4 x — 3 

5 -f 7 X + 2. 


3. 

7. 


1 
2 

2 X ~ 3 
X + 7 


+v^. 4. 


5 x* — 7 a; 1 


3 


8 . 


y/x 


2x4-1 
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Let us see how this result follows logically from our postulates. 
We are asked for the sum of the two expressions 

(2x2 + 3x + 5) + (3x2 + 4x - 3). 

For any value of z, the individual terms may be regarded as single 
numbers, because of the law of closure for multiplication. By the 
generalized associative law for addition we may remove the pa- 
rentheses. Then by the commutative law for addition we may 
rearrange the order of the terms, obtaining 

2x2-|-3x2-f3x-|-4x + 5-3. 

By the generalized associative law for addition we may regroup 
the terms like this: 

(2x2 -f 3x2)-l-(3x + 4x)-b(5 - 3). 

By the generalized distributive law 2 x2 -f 3 x2 = (2 -|- 3)x2 and 
3x + 4x=(3+ 4)x. Thus we obtain 

5 x2 4- 7 X + 2, 

by substitution. 

Let us recall the fact that x2 • x* = x^ This follows from the 
definition of exponent. Forx2 = xxandx* = xxx. Hence x2x® = 
(xx)(xxx) = xxxxx = X®. In general, we have the following theo- 
rem. 

Theorem 1. If m and n are any 'positive integers, x” • x" = 

4“ n 

Proof. By definition x” = xx • • • x(m factors) and x" = 
XX • • • x(n factors). Hence 

m factors n factors 

• X" = (xx • • • x) • (xx • • • x) = XX • • • x(m -j- n factors). 
Hence x” • x" = x*" 

We can now recall the process you learned for multiplying pol- 
ynomials, for example, 2 x + 3 and 3 x -f 4 : 

2x -b 3 
3x4-4 
8x -b 12 

6 x2 4- 9 X 

6 x2 -b 17 X 4- 12. 

How can this re.sult be justified on the basis of our postulates? 
We want the product (2 x 4- 3) (3 x 4* 4). By the laws of closure 
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for addition and multiplication, 2 x + 3 is a single number for 
any particular value of x. Hence, treating the first parenthesis 
as a single quantity with a long name, the distributive law en- 
ables us to write 

(2 X “t” 3)(3 a: -|- 4) = (2 a; -|- 3)3 x (2 z 3)4. 

Using the generalized distributive law on each of the terms of the 
right member, we get 

2x-3x-t-3-3x-|-2x-4-|-3-4. 

By the commutative law for multiplication we obtain 

2-3-x-x-l-3-3-x-}-2-4-x-f3-4. 

By the generalized associative law for multiplication we get 

(2 • 3)(x • x) + (3 • 3)x -f (2 • 4) • X -H 3 • 4 
or 

6 x^ -f- 9 X -b 8 X -f- 12. 

By the generalized associative law for addition this may be writ- 
ten 

6 x^ + (9 X -(- 8 x) -f 12. 

But (9 X -b 8 x) = (9 -f 8)x = 17 x by the generalized distribu- 
tive law. Hence we obtain, finally, 6 x^ -b 17 x -b 12. 

Of course the short arrangement of the work you learned in 
school is far quicker than what we have done and no one in his 
right mind would prefer what we have done if his purpose was to 
obtain tJie right answer quickly. But our purpose is not technical 
facility but the logical deduction of our results from our postu- 
lates or assumptions. We have thus indicated that the queer 
processes of addition and multiplication of polynomials, which 
you learned by memory in school, may be justified on the basis 
of our postulates. We shall not stop to show how more compli- 
cated processes like division or extraction of square roots may be 
justified similarly on the basis of our postulates although this can 
be done. 

EXERCISES 

Perform the indicated operations by means of the usual short scheme, and then de- 
rive the same result from our postulates, justifying each step: 

1. Add 2 + 3 a; -1- 5 and 3 X* -h 2 a: 4- 1. 

2. Multiply 4x-|-2by3x-l-5. 
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3 . Add 6 a:’ + 2 a: + 6 and x^ + 2x^ + 3x + 1. 

4 . Multiply + 2 X + 3 by 3 X d- 1. 

6 . Multiply (x + 2)(x + 3). 

6. Multiply (x + 2 /)(x + y). 

7. Multiply (2 as + b)(2 ax + h). 

8. Multiply (x + y) (x — y) . 

9. Multiply (x — y)ix — y). 

10 . Multiply 7 X + 3 by 3 X — 1 . 

11 . Add 2x + 3xy 1 / and 5 x — x// — 4 ?/“. 

12. Multiply X — 2 / by x^ + xy + y^- 

13 . Multiply (x + i/)(x* - xy + ?/). 

14 . Subtract x* — 3 x — 5 from 3 x* — x + 2. 

31. Factoring. We have ju.st multiplied two polynomials to 
obtain their product. Frequently it is convenient to be able to 
begin with the product and tell what factor.s were multiplied to- 
gether to obtain it. Thi.s is called factoring. It is usually much 
harder to factor or “unmultiply” than it is to multiply, just as it 
is much harder to unscramble eggs than it is to scramble them. 
In fact we shall not take up any systematic method of factoring, 
but will consider only the simplest .special cases. 

Case I. Taking out a common factor. For example, 

G xy 9 x^y = 3 x(x 2 y 3 xy). This, we have already ob- 
served, is merely an application of the (generalized) distributive 
law. 

Case II. Difference of two squares. We observe and remember 
that {a + h){a — h)= a? - by direct multiplication. Hence 
we factor =(x + y)(x — y). 

Case III. Quadratic trinomials. These are factored by trial 
and error. For example, to factor — 5 x + 6, we .see that, if 
it can be factored, it must be the product of two linear factors of 
the form (x — ?)(x — ?). We experiment with various values in 
place of the question marks until we arrive at (x — 3)(x — 2). 

In short, we factor essentially by remembering our experiences in 
multiplying. To check the correctness of our factoring, we have 
only to multiply our factors together and see if we get back the 
original expression. Whether a polynomial can be factored or 
not is not a simple question. It depends (among other things) on 
what kind of numbers you are willing to allow as coefficients in 
the factors. For example, x® — 2 is not factorable if you insist 
on rational coefficients in the factors, but can be factored into 
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(x + ■\/2)(x — \/2) if you allow irrational coefficients. Simi- 
larly, -f 1 cannot be factored if you insist on real coefficients 
in the factors but can be factored into (x + \/ — l)(x — \/ — 1) 
if you allow imaginary coefficients. 

EXERCISES 

Factor: 

1. 4 xhj + 6 xy^ — lOar*?/’. 

2. 16 - 4 

3. -7 x+ 10. 

4. 3 a:* - 8 X -I- 5. 

6. x^ - 9. 

6. (x-t- 1 )*-( 2 / + 3)^ 

32. Equations. The equation 
(1) 2(x + 3)= 2x -h 6 

seems to say that two different cxpres.sions are “equal.” But an 
algebraic expression has no definite value unless we first assign a 
numerical value to the variable x. What, then, does it mean to 
say that these expressions are “equal”? In this example, it means 
that no matter what number x represents, the resulting values of 
the two expressions will be equal. Thus, if x = 1, the statement 
(1) asserts that 2(1 -f-3)= 2-1 -f6or2-4 = 2-{-6;ifx = 2, 
it says that 2(2 -T3)=2-2-T6or2-5 = 4-t-6. And so on. 

Definition. If an equation becomes a true statement for every 
value of X for which each expression involved has a value it is called 

an identical equation or an identity. 

Thus (1) is an identity. Also, 

1 1 ^ 2x - 3 

X — 2 X — 1 (x — 2)(x— 1; 

is an identity; it has no sense for the values x = 1 and x = 2 since 
division by zero is meaningless, but for all other values of x it is 
true, as we may verify by adding the two fractions on the left. 
1 3 

Similarly, - = - — is an identity since it is true for all values of x 

^ O X 

except X = 0 for which value the expressions involved have no 
meaning. 


7. 2x* + 5x + 2. 

8. 3 — 10 x^. 

9. + 2 ky + 

10. y^ -2 ky + k\ 

11. 4 + 4 abx + 

12. 2 — 5 X — 3. 
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Consider, however, the equation 
(2) 2 X + 3 = .T + G. 

This is clearly not an identity, because for x = 1 it says that 
5 = 7 which is notoriously false. In fact, an equation cannot be 
considered an assertion (that is, a proposition) at all until a 
value has been assigned to x; and when values or meanings have 
been assigned to the variable x, the result ing statement may be 
true or false, or simply nonsen.se. Such statements which contain 
variables are often called “propositional functions”; they become 
“propositions” only when we have substituted meanings or values 
for the variables which make the resulting statements either true 
or false (see Remark 1, .section 5). For example, x + 2/ = 5 is a 
propositional function, while 2 + 3 = 5 is a true proposition and 
2 + 4 = 5 is a false propo.sition. Similarly, the equation (2), 
which is a sentence with the verb “is equal to,” is a propositional 
function. If we substitute x = 1 in it, we get the false propo- 
sition 5 = 7. If we substitute x = 3 in it, we get the true prop- 
osition 9 = 9. We say x = 3 satisfiea the equation 2 x -b 3 = 
X -|- G, or makes it true; 3 is called a root of the equation. If an 
equation is not an identity it is called conditional. That is, we 
make the following definition. 

Definition 2. If an equation becomes a false statement for some 
value of the unknown, it is called a conditional equation or simply 
an equation. A value of x which does satisf y the equation, that is, 
a value of xfor which the equation becomes a true statement, is called 
a root of the equation. To solve an equation means to find its roots. 

A conditional equation may not have any roots; for example, 
1/x = 0, or X = X -f 3. These are propositional functions which 
are true for no value of the unknown. Similarly, “x is a man 
more than 30 ft. tall” is a propositional function which is false no 
matter what meaning or value we substitute for x. 

For example, let us prove that 

x(x -b 3)-l- 6 = x2 -f- 3(x -b 2) 

is an identity. To prove this we try to reduce the statement to 
something which we recognize as an identity. Using the distrib- 
utive law we obtain 

x2-b3x-b6 = x2-b3x-b6 
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which is clearly true by identity. But what have we really proved? 
Our reasoning has been : if the first line is true then the second 
line must be true ; and the second line is true. Does it follow that 
the first line is therefore true? Certainly not ! From “A implies 
B and B is true” it does not follow that A is true (see section 4). 
What we really need is the converse proposition “if the second 
line is true then the first must be true,” because “B implies A 
and B is true” does imply that A is true. Since the converse 
proposition does not follow automatically (a valid proposition 
may have an invalid converse), we must prove it independently. 
This can be done by simply starting from the bottom and work- 
ing up to the original statement, provided each step we made on 
the way down is reversible. In the above example this is so. In 
fact, if the only steps taken are merely substitutions then, clearly, 
the argument can be reversed. For if a step was made by replacing 
a by its equal 6, the reverse step can be made by replacing b by its 
equal a. i 

But one must guard against non-reversible steps. For in- 
instance, assuming that 3 = 7, 
we can write 7 = 3, 

and therefore, adding both sides of these equations, we obtain 

10 = 10 

because if equals are added to equals the results are equal. We 
cannot conclude from the truth of our conclusion that our hy- 
pothesis was true. Similarly the proposition “if a = b then a^ = 
b^” is true because if equals are multiplied by equals the results 
are equal. But the converse “if = 6^ then a = 6” is false. For 
instance, from the assumption — 3 = -f 3 we can conclude that 
9 = 9 since (—3)^ = 3^; but from the truth of the latter state- 
ment we cannot infer the truth of the former. However, it is 
true that “if a^ = ¥ then a = -\- b or a = —b.” Similarly, from 
the assumption 3 = 7 and the fact that 0 = 0, we get, by mul- 
tiplication, the result 0 = 0 since if equals are multiplied by 
equals the results are equal. But we cannot infer from the truth 
of the conclusion that the hypothesis was true. All of these ex- 
amples exhibit non-reversible steps. 

A method for verifying identities which does not involve us 
with the question of reversible steps is to leave one member of 
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the equation untouched and to substitute various equivalent ex- 
pressions for the other until it becomes identical in appearance 
with the first member. This establishes the identity by virtue 
of the axiom “things equal to the same thing are equal to each 
other.” This procedure is often convenient. 

We shall be concerned principally with polynomial equations, 
that is, equations of which both members are polynomials. Thus, 

3x^-l-5a: — 6 = x^-fa;— 1 

is a polynomial equation. By virtue of Postulate XVII, section 
28, on equality we may subtract the right member from both 
sides, obtaining 

3x'^-\-5x — — l)=a:^-|-a; — 1 —(x^-{-x — 1), 

or, using the asso(‘iative, commutative, and distributive laws, 
and the rule of signs, 

2a;^-|-4a: — 5 = 0. 

The process of subtracting the right member from both sides was 
known to you in school as “transposing.” Similarly every poly- 
nomial equation can be written with a polynomial on the left and 
zero on the right of the equals sign. When this is done, the degree 
of the polynomial on the left is called the degree of the equation. 
Equations of degree 1, 2, 3 are called linear, quadratic, and cubic, 
respectively. Every linear equation can be written in the form 
ax b = 0 where a and b are constants (a 7 ^ 0). Similarly, 
every quadratic equation can be written in the form ax^ -\-bx-\- 
c = 0 (a 7 ^ 0 ), every cubic equation can be written in the form 
ax^ bx^ cx d = 0 (a 7 ^ 0), and so on. 

Many elementary practical problems in geometry, surveying, 
commerce, etc., lead to the necessity for solving equations. Some 
easy ones are given in section 41 . In Europe these problems be- 
gan to demand attention in the 13th century, when algebra, as 
we know it, began its slow development. We shall now study 
the problem of solving or finding the roots of equations. 

EXERCISES 

Verify the identities: 

1. 4. 2(x - 3)= x(x + 2)- 6. 

2 :ix^ 3 I. _ 2 __ ^ •!£ -J. 

X- X x^- X '-c -c-a x*-3x 
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2x2 2(x‘ + a; - 1) 

3 X - 1 ''' X - 2 (3 X - l)(x - 2)' 

6< 2(3 X -j- [x “t” 1] 4- 2[x -|-3{x — l}])=24x 10. 

a b 

^x4-2 x + 3_4x + 9 _ 6 _c 

®' ~lc ^ 3x “ 3 X ‘ ' ® ^ 

b c 

5x 3 7x + 6 

X - 2 2 “ 2(x - 2)' 


ac + 6* 
ac — 


Find the degree of each of the folUnnng eqnations: 

9. 3 x« + 2 x« - x^ + 3 = 3 x< - x^ + 2 X - 1. 

10 . x» - X + 1 = x^ - 3 X + 4. 

11 . 2 a4 + 3 x^ - x2 + 2 = 2 x^ + 3 x^ - 3 x^ - X - 5. 


Decide whether each of the following equations is an identity or a conditional equa- 


lion. 







12 . 

3(x 

-2) = 

= 3 o: — 6. 

13 . 

5(x 

- tV) = 5 X - 

14 . 

- + 

2 

3 

16 . 

Vr 

^9 = X 4- 3. 


X 

2 X 

3 X 








17 . 

6 X 

2x 

16 . 

5 - 

2x = 

■■ 3 X, 

3 

3 


33. Linear equations. The procedure which some students 
employ to solve an equation like 3a; + 5 = x + llis something 
like this. They first “transpose” the 5 and the x being careful to 
change the signs of transposed terms (because they were taught 
to do so), obtaining 3a: — x = 11— 5or2x = 6. Then they 
“bring the 2 across to the other side” and place it under the 6 
being careful not to change the sign of the 2 (because they were 
taught to do this), obtaining x = 6/2 or x = 3. After the 3 they 
write “answer” as a kind of solemn “amen” to the entire ritual. 

Let us examine carefully the logic of this process. We wish 
to find a root of the equation, provided it has any roots — which 
is something we do not know in advance. Suppose x is a root, 
that is, a number which satisfies the equation 

(1) 3x + 5 = a: + ll. 

We would like to obtain an equation with no x’s in the right 
member and no constant term in the left. This suggests sub- 
tracting X from both sides to remove the x from the right member 
of (1) and subtracting 5 from both sides to remove the 5 from the 
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left side of (1). Therefore we reason as follows. If the number x 
satisfies (1) then it also satisfies 

3 x + 5 - (x 4- 5) = X + 11 -(x + 5) 

since we may subtract (x -f- 5) from both sides by virtue of the 
axiom “if equals are subtracted from equals, the results are equal.” 
By means of the a.ssociative, commutative, and distributive laws, 
we obtain 

(2) 2 X = 6. 

But if X is a number such that 2 x = 6, we may divide both sides 
of (2) by 2 by virtue of the axiom “if equals arc divided by equals, 
the re.sults are equal.” Thus we obtain the conclusion x = 3. 
But what have we proved as a result of this chain of reasoning? 
Clearly we have proved the proposition “if x is a number satis- 
fying 3x-l-5 = xd-ll then x = 3.” Can we then a.ssert that 3 
does satisfy the original equation? Clearly not! For to say this 
is to assert the proposition “if x = 3 then x satisfies the equation 
3x -f 5 = x + 11.” This is, however, the converse of what we 
proved and we know that a proposition may well be valid with- 
out having a valid converse. All we have really proved is that if 
X is a root of the original equation then x cannot })e anything else 
but 3. That is, 3 is the only pos.sil)le candidate eligi])le for the 
position of root. But, so far as we know, the equation may have 
no roots at all ! What can we do to see if 3 is a root or not? One 
procedure would be to substitute 3 for x in the equation 3x-f- 
5 = X + 11 and verify directly whether or not it satisfies the 
equation. Another satisfactory procedure would be to prove the 
converse proposition by reasoning backwards from the last step 
to the first, which can be done provided all the .steps taken orig- 
inally are reversible steps. This is so in the case of linear equa- 
tions because all we use is axiom XVII, section 28, and if to get 
from one step to the next we add the same thing to both sides we 
can get back again by simply subtracting the same thing from 
both sides, and so on. If we never multiply by zero we will have 
no trouble with division by zero. This is why there is no need to 
worry about the converse proposition in the case of linear equa- 
tions. The following example, which is not itself linear, but 
which leads to a linear equation, shows that we cannot always be 
so carefree. 
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Example. Solve the equation 

2 > ^ + 2 ^ 4 

X x(x — 2) x(x — 2) 

The equation has no sense for x = 0 and x = 2. (Why?) We 
may multiply both sides of the equation by the common de- 
nominator x(x — 2), since if equals are multiplied by equals the 
results are equal, obtaining 

Using the distributive law in the left member, we ge't 

- 2) . ? + T(X - 2) . • x(x - 2). 

Simplifying the fractions, this becomes 

2(x - 2) + (x + 2)= 4, 

except, perhaps, for x = 0 or x = 2, in which cases the cancel- 
lation is not valid. (Why?) Applying the generalized distribu- 
tive law, we have 

2x — 4 + x + 2 = 4. 

By the commutative, associative, and distributive laws, etc., this 
becomes 

3 X — 2 = 4. 

Or, 3 X = 6 (Reason?) 

or, X = 2. (Reason?) 

But X = 2 is not a root of the original equation, since substi- 

4 4 

tuting X = 2 causes the term ^ to become - which is 

meaningless. All that our reasoning above established was that 
if the original equation had a root it would have to be 2. But 2 
does not satisfy the equation. Hence this equation has no roots. 
This indicates the necessity for establishing the converse proposition 
{most easily done by direct substitution in the original equation) be- 
fore asserting that your “answer” is really a root of the equation. 

EXERCISES 

Solve, justifying each step on the basis of our postulates: 


1 . 3x-5 = 7a: + 8. 


2 . 7 - 6 X = 3a: - 12. 
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1 3 _ 1 6. 7 a: - 3 = 2(x + 3) - 4. 

x^x~ ^ a ImL-L 

4. 6 a: — 2(a: — 3) = a; + 8. ‘ 6 10 x 

7. _A_ . __J ^ 

a; — 1 (a; — l)(a: — 3) (x — l)(x — 3) 

34. Solution of quadratic equations by factoring. Some stu- 
dents learn in school to solve the equation 

(1) - 5 a: + 6 = 0 

as follows. They factor the left side, obtaining 

(2) {x - 2)(x - 3) = 0. 

Then they draw a T and tear the equation in half, making two 
equations out of it, completing the ritual thus: 


X — 2 — 0 

o 

II 

CO 

1 

H 

X = 2 

II 

CO 

ans. 

aiKs. 


What is the reasoning behind this mysterious procedure? In 
particular, what logical justification is there for ruthlessly split- 
ting the equation into two equations? We say, as before, if xiaa, 
number such that (1) is true (assuming there are any such num- 
bers), then X must make (2) true as well, since the left members 
of (1) and (2) are equal identically (that is for all values of x). 
But by postulate VIII (c) of section 28, the product of two quanti- 
ties can he 0 only when one or the other (or both) of the two 
quantities is itself zero. (See also theorem 1, section 22.) But 
the first parenthesis is zero only when x = 2, and the second is 
zero only when x = S. We have proved that “if a: is a number 
such that x^ — 5x-{-Q = 0 then x can only be either 2 or 3.” 
That is, 2 and 3 are the only eligible candidates for the rootship. 
Before we can say that they are really roots, we need the con- 
verse propositions, “if x = 2 then x satisfies the equation 
2;2 _ 5 _|_ 0 = 0,” and “if x = S then x satisfies the equation 

2;2 _ 5 a; -j- 6 = 0.” As in the last section, this can be proved 
either by direct substitution in (1) or by proceeding from the 
bottom line to the top by reversing each step of reasoning. We 
leave this to the reader as an exercise. 

Note that the following “solution” is incorrect: 
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x’^ — 5 X -f 6 = 12 

(x — 2)(x 

- 3) = 12 

X - 2 = 12 

X - 3 = 12 

X = 14 

X = 15. 


The third line is erroneous because we cannot make for the num- 
ber 12 a statement like the statement in heavy type above for 
the number 0. That is, it is not true that the product of two 
quantities can be 12 only when one or the other (or both) of the 
quantities is itself 12. Zero is the only number with this prop- 
erty. 

EXERCISES 

Solve, justifying each step: 

1. _ 7 x + 10 = 0. 

2. - 5 a: + 6 = 20. 

3. 3x* - llx - 20 = 0. 

4. (x-|-3)(2x - 1)= 15. 

6. X* - 9 = 0. 

X® 

11. i_ 

(x - 2)(x 

35. Irrational equations. We shall see again that our fussing 
about the converse proposition in the two preceding sections was 
not mere academic purism. 

Example 1 . Solve 

(1) X — 7 =\/x — 5. 

This is called an irrational equation because while both sides are 
algebraic expressions, at least one of them is not a rational ex- 
pression. Recall that we have agreed that ■y/~ shall mean the 
positive square root, wherever possible, to avoid ambiguity. To 
solve (1), we reason as follows. If x is a number satisfying (1), 
(provided there are any such numbers), then, squaring both 
sides, X* — 14 X + 49 = X — 5, because if o — 6 then o® = h^. 

Then x® — 15 x -h 54 = 0, or (x — 6) (x — 9) = 0. Hence x = 6 

or X = 9. We have proved that “if x satisfies (1), then x = 6 or 
X = 9.” What about the converse proposition? Do x = 6 and 
X = 9 really satisfy (1)? We have only proved so far that they 
are the only possible roots, that is, the only candidates eligible 


6 . (x - 4)(x - 1)=- 2. 

7. (x + 5)(x + 1)= 12. 

8. 6 x^ + 7 X - 3 = 0. 

9. 4 X* - 25 = 0. 

10 . 9 x* - 1 = 0. 

= _^ + « 

-3) X - 2 ^ (x - 2)(x - 3) 
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for the position of root. Let us see whether or not they are roots 
by subst ituting in (1). Substituting x = 6, we obtain 6 — 7 = 
Vb — 5 or — 1 = 1, Thus 6 is not a root. On the other hand, 
substituting z = 9, we get 9 — 7 =\/9 — 5 or 2 = 2, so that 9 
is a root. 


Example 2. Solve 

(2) -s/x — 2 =y/x + 2. 

Squaring both sides we get x — 2 = x + 4\/x + 4, or — 6 = 
4^x, or — 3 = 2\/x. Squaring again, we get 9 = 4 x, or 
X = 9/4. Therefore 9/4 is the only possible root. Substituting 
in (2), we get 




+ 2, or 



+ 2,orj 



2 , 


which is clearly not true. Hence 9/4 is not a root, and our equa- 
tion has no roots at all. 

The unsuccessful candidates for the position of root, which 
turn up sometimes in these examples, are often called extraneous 
roots, but this is merely a euphemistic way of saying that they are 
not roots at all. Of course, not all irrational equations have 
extraneous roots. 

The occurrence of extraneous roots shows clearly that sub- 
stituting our possible answers in the original equation is more 
than a mere (superfluous) “check” but is really an essential part 
of the argument. 

Since extraneous roots occur in the above examples, it must be 
that the converse proposition is not true and hence that not every 
step in the reasoning on the way down is reversible. Clearly 
the non-reversible step is the step of squaring. For although “if 
a = 6 then ig valid, the converse “if = feHhena = b” 

is not, as we saw in section 27. 


Solve: 

1. Vx“+^ = 3. 

2. ^/x + 2 = — 3. 

3. — X — 2. 

4. vT = 2 — x. 


EXERCISES 

6. \/3x + 4 = 2 +\/2 X - 4. 

6. -y/x — 4 = 9 — \/x 57 

7. Vx — 4 =\/x~+~5 — 9. 

8. Vx~+4 -t-V X + If = 7. 
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9. -f" ' 2 -t-\/ 2 X -|- 5 = 1. 11 . — \/2~^ -i- 1. 

10 . \/3x + 1 = 1 +V2T^' L 12 . V3 X - 1 = 7. 

13 . \/3 - 2x = 3 + V'2 + 2 X. 


36. Solution of quadratic equations by formula. We have 
seen that every quadratic equation can be written in the form 

( 1 ) ax^ -h bx -h c = 0 

where a 0. (If a = 0, the equation is not really quadratic.) 
We shall now derive the familiar formula for the roots of any 
quadratic equation. It is not likely that the reader would think 
of making the first few steps himself, except after much experi- 
mentation. Their purpose is to obtain a perfect square on the 
left side of the equation.* But the reader can and should supply 
the justification for each step. Subtracting c from both sides of 
(1), we obtain 

ax^ -h bx = — c. 

Multiplying both sides by 4 a, we have 

4 a^x^ -f- 4 abx = — 4 ac. 

Adding b^ to both sides, we get 

4 a^x^ -f 4 abx -j- 6 ^ = 6 ^ — 4 ac. 

The left member can be factored (see exercise 11, section 31), 
obtaining 

(2 ax -{■ by = b^ — 4 ac. 

Taking the square root of both sides, we have 
2 ax = zh\/b^ — 4 ac, 
since then w = d= a. Hence, 

2 ax = —b± ^/b^ — 4 ac. 


Since a 5^ 0 and hence 2 a 0, we may divide both sides by 2 o, 
obtaining 


( 2 ) 


X — 


— b zLy/b ^ — 4 ac 
2 a 


We have proved that “if x is a root of ax"^ -f fex -f c = 0 then 


* For a discussion of the technical device of “completing the square,’^ see the Ap- 
pendix, section 168. 
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— b ±\/6^ — 4 


- " We leave it to the reader to show that 


the converse proposition is also true, either by verifying that 
each step is reversible no matter which of the answers we start 
with, or by substitution. 

We can apply our formula to solve any quadratic by merely 
substituting the values of a, h, and c in (2). 


Example 1. Consider the equation — 5 .t + 6 = 0. Here 
a = 1,6= — 5, c = G. Hence the roots are 

-(- 5) • 1 • G _ 5 ± 1 _ |3 

2 1 ( 2 . 

Example 2. Consider the equation r- + 2 a; + 4 = 0. Hero 
a — 1,6 = 2, c = 4. Hence (he roots are 

- 2 rbVS"* - 4 • 1 • 4 _ - 2 _ -_2 ± V( -^T4 

2-1 ' ~ ' 2 2 

-2 ± 2V^^ _ 2(- 1 _ ( - 1 +V'- 3‘ 

2 ■ ‘ ^ 2 ~ ~ " [ - 1 -V- 3. 


Notice that the roots of a quadratic ecpiation may be imaginary, 
even though the coefficients are real. 


EXERCISES 

Solve hy formula and tell whether the roots are imaginary, real, rational, or irra- 
tiorial: 

1. - 5 a; + 6 = 0. 2, - 0 = 0. 3. a;^ - 5 a; + 1 = 0. 

4. 2 x'* — 5 a: — 3 = 0. 6. x^ + (I = 0. 6. x^ + x + 3 = 0. 

7. 3 x^ — 11 X = 20. 8. 6 x^ = 3 — 7 x. 9. (x + •'>)(x + 1) = 13. 

10. 3 ^2 + a; + 5 = 0. 11. x^ + 7 X + 1 = 0. 12. x^ + 10 = 0. 

37. The fundamental theorem of algebra. We can now re- 
view briefly the growth of the number .system in the light of the 
theory of equations and see why we made the statement, at the 
close of the preceding chapter, that the complex number .system 
need not be enlarged further. Suppo.se we decide that we want 
all polynomial equations to have roots. Now let us imagine that 
we have no numbers in our possession except the nattiral num- 
bers. Then a simple linear equation like 2 a; = 3 has no root. 
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In order to remedy this condition, we invent fractions. But a 
simple linear equation like x + 5 = 2 has no root even among 
the fractions. Hence we invent negative numbers. A simple 
quadratic equation like a:® = 2 has no root among all the (positive 
and negative) rational numbers, as we proved in section 24. 

Therefore we invent the irra- 
tional numbers which together 
with the rational numbers 
complete the system of real 
numbers. However, a simple 
quadratic equation like = 
— 1 has no root among all the 
real numbers (section 26). 
Hence we invent the pure 
imaginary numbers. But a 
simple quadratic equation like 
x"^ + 2x -\- A = 0 has no roots 
among either the real or pure 
imaginary numbers (example 
2, section 36). Therefore we 
invent the complex numbers. 
Now we might well expect 
that there might be some 
equation of degree 3 or higher 
which has no roots even in the 
entire system of complex num- 
bers. That this is not the 
case was known to Karl Friedrich Gauss, who proved (in 1799) 
the following theorem, the truth of which had long been sus- 
pected. 

Fundamental Theorem of Algebra. Every polynomial 
equation, no matter how high its degree, with coefficients in the com- 
plex number system, has a root among the complex numbers. 

For example, an equation like 

(2 -b 3 -fV- H a: -}- 13 = 0 

o 7 

is known in advance to have a root among the complex numbers. 
The proof of this theorem is too difficult to be taken up here. We 
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can see, however, that for the purpose of solving polynomial 
equations we do not need to extend the number system any fur- 
ther. 


38. Algebraic formulas for the roots. The general linear equa- 
tion can be written in the form oa; -f- 6 = 0(a 0). Hence a 

formula for its roots is x = — K Every quadratic equation can 


a 


be written in the form ax^ bx c = 0(a ^ 0). Its roots, as 

— h -|-\/6* — 4 ac 


we have seen, are given by the formulas 
— h —\/h^ — 4 ac 


2 a 


and 


2 a 


Both the formulas for the roots of the gen- 


eral linear equation ax h = Q and the roots of the general 
quadratic equation ax^ hx -\- c = 0 give the roots as algebraic 
expressions * in the coefficients. The mathematician’s de.sire for 
general results makes it natural to ask the following question. 
Can we get similar formulas giving the roots as algebraic expres- 
sions in terms of the coefficients for the general equation of any 
degree? For the general cubic equation ax^ -f hx^ -f- cx -f d = 0, 
such formulas were substantially obtained by Tartaglia (about 
1540), though they are often referred to as Cardan’s formulas 
because they were first published in 1545 by Cardan, who ob- 
tained them from Tartaglia under a pledge of secrecy, f For the 
general equation of degree 4, ax'' + hx^ cx"^ + dx + e = 0, 
such formulas were obtained by Ferrari at about the same time. 
We shall not state the formulas for the general equations of de- 
gree 3 and 4 here. The next task was, naturally, to obtain similar 
formulas for the general equation of degree five, ax® -f bx* -f 
cx® -h dx^ + ex -t- / = 0. Attempts to find such formulas were 
made from the 16th century until early in the 19th century with- 
out success. The reason for this failure became evident in 1824 
when N. H. Abel, a brilliant young Norwegian mathematician, 
proved, at the age of 22, that it is not possible to write the roots 
of the general equation of degree higher than four as algebrai(“ 
expressions in terms of the coefficients. 

* Recall the definition of “algebraic expression” (section 29). 

t It was customary at that time to withhold new discoveries and to challenge all 
comers to solve the problem independently. 
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You may be tempted to ask; “How can you boldly assert that 
it is impossible to find such formulas? Perhaps some day some 
genius will discover them. All things are possible. Are you 

sure you don’t mean simply 
that no one has found them 
yet?” The answer is that we 
don’t merely mean that no 
one has found them yet; we 
mean that no one will ever 
find them because it is im- 
possible for such formulas to 
exist. If you ask how we can 
prove something definitely 
impossible, we reply that 
you have already done such 
things yourselves. In section 
24, Chapter IV, we showed 
that it is impossible to find a 
fraction whose square is ex- 
actly 2. We did not say 
merely that we had exam- 
ined 10,000 fractions and 
hadn’t yet found one whose 
square is 2. In fact, we pointed out that such a procedure could 
not possibly lead to a proof. We actually proved that the ex- 
istence of a rational number whose square is 2 would lead in- 
evitably to self-contradiction and is, therefore, impossible. All 
proofs of impossibility are of that general nature. An even sim- 
pler example of an impossible task is to find two even numbers 
whose sum is odd. (See exercise 8, section 24.) 

Notice that we have not said that the general equation of de- 
gree five cannot be solved. In fact, it can be solved by other 
means, but its roots cannot be given as algebraic expressions 
in the coefficients. However, the roots of some particular equa- 
tions of degree five or more can be written as algebraic expres- 
sions in terms of the coefiicients. For example, if in the 5th de- 
gree equation above we restrict ourselves to the particular case 
where 6 = c = d = e = 0, a^^O, that is, to equations of the 
form ax® +/ = 0, then we can clearly express one foot as 
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® which is an algebraic expression. Therefore a nat- 

ural question to raise is : given a definite polynomial equation of 
degree 5 or more, how can we tell whether or not its roots are 
expressible as algebraic expressions in its coefficients? * This 
question was settled by fivariste Galois. The work of Galois was 
quite original in character and was not well understood at the 
time because of the sketchy 
expositions which he pre- 
sented. Galois’ ability was 
not appreciated by his 
teachers. In fact, because of 
various circumstances, in- 
cluding manuscripts lying 
unread on desks, he received 
no recognition for his work 
while he lived. However, 
what is now called the Galois 
theory of equations is studied 
everywhere by advanced stu- 
dents. 

Abel was not yet 27 when 
he died, leaving behind a 
wealth of highly original 
work which stimulated 
mathematical research for 
many years after. Galois 
was killed in 1832 in a duel at 
the age of less than 21. It is interesting to note that hardening of 
the arteries is not prerequisite for excellent work in mathematics, 
although in the tragic case of Galois, rigor mortis was prerequisite 
for recognition. 

39. Simultaneous linear equations. Consider the linear equa- 
tion X + y = 7. It is satisfied by the values a; = 1, y = 6, and 
by the values x = 2, y = 5, and by the values a; = 9, y = - 2, 
and so on. Clearly if you choose any value for x the equation is 
satisfied by that value of x and the value y = 7 — x] for example, 
if we take x — 15/2 then the values x = 15/2, y = 1/2 sat- 

* W* have here an instance of advanced research arising from exceedingly natural 
and elementary questions. 
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isfy the equation. Any pair of values for x and y which satisfies 
the equation is called a solution of the equation. A single linear 
equation in two variables has infinitely many solutions, one for 
each value of x. If we consider a system of two equations like 

(1) X + y = 7 
and 

(2) X - y = 1 

we may fairly ask whether these equations have a common solu- 
tion, that is, whether there exists a pair of values for a: and y 
which satisfies both equations simultaneously. The technique of 
solving such a system of equations is to “eliminate’’ one of the 
variables. We reason as follows. If (x,y) is a pair of numbers 
satisfying both equations (provided there is such a pair), then 
from (1) we have y = 7 — x. Substituting this in (2) we have 
X —(7 — x)= l,&h equation in one variable. Hence, 2 x — 7 = 
1 or X — 4. But y = 7 — a; = 7 — 4 = 3, We have thus proved 
that if (x,y) is a pair of numbers satisfying (1) and (2) then x can 
only be 4 and y can only be 3. To show, conversely, that this 
pair of numbers really does satisfy both equations we can merely 
substitute x = 4, i/ = 3 in hoik of the equations and verify it di- 
rectly.* 

It can of course happen that a pair of equations have no com- 
mon solution. For example, consider the system 

(3) x + y = b 

(4) x -f 2/ = 6. 

It is perfectly clear that if x and y are any numbers satisfying (3) 
they cannot satisfy (4) since their sum cannot be both 5 and 6. 
Such equations are called incompatible, or inconsistent. 

It can also happen that every pair of numbers satisfying one 
equation will also satisfy the other. For example, consider 

(5) x + y \b 

(6) 2 a: -f 2-2/ = 30. 

Since 2x 2 y = 2 (a: -f 2 /) it is clear that if x and y satisfy (5) 
(that is, their sum is 15), then 2 a: -f 2 2 / = 30 automatically. 

* The student may recall various tricks for performing the elimination of one of the 
variables, perhaps slightly more rapid than our procedure. But our method is 
straightforward and can be applied to more general situations as in the next section. 
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Such a pair of equations may be called dependent or equivalent. 

A graphical or geometric interpretation of the work of this 
section and the next will be discussed in Chapter IX, section 84. 


EXERCISES 

Solve the following systems: 


1 . j2a: + 3i/ = 13 
[3 a: - 2 / = 3. 

4 . hx -Zy = 5 
\5x + y = 2. 

7. f 3 a: - 2 2 / = 1 
[2a: + 3 2/ = 3. 


2. f2a: + 5 2/ = 5 
[a: — 3 2 / = 8. 

6 . hx + Ay = 2 

[a; - 2 2 / = 3. 

8 . f5x + 2?/ = 3 
[3 X — 4 2/ = 7. 

10. f5x + 4?/ = 18 
1 () X + 2 2/ = H). 


3 . lx - 2 / = 1 
[2 X — 3 2/ = 5. 
e. l5x - 2 2 / = 3 
[2x + 3 2/ = 7. 

9. i7x + 3 2/ = 1 
[3x - 7 2 / = 7. 


40. Simultaneous equations of higher degree. We shall take 
only the case where one equation is linear and the other quad- 
ratic. For example, consider the equations 

(1) + if = 34 

(2) X - y =^2. 

We obtain x = y + 2 from (2) and substitute this expression in 
(1), obtaining 

{y + 2y -\-f = 34, 

/ + 4 y + 4 -I- 2/^ = 34, 

2 2/2 -1- 4 2/ - 30 = 0, 

2/2 -t- 2 2/ - 15 = 0, 
iy + 5) (2/ - 3) = 0, 

2 / = - 5 or 2 / = 3. 

For 2 / = — 5 we obtain from (2) the value x = — 3 and for 
2 / = 3 we obtain the value x = 5. To see whether both the pair 
(x = - 3, 2/ = - 5) and the pair (x = 5, 2/ = 3) satisfy the sys- 
tem we substitute in (1) and (2). 

The problem of solving simultaneously two polynomials in x 
and y of any degree is in general quite difficult. The procedure 
used above and in the preceding section was to express one vari- 
able in terms of the other from one equation and substitute in the 
other equation, thus eliminating one of the variables and obtain- 
ing an equation in the other variable alone which could then be 
solved. But this was easy because we had, in the above cases, a 
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linear equation from which we could obtain an expression 
for y in terms of x, or x in terms of y. From equations like 
5 X® + x^y + 7 xy^ + 11 x + 13 = 17 and x® + 3 xy^ — y* = 

19, it would not be so easy to eliminate x or y. The mathemati- 
cian’s tendency to seek general theorems and methods would in- 
evitably lead him to attack the general problem of solving simul- 
taneously any number of equations of any degree in any number 
of unknowns. This problem leads to interesting, modern, and 
difficult researches in higher algebra, called elimination theory. 
Here again we have an example of advanced mathematics which 
springs from natural and elementary questions. 


EXERCISES 


^'otoe the following systems: 


1 . 

3 . 

6 . 

7 . 

9 . 

11 . 


+ ?/2 = 25 


f x2 + 2/2 = 1 + 4 X 

2 X + 2/ = 10* 

2 . j 

[2 X — 2/ = 4. 

x2 + 2/2 = 13 

i 

{xy = \ 

2 X — 7 / = 4. 


[3 2/ — 5 X = 2. 

7 2/2 — 6 X?/ = 8 

6 . 

f 2/2 = 4 X 

2 y 3 X ~ 5« 


[ 2 / + 2 X = 4. 

x + y ^ 7 


f 2/2 = 4 X 

xy = 12. 

1 

[x + 2 / = 3. 

x2 + 2/2 25 

10 . 1 

x2 + 2/2 = 41 

4 X — 3 2/ = 0. 

1 

x + y ^ 9. 

x2 — 2/2 = 5 

12 . 1 

\xy = 2 

3 X + 2/ = 11- 

1 

^x2 = 2 /. 


41. Problems leading to the solution of equations. The stu- 
dent is already familiar with verbal problems which lead to the 
solution of equations. One must read the problem carefully, 
choose symbols to represent the various quantities involved, and 
use the given relations among these quantities to set up the equa- 
tion or equations. The problem is essentially nothing but that of 
translating from the clumsy language of everyday prose into the 
much more convenient language of algebra. Hence the student 
should carefully write down a systematic list or vocabulary of all 
symbols to be used and express all the quantities to be considered 
in terms of these symbols.* If you fail to write down what your 
symbols stand for, you are writing in a secret code. 

* Various schemes of arrangement of this vocabulary on the page, such as “boxes’’ 
or other bookkeeping devices seem to be popular. They may save a few seconds but 
are inessential and often serve only to obscure the reasoning. 
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Example 1. Within a flower garden 6 yards wide and 12 yards 
long, we want to pave a path of uniform width around the bound- 
ary so as to leave an area of 40 
square yards for flowers. How 
wide shall we make the path? 

Let X = width of path, 
measured in yards. Then the 
width of the actual flower plot 
is 6 — 2 X, and its length is 
12 — 2 X. The area of this 
flower plot is therefore 
(6 — 2x)(12 — 2x). But this area is to be 40 square yards. 
Hence 

(1) (6 - 2 x)(12 - 2 x) = 40. 



k — 12 yds.- 

Fki. 28 


Solving this equation we have 

72 - 30 X -f 4 x^ = 40, 
or, x^ - 9 X + 8 - 0 

or, (x — l)(x — 8) = 0. 


Hence, 


X = 1 or X = 8. 


Clearly x = 1 satisfies the conditions of the problem for the 
flower plot then has the dimensions 0 — 2 = 4 and 12 2 = 10 

which yield an area of 40. But the root x = 8 clearly docs not 
satisfy the conditions of the problem since you cannot pave a 
path 8 yards wide in a garden only 6 yards wide. However, 8 is 
a bona fide root of equation (1). How can this happen? The 
answer is simply that in setting up the equation (1) we reasoned 
that if X satisfies the conditions of the verbal problem, then x will 
have to satisfy the equation (1). But the converse of this propo- 
sition need not be so. Thus it should not surprise us if there is a 


value of X which satisfies the equation without satisfying the 
problem. In all verbal problems it is therefore essential to cheek 
the roots of the equation against the actual verbal problem be- 


fore accepting them. 


Example 2. It is found experimentally that if a corpse is 
dropped from the top of a vertical cliff, it falls IQ feet in t 
seconds. (This is known as the falling body problem.) If the 
cliff is 144 ft. high, in how many seconds will the body reach the 
bottom? 
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Clearly 16 = 144 or = 9. Hence i = db 3. But — 3 sec- 

onds has no meaning for our problem. Thus 3 seconds is the an- 
swer. However, — 3 is a root of our equation. Explain this 
phenomenon. 


Example S. The following was proposed to Leonardo of Pisa, 
a famous mathematician, about 1200 a.d., as a difficult problem.* 
If A gets from B seven denare,t then .4’s sum is five-fold B’s; 
if B gets from A five denare, then B’s sum is seven-fold ^’s. 
How much has each? 

Let X represent A’s original sum and let y represent B’s orig- 
inal sum. Then clearly, 

X + 7 = 5(1/ - 7) 

and 7(x — 5) = ?/ -f 5. 


Solving these equations simultaneously we obtain x = 
nare and y = 9-|^ denare. 



de- 


The fact that this problem was considered difficult indicates 
the importance of an adequate symbolism. The reader has only 
to try to solve this problem, or some other problem, without us- 
ing any symbolic notation to be convinced of this. No conven- 
ient algebraic notation was used about 1200 a.d. 


EXERCISES 

1 . The area of a rectangular garden is 48 square yards. The perimeter is 28 
yards. Find the length and width of the field. 

2. A stone is dropped from a vertical cliff 96 ft. high. Using the formula 

(1) s = 16 <2 

for the distance s, measured in feet, through which the body will fall in t seconds, 
find the number of seconds it takes for the stone to reach bottom. 

3 . A can do a certain job in 6 days and B can do it in 10 days. How long will 
it take them to do it together? 

4 . A man is 24 years older than his son. Eight years ago he was twice as old 
as his son was. What are their present ages? 

5. A solution of acid is 75% pure. How many grams of acid must be added 
to 48 grams of this solution in order to make the resulting solution 76% pure? 

6. A stone is dropped from a cliff overlooking a lake, and the sound of the im- 
pact on the water is heard 9 seconds after the stone was dropped. If the velocity 

* Cajori, History of Mathematics, 2nd Edition, p. 123. 

t An ancient coin. 
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of sound is 1024 ft. per sec. and a body falls 16 feet in t seconds, how high is the 
cliff above the lake? 

7 . A man invests part of $5000 at 4% interest and the rest at 6%. His total 
annual income from both investments is $280. How much has he invested at 
each rate? 

8 . A boat, operating uniformly at full power, goes 5 miles downstream in 60 
minutes and returns in 90 minutes. What would the speed of the boat be in still 
water and what is the rate of the current? 

9 . A can do a job in 8 days, and A and B together do it in 4 days. How long 
would it take B to do it alone? 

10. A collection of nickels and quarters contains 30 coins. Their total value is 
$3.70. How many of each kind of coin are there? 

11 . A rectangular field is four times as long as it is wide. If it were 5 feet shorter 
and 2 feet wider its area would be increased by 20 square feet. Find its length 
and width. 

12 . An automobile travels 120 miles. A second automobile travels 10 miles per 
hour faster than the first and makes the same trip in 2 hours less time. Find the 
speed of each. 

13. A and J5 do a job together in 6 days. A alone can do it in 5 days less than 
it takes Z? to do it alone. How long would it take each to do the job alone? 

14 . The two legs of a right triangle differ by 7 feet. The hypotenuse is 13 feet 
long. Find the legs. 

16. The area of a rectangle is 400 square feet. The perimeter is 100 ft. Find 
the length and width. 

16 . A man’s income is $25,000. A certain percentage is taken off for State 
taxes and the same percentage is taken off what is left for Federal taxes. After 
both taxes are paid, the man has $24,010. What is the tax rate? 

17. A freight train, running at the rate of 20 miles per hour leaves a station 
three hours before aq express which travels in the same direction at the rate of 50 
miles per hour. How long after the express leaves will it catch the freight and 
how far from the station will they be? 

18 . Achilles races with a Tortoise, giving the Tortoise a handicap of 990 yards. 
Achilles runs at the rate of 500 yards per minute while the Tortoise runs at the 
rate of 5 yards per minute. How long will it take Achilles to catch the Tortoise? 

19 . How many gallons of cotton seed oil must be added to 45 gallons of a solu- 
tion of olive oil which is 90% olive oil in order to make the resulting solution 80% 
olive oil? 

20 . The age of Diophantus, a brilliant Greek mathematician of about 250 a.d., 
may be calculated from an epitaph which runs as follows : Diophantus passed one 
sixth of his life in childhood, one twelfth in youth, and one seventh more as a 
bachelor; five years after his marriage was born a son who died four years before 
his father, at half his father’s age. 
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Chapter VI 

THE ALGEBRA OF LOGIC AND OTHER ALGEBRAS 

42. Introduction. In the last three chapters we have been 
engaged in showing: (1) that algebra has the same kind of logical 
structure as any other abstract mathematical science; that is, it 
starts with undefined terms and unproved assumptions or postu- 
lates and then proceeds by defining new terms and proving new 
statements ; (2) that the algebraic manipulations with which you 
have been familiar for years 
in a mechanical way are 
logical consequences of our 
postulates and definitions; 

(3) that our choice of postu- 
lates and definitions has 
been guided by the concrete 
applications that we had in 
mind for our logical system; 
that is, our postulates and ' 
definitions have been sug- 
gested by experience. 

Briefly we have been con- 
cerned with what may be 
called the logic of algebra, 
where by algebra we mean 
the familiar algebra of num- 
bers. 

We have pointed out re- 
peatedly (see sections 16 
and 17) that we might very well have used different postulates 
and different definitions, especially if we had in mind different 
sorts of applications. We shall now take up briefly actual ex- 
amples of algebras which in some respects resemble the algebra of 
numbers and in other respects differ from it sharply, and which 
really have important applications. 

153 
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43. The algebra of sets or the algebra of logic. The algebra 
we shall discuss in this section is variously called the algebra of 
sets, the algebra of classes, the algebra of logic, or Boolean alge- 
bra, because it was developed by G. Boole about 1850. 

Let us begin by considering any definite collection or set or clflss 
of objects. For example, 

(1) a class of four people: Smith, Jones, Brown, and Robin- 
son; 

or, 

(2) the set of all people in New York City; 

(3) the sefr of all points on a given page. 

Whatever set we choose to consider, let that be the basic set from 
here on* The objects in this basic collection will be called ele- 
ments. By a set we will mean some class of these elements chosen 

from the basic collection. Thus if we choose 
the first example above as our basic set, a 
class consisting of Smith and Robinson is a 
set; the class consisting of Jones and Smith 
is a different set. If we choose the second 
example above as our basic set, the set of 
people in New York 21 years of age is a set; 
the set of people in New York with blue 
Fig. 29 eyes is a different set. If we take the third 

example as our basic set, the class of points 
within the curve in Fig. 29 is a set; the class of points outside the 
curve is a different set. 

It will be convenient to regard the entire basic collection as a set 
and to denote it by the symbol 1. This symbol is not to be confused 
with the number one — it simply means the entire basic collection 
of objects we are considering. It will also be convenient to con- 
sider the set which has no elements in it. For example, the set of 
people in New York who are more than 30 ft. tall is a set with no 
elements. This set is called the empty set and is denoted by the 
symbol 0. This symbol is not to be confused with the number 0. 
We conceive of just one empty set; it is a matter of indifference to 
us whether a set has no people in it or no dogs. 

* The diagrams will be most easily interpreted as referring to the basic collection 
(3) of all points on a given page. 
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Two sets a and b are called equal if and only if they have ex- 
actly the same elements or members; that is, if every element of 
a is an element of b and every element of b is an element of a. 

By the sum of two sets we shall mean simply the set composed 
of all the elements belonging to one or the other or both of these 
two sets. For example, the sum of the set consisting of Smith 
and Robinson and the set consisting . 
of Jones and Smith will be the set 
consisting of Smith, Robinson, and 
Jones. If we denote sets by letters 

а, b, . . . , we shall denote the sum of 

two sets a and 6 by a + 6. If a and 
b are the sets of points on the page 
(Fig. 30 ) which are shaded horizon- Pjo 30 

tally and vertically respectively, 

then the set a + b is the whole set of points shaded in any way. 

By the product of two sets we shall mean the set composed of 
those elements which belong simultaneously to both of the given 
sets — that is, their common part. For example, the product of 
the set consisting of Smith and Jones and the set consisting of 
Smith and Robinson is the set consisting of Smith alone. If a 
and b are the horizontally and vertically shaded sets of points in 
Fig. 30 , respectively, the product denoted by ab, or a • 6, will be 
the set which is shaded cro.sswise. 

For example, suppose in our first illustrative basic set we de- 
note by a the set consisting of Smith and Jones and by b the set 
consisting ofBrown and Robinson. Then we may write a -(-6 = 1 
because the sum of these two sets is the entire basic set. We may 
also write a6 = 0 because these two sets have no elements in 
common; that is, their product or common part is the empty set. 

If every element of one set a is also an element of another set 

б, then a is said to be contained within 6 ; we write a c 6, or 
b^ a (read “a is contained in 6” or “b contains a”). For ex- 
ample, the set consisting of Smith and Jones is containesd within 
the set consisting of Smith, Jones, and Brown. Note that the 
relation c which holds between sets is entirely different from the 
relation < which holds between numbers, although they have 
some similar properties (see, for example, property X below). 
Be careful not to confuse these two relations. 
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We can also introduce the idea of subtraction.* Let a — b de- 


note the set of those elements 



of a which are not in b, (Fig. 31). 
For example, the set of all ele- 
ments not in the set x is denoted 
by 1 — x; that is, 1 — x represents 
the set of all elements in the entire 
ba.sic collection 1 which are not in 
X. 

We can now verify that sets 
have the following properties, all 
letters representing sets in a given 
basic collection. 


I. To each pair of sets a and b, in that order, there is a third 
.set denoted by a + 6, called the sum of a and b. 

II. a b == b a. 

III. (o -[- 6) -f- c = u -f- (fc -f" c). 

IV. To every pair of sets a and b, in that order, there is a third 
.set denoted by ab or a • b, called the product of a and b. 

V. ab = ba. 

VI. a(bc) = {ab)c. 

VII. a{b c)= ab ac. 

These can be verified easily by examining Fig. 32 carefully and 
keeping firmly in mind the meaning of sum and product. Shad- 
ing with colored crayons will help you in verifying these facts. 
For example, VII asserts that if you first take the sum of the sets 



* The usual definition of subtraction, namely “a — 6 means the set x such that 
6 + a; = a” would not be suitable here. For such a set would not exist unless 6 C a 
and even then would, in general, not be unique. Similarly we do not find it suitable to 
introduce the definition of division -i- b means the set x such that bx == a” For 
such a set would not exist unless 6 3a and even then would not be unique. The 
student should verify these statements by experimenting with diagrams. 
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h and c (shaded horizontally in Fig. 33) and consider the common 
part of this set 6 + c with a (shaded vertically in Fig. 33) then 
you get exactly the same resulting set (.shaded crosswise in Fig. 
33) as if you had first taken the set common to a and h (shaded 
horizontally in Fig. 34) and the set common to a and c (shaded 
vertically in Fig. 34) and then taken their sum ab + ac (the en- 
tire shaded set in Fig. 34). 

We also see easily that the following properties hold for .sots. 

VIII. There is a set 0 (the empty .set) such that 

(a) 0 a = a 

(b) 0 • a = 0 

for any .set a. 

IX. There is a set 1 (the entire basic .set), such that 

1 • a = a 


for any set a. 


X. If a c: 6 and b a c then acz c. (See Fig. 35.) 

If the reader will now (compare the properties of this algebra of 
sets with the correspondingly numbered properties of the algebra 

of numbers given in .section 28, he 



will see that they are quite the same 
.so far (with c taking the place of 
< and the word “.set” taking the 
place of the word “number”) except 
for VIIIc in .section 28. The prop- 
erty corresponding to VIIIc for sets 
is not true. For we can have sets 


Fig. 3.5 a ^ 0 (that is, not empty) and b 

9 ^ 0 such that a6 = 0 (see Fig. 30) ; 
that is to say, they have no elements in 
common, or their common part is the 
empty set. Some students are of the 
opinion that if a is the set of mathema- 
tics instructors and b is the set of sane 
and kind-hearted people then ab — 0. 

The algebra of sets has other peculiar Fig. 36 

properties not possessed by the algebra 

of numbers. For example, for any set a we have a c 1 ; while the 
corresponding statement for numbers (“for any number a, we 
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have a < 1”) is clearly false. We also have peculiar formulas 
like the following which hold for all sets, but certainly not for all 
numbers. 

XI. a + a = a. In particular, 1 + 1 = 1. 

XII. aa = a 

XIII. ahcza* 

XIV. If a; c then y x = y. In particular, since a c 1 
for all sets a, we have 1 + a = 1 . 

XV. For every set x there is a corresponding set x' such that 
X + x' = 1 and xx' = 0. (This x' is the set 1 — x.) 


Remark. If we interchange + and • , 0 and 1, c: and 3 , in any 
correct formula, we obtain another correct formula in the algebra 
of sets. For example, interchanging + and • in VII we obtain 
a +(6 • c) = (a + ft) • (a + c) which is true for sets (verify this on 
a figure like Fig. 32) but is obviously false for numbers. 

The algebra of sets therefore cannot be the same as the algebra 
of numbers. However, it is worth noting that whatever theorems 
can be deduced by using only those properties which both have 
in common will be true in either system. 

We might construct an abstract mathematical science with 
“set,” “sum,” “product,” “contained in,” “equals,” as imdefined 
terms and the above properties as postulates. Actual sets of ob- 
jects would provide a concrete interpretation of this “algebra.” 
What applications can this queer algebra have? It is clear that 
we might be able to use it in any situation in which we are con- 
cerned with collections of objects whatever the nature of these 
objects may be. The uses of this algebra in higher mathematics 
are extremely numerous. But the following elementary applica- 
tion explains why it is sometimes called the Algebra of Logic. 

The reader may have already observed a resemblance between 
the diagrams of sets of points on the page which have been drawn 
here and the diagrams used to test reasoning in section 4. Let us 
see how the familiar statements of logic can be symbolized in our 
new algebra. 

Let a be the set of all freshmen and ft the set of all intelligent 


* Ih order to reconcile XIII wdth the statement that ah may be 0 even though 
a 7 ^ 0 and h 0 we make the agreement that the empty set shall be regarded as con- 
tained in every set. 
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people. Then the statement “all freshmen are intelligent” may 
be written (see Fig. 37) as 

ab = a, 

or a Cl b, or a — b = 0. “Some freshmen are intelligent” may 
be written 

ab ^ 0. 

“No freshmen are intelligent” becomes 

ab = 0 

or a c 1 — fe. “Some freshmen are not intelligent” becomes 

a(l - b)7^0. 

It is possible to express the arguments of traditional logic in 
terms of this algebra, and one can actually reason by manipulat- 
ing the symbols according to the rules (postulates) of this alge- 



ab ^ a a6 = a 

ab ^ 0 


Fig, 37 

bra. It is clear, for example, that the reasoning of example 1, 
section 4, is merely a direct application of property X of the alge- 
bra of sets. In effect, traditional logic can be reduced to the 
study of this “algebra of logic,” or other symbolic “algebras” 
like it. 

Example. Consider the following valid argument: 

Hypothesis: (1) All freshmen are undergraduates; 

(2) No undergraduates are intelligent; 

Conclusion: Therefore no freshmen are intelligent. 

The conclusion of this argument can be obtained algebraically 
as follows. Let a, b, c be the classes of freshmen, undergraduates, 
and intelligent people, respectively. Then the two parts of the 
hypothesis are written as 
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(1) ab = a 
and 

(2) be = 0 

respectively. We obtain the conclusion ac = 0 as follows. 

By (1), 

ac = (ab)c (substituting ab for a which is 
its equal by hypothesis (1) ) 

= a(bc) (by the associative law VI) 

= a • 0 (by hypothesis (2) ) 

= 0 (by VIII6) 

which was to be proved. 

It is worth noting that this “symbolic logic” grew up not as a 
mere plaything of the mathematician but as a response to a real 
need. Many paradoxes and confusions in logic were found to be 
due to the deficiencies of ordinary language.* Ordinary language 
evolves from the everyday needs of people to express their ideas, 
and this does not usually require much in the way of precision or 
subtle distinctions. Therefore it is natural to expect ordinary 
language to be poorly adapted to the needs of careful logic. Thus 
a symbolism was created for the purpose. We have already re- 
marked that the development of satisfactory symbolisms is not 
without importance. We shall see some aspects of this in the 
next chapter. 

In deducing further results from postulates I-XV you will have 
to consult the postulates carefully in order to be sure that your 
steps are justified, since you cannot rely on your familiarity with 
algebraic manipulations here as you may have done in the case of 
the algebra of numbers. 

EXERCISES 

1. By shading the indicated sets suitably, on diagrams like that of Fig. 32, 
verify: (a) property III; (6) property VI; (c) property VII; (d) the formula 
a + (be) = (a + b)-{a + c). 

2. Defining a C 6 to mean ab = a, and so on, prove that if a C 6 and b CZe 
then a eZc. (Hint: use the associative law VI and substitution. Imitate the 
example in the text, as far as possible.) This shows that the property X need not 
have been assumed since we can prove it on the basis of the other postulates. 

* A trivial example of verbal confusion is found in the well-known example: “no cat 
has 8 tails; every cat has one more tail than no cat; therefore every cat has 9 tails.” 
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3. Show that if oh = o and ac ^ 0, then 6c ^ 0. (Hint: show that the set 
a(6c) ^ 0. From this the conclusion follows. Why?) 

4 . Express each statement in algebraic terms and obtain algebraically the 
conclusion of the argument given in: 

(o) section 4, example 3. 

(6) section 4, exercise 4. 

(c) section 4, exercise 6. 

(d) section 4, exercise 7. 

(e) section 4, exercise 12(i). 

6. From the properties I-XV of sets listed above, deduce the following 
theorems, all letters representing arbitrary sets: 

(а) a + ab = a. (Hint: use XIII and XIV.) 

(б) a(a + b)=a. (Hint: use (o).) 

(c) (o + 6)(a + c) = o +(6c). (Hint: use (a) and (6).) 

44. Algebra on a dial. In the preceding section we discussed 
an example of an algebra which resembled the algebra of numbers 
in some respects but differed from it in others. In this section we 
shall discuss still other algebras different from the usual algebra 
of numbers. 

While you may have spent a large part of your academic career 
watching a clock, you may never have noticed that a curious 
algebra can be constructed from the clockface, or, for that mat- 
ter, any dial. 

Algebra of integers modulo Jive. Consider a dial like that of Fig. 
38. Let the elements or numbers of our algebra be the five num- 
bers 0, 1, 2, 3, 4 alone. The “sum” of any 
two of these “numbers” will be interpreted 
as follows. Choosing a positive direction of 
rotation, as in Fig. 38, 2 -|- 1 shall be ob- 
tained by starting at 0, rotating positively 
2 spaces, and then rotating positively 1 space, 
arriving at 3 ; hence 2 4-1=3. That is the 
sum of any two of our five numbers shall 
mean the number to which the dial hand Fig. 38 

points after performing the two indicated ro- 
tations in succession, starting from 0. This is analogous to addi- 
tion of ordinary numbers, except that we are dealing with a circle 
instead of a straight line. Zero is interpreted to mean “rotate 
not at all.” The following table of addition is easily verified: 
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0 

+ 

0 = 

= 0 

1+0 

= 1 

2 

+ 

0 

= 2 

3 

+ 0 

= 3 

4 

+ 0 

= 4 

0 

+ 

1 = 

= 1 

1 + 1 

= 2 

2 

+ 

1 

= 3 

3 

+ 1 

= 4 

4 

+ 1 

= 0 

0 

+ 

2 = 

= 2 

1+2 

= 3 

2 

+ 

2 

= 4 

3 

+ 2 

= 0 

4 

+ 2 

= 1 

0 

+ 

3 = 

= 3 

1+3 

= 4 

2 

+ 

3 

= 0 

3 

+ 3 

= 1 

4 

+ 3 

= 2 

0 

+ 

4 = 

= 4 

1+4 

= 0 

2 

+ 

4 

= 1 

3 

+ 4 

= 2 

4 

+ 4 

= 3. 


The commutative and associative laws for addition may now be 
proved by merely verifying all possible combinations, since there 
is only a finite number of “numbers.” Thus 3 + 4 = 2 and 
4 + 3 = 2, for example; this verifies the commutative law for 
one instance. Similarly 4+ (3 + 1)= 4 + 4 = 3 while 
(4 + 3)+l = 2 + 1 = 3; this verifies the associative law for 
one instance. The results of our table of addition appear insane 
only if you persist mistakenly in interpreting our symbols in the 
usual way instead of the way in which they are intended to be 
interpreted. 

Multiplication may be defined as in section 13. Thus 4 • 3 = 

3 + 3 + 3 + 3 = 2, and 3 4 = 4 + 4 + 4 = 2, as may be seen 
from the table of “addition.” Subtraction and division may be 
be defined as usual. Thus 2 — 4 means a number x such that 

4 + x = 2; from the addition table we see that x = 3 since 

4 + 3 = 2. Hence 2 — 4 = 3. Similarly 2 4 means a num- 
ber X such that 4 x = 2. Thus 2 4 = 3 since 4-3 = 2. 

This algebra is called the algebra of integers modulo 5 because 
there are only five “numbers” in it, namely 0, 1, 2, 3, 4. It has 
many of the properties of ordinary algebra such as the associa- 
tive, commutative, and distributive laws, but clearly differs from 
ordinary algebra in some respects. 

EXERCISES 

1 . Construct a table of multiplication for our 5 numbers. 

2. Verify from the table in exercise 1 that the commutative and associative 
laws for multiplicixtion hold for four instances each. 

3. Verify the distributive law for four instances. 

Calculate in the algebra of integers modulo 6: 

4. 1 3. 6. 1 - 5 - 4. 6. 1 2. 7. 3 4. 8. 4 -s- 3. 

9. 3-4. 10. 2-3. 11. 1 - 4. 

Algebra of integers modulo six. Clearly, an algebra can be con- 
structed similarly from a dial with any number of “numbers” on 
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it. Consider the algebra on a dial with six numbers (Fig. 39), 
that is, the algebra of integers modulo six. Then 1 + 1=2, 
4+4 = 2, 3 + 3 = 0, and so on. Hence 2-1 = 2 , 2 • 4 = 2 , 
2-3=0. Notice that 2 5 ^ 0 and 3 0 , but 2-3 = 0 . This 

could happen neither in the ordinary algebra 
of numbers nor in the algebra of integers 
modulo 5 (Fig. 38). As a consequence of 
this phenomenon we shall find the concept 
of division very troublesome in this algebra. 

For example, 14-2 does not exist at all, 
while 2 4- 2 may be either 1 or 4, since 
2-4 = 2 and 2-1 =2. Thus some quo- 
tients do not exist while others are not Fig. .39 

uniquely determined. 

Remark. A natural number greater than 1 is called a prime 
if it has no factors other than itself and one. The first few prime 
numbers are 2, 3, .5, 7, 11, 13, - - - . The troubles with division 
just described can occur in the algebra on a dial only if the num- 
ber of numbers on the dial is not prime; we shall not prove this 
here. 



EXERCISES 

12 . Construct tables of addition and inultiidication for tlio algebra of Fig. .39. 

13 . By mean.s of tliese tablo.s, verify tlio eoininutativo and associative laws for 
addition and multiplication, for four instain-cs eacli. 

14 . Verify the distributive law for four instances. 

16 . Show that the following quotients do not e.vist; 

(a) 1 2. ih) 3 4 - 2. (c) 4 4 .3. 

16 . Show that 2 -e 2 = 1 and 2 2 = 4. 

17 . Show that 4 -j- 2 = 2 and 4 2 = 5. 

Calculate in the algebra of integers modulo 6: 

18 . 4 4 - 5. 19 . 2 4 - 4. 20 . 1 4 - 3. 21 . 3 4 - 3. 

22 . 2 - 5. 23 . 3 - 5. 24 . .3 - 4. 

Conclusion. In this section and the last we have brought out 
again that we might well develop algebras different from the 
usual algebra of numbers if we have different applications in 
mind. For example, an algebra constructed so as to apply to 
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a clock-dial would be quite different from our usual algebra which 
is constructed for the sake of other applications. 
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Chapter VII 

ARITHMETIC, EXPONENTS, AND LOGARITHMS 

46. Introduction. Algebra, as you know it, dates roughly from 
the 13th to the 17th centuries, during which time algebraic sym- 
bolism passed through many stages of development, although 
some of it goes back thousands of years. The first symbolic ad- 
vances over ordinary prose were mere abbreviations. For ex- 
ample, in his Ars Magna de Rebus Algebraicis (1545), Cardan 
wrote “cubus p 6. rebus aequalis 20” for a:® -f 6 x = 20. The 
equal sign = is found for the first time in print in The Whetstone 
of Witte by Robert Recorde, published in 1557. The symbol 
(“radix,” root) was often used; thus, cu. 8 would be written 
for In the early 17th century we still find aaaaa written for 

a®. The ancients had no adequate arithmetical or algebraic sym- 
bolism and it is probable that this greatly handicapped their de- 
velopment of arithmetical and algebraic ideas. 

Systems of notation for numbers seem to have been almost uni- 
versally influenced by the anatomical accident that most of us 
possess two hands with five fingers on each. There is scarcely 
any doubt that the human race learned to count on its fingers, 
just as a child does. In fact, various elaborate schemes of finger- 
reckoning are still in use today among unlettered people. Thus, 
the numbers five and (especially) ten have always been impor- 
tant. Some tribes, the Mayas of Central America, for example, 
gave twenty a special place and used a word for twenty meaning 
“a whole person,” thus indicating that they counted on both fin- 
gers and toes. Other indications that twenty was once con- 
sidered important are found in the English word “score,” and 
in the French “quatre-vingt” (four twenties) for eighty. But ten 
is more commonly regarded as bavsic. The Egyptians, for ex- 
ample, used the symbol n lor too s-od wrote twenty-three as 
n n I 1 1- Similarly, the Romans had special symbols for five 
and ten. For example, they wrote eighteen as XVIII. The no- 
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tation you learned in school is called the Arabic system, (al- 
thoughitwas probably developed by the Hindus about 500 a.d.), 
because it was brought into Europe by the Arabs after they over- 
ran Spain in the 8th century. The earliest Arabic manuscripts 
using this system date from the 9th century. However, it was 
not widely used in Europe until the 15th century. The Arabic or 
Hindu- Arabic notation also shows the influence of the number 10 
but in an essentially different way. Thus 7346 means 
7 • 103 4- 3 • 102 + 4 • 10 -f- 6. 

If our sole concern with numbers were to record them, as, say, 
historians record dates, then one system of notation would be 
pretty much as good as another. But if we are going to add, 
multiply and so on, then some systems are clearly superior to 
others. If anyone doubts it, let him multiply 1748 by 34 as he 
was taught in school and then try to multiply the same numbers 
MDCCXLVIII and XXXIV using only the Roman numerals. 
It is our simple arabic notation which makes it possible for a child 
of ten to do arithmetical problems which would have taxed the 
ability of a Roman senator. The ancients, of course, used the 
abacus, counting boards with pebbles, and other devices. In 
fact, the word ''calculate” comes from the Latin word "calculus” 
meaning "pebble.” Despite its obvious advanta"^es over previ- 
ous methods, the arabic system was adopted generally in Europe 
only after a long struggle against the repressive force of tradition 
and resistance to change. In fact, the new notation was adopted 
by the enlightened merchants long before the "learned” author- 
ities became reconciled to it. It made it possible for the general 
public, instead of experts only, to learn arithmetic. Its impor- 
tance in the operation of our complicated modern industrial and 
commercial civilization is easy to see. 

46. Operations with arabic numerals. The convenience of the 
arabic system is due to the fact that it is a cleverly devised 'posi- 
tional notation. That is, we need only the ten symbols or digits 
(notice the word "digit,” meaning finger) 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 
other numbers being written as combinations of these in which 
the position of each digit tells us how it is to be interpreted ; thus 
345 = 3 • 102 -f 4 • 10 -b 5 
534 = 5 • 102 -b 3 • 10 + 4. 


while 
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A number expressed in positional notation is essentially a sum of 
terms, each term being a power of ten multiplied by a coefficient 
which is one of the digits from 0 to 9 inclusive. The powers of ten 
occur in descending order. In school, we spoke of the "units 
place,” "tens place,” "hundreds place,” and so on. 

For example, suppose we add 378 and 145 as we learned to do 
it in school: 

1 1 
378 
145 
523. 

Let us examine more closely the reasons for the correctness of 
this scheme and how the trick of “carrying” arises. This will be- 
come apparent if we express these numbers in powers of ton and 
add them by using only the familiar postulates of algebra. We 
want the sum 

(3 • 102 -f 7 • 10 -f • 102 -H 4 • 10 -f 5)^ 

By the generalized associative law we can remove parentheses 
and by the commutative and generalized associative laws for ad- 
dition we obtain 

(3 • 102 -b 1 • i02)-f (7 • 10 -f 4 • 10)-f-(8 + 5). 

The generalized distributive law then allows us to write 

(3 -f 1)102 +(7 4)10 +(8 -f- 5) 

or 4 • 102 -f 11 • 10 -b 13 

This is not yet in positional notation since the coefficients of some 
of the terms are greater than 9. Hence we write, 

4 • 102 4.(10 4. 1)10 -b(10 -b 3), 

which by the generalized distributive and associative laws, be- 
comes 

(4 • 102 4. i02)-b(10 + 10)+ 3. 

Using the generalized distributive law again we have 
(4 + 1)102 +(1 + 1)10 + 3 = 5 • 102 + 2 • 10 + 3 = 533. 

Exercise. Find the steps above in which “carrying” took place. 

In the same way let us examine the process of multiplication. 
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Consider the following example done by the device you learned 
by rote as children: 

45 

24 

180 

90 

1080. 

Now let us derive this result from the postulates. We want the 
product 

(4 • 10 + 5)(2 • 10 + 4). 

Regarding the first parenthesis as a single quantity for the mo- 
ment, the distributive law allows us to write 

(4 • 10 + 5)2 • 10 +(4 • 10 + 5)4. 

Using the generalized distributive law we have 

4 • 10 • 2 • 10 -h 5 • 2 • 10 -t- 4 • 10 • 4 -b 5 • 4. 

By the commutative law for multiplication, we have 

4 • 2 • 10 • 10 -f 5 • 2 • 10 -f- 4 • 4 • 10 4- 5 • 4 


= 8 • 10^ 4- 10^ -h 16 • 10 -b 2 • 10 (Reason?) 

= (8 -b 1) • 10^ +(16 + 2) • 10 (Reason?) 

= 9-10* +(10 + 8) • 10 (Reason?) 

= 9 • 102 + 1 • 102 + 8 • 10 (Reason?) 

= (9 + 1) • 102 + 8 • 10 (Reason?) 


= 1 • 10* + 8 • 10 = 1 • 102 + 0 • 102 + 8 • 10 + 0 = 1080. 

Notice the importance of the rather sophisticated invention of 
a symbol for zero in positional notation. Without it, we would 
have difficulty in distinguishing between 1080, 108, 180, 1800, 
and 18. On an abacus (see Fig. 13) an empty line plays the part 
of zero. In fact, the abacus contains the essence of positional no- 
tation, since one line is used for units, the next for tens, and so on, 
and in using the abacus one ‘'carries” from one line to the next. 

The processes of division and the extraction of square roots 
might be similarly analyzed but as they are somewhat more com- 
plicated we shall not do so here. 

The resemblance between the mechanical processes for opera- 
tions with polynomials and for operations with arabic numerals 
may be traced to the fact that the number 378 is nothing more 
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than a particular value of the polynomial 3 + 7 a: + 8; namely 

the value obtained when x = 10. The only change is in the 
carrying process which takes place in the case of numbers. Thus 
if we add 

3 x2 -b 7 X + 8 
and x^ + 4 X + 5 

we get 4 x^ + 11 x + 13, 

and we are content with the coefficients 11 and 13; but if we add 

3 ■ 102 + 7 • 10 + 8 
and 102 + 4 • 10 + 5 

we get 4 • 102 + 11 • 10 + 13 

and the coefficients 11 and 13, being larger than 9, have to be 
altered as above in order to conform with our positional notation. 

We may treat decimal fractions in the same way, recalling that 
28.345 means 


2 • 10 + 8 + 


3 + .A , 

10 102 ^ 10 ’ 


Decimal fractions did not come into use until the tinn; of the 
French Revolution. In Ameri(*a and England systems of nn^as- 
urement are still used which do not accommodate themselves 
well to decimal fractions. 


EXERCISES 

Perform the following operations first by the merhan inil rule and then by deriving 
the result from our postulates, justifying each step as above. 

1 . Add 305 and 208. 2. Add 246 anrl .354. 

3 . Add 99 and 133. 4 . Multiply 27 by 49. 

6. Multiply 53 by 26. 6. Multiply 102 by 34. 

7. Subtract 335 from 412. Find the step.s in the postulational derivation 
where “borrowing” takes place. 

8 . Add 32.545 and 49.78. 9 . Add 2.47 and 37.73. 

10 . Multiply 2.8 by 3.6. 11 . Multiply .023 by 3.2. 

47. Other systems of notation. We have just .seen that the 
convenience in the manipulation of arabic numerals is due to the 
positional character of the notation, which makes possible the use 
of only 10 digits and such devices as carrying. The question 
arises whether or not one might have such systems of positional 
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notation which are not decimal, that is, not based on powers of 
10. It has been suggested that our system is decimal because of 
the fact that we have 10 fingers on which we first learned to 
count. Thus we use the ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, and 
we write twenty-four as 24, meaning “two tens and four units.” 
Suppose, however, that we were all born with only one hand with 
five fingers. Then it is likely that we would write our numbers in 
powers of five, and twenty-four would be written as 44, meaning 
“four fives and four units” or 4 • 5 -f- 4 instead of 24 or 2 • 10 4- 4. 
In this system we would have only five digits, 0, 1, 2, 3, 4. That 
is, we would use a units column, a fives column, a five-squared 
column, and so on, instead of a units column, a tens column, a 
ten-squared column, and so on. We would then write: 



one 

hvo 

three 

four 


.H 

05 

seven 

eight 

nine 


eleven 

twelve 


in tlio ten scale 

1 

2 

3 

4 

5 

f) 

7 

8 

9 

10 

11 

12 


in the five scale 

1 

2 

3 

4 



10 

11 

12 



13 

14 

20 

21 

22 



The symbols 14 and 22, for example, in the last line should be 
read as one-four and two-two, respectively, and not fourteen 
and twenty-two, since they mean “one five and four units” or 

1 • 5 -f 4, and “two fives and two units” or 2 • 5 + 2, respec- 
tively. 

For example, the number written as 23 in the 10 scale means 

2 • 10 -f 3 which is equal to 4 • .5 + 3 and is therefore written as 
43 in the 5 scale. 

Example. A number is written as 38 in the ten scale ; rewrite 
it in the five scale. Clearly the highest power of five which is 
contained in 38 is 5^. There are one 5^, two fives, and three units 
in thirty-eight. That is, 38 = 1 • 5^ -|- 2 • 5 -j- 3. Hence, thirty- 
eight is written as 123 in the five scale. 

Other scales could be used equally well. In writing a number 
in the 3 scale, we use only the three digits, 0, 1, 2. Hence twenty- 
four is written in the 3 scale as 220 since 24 = 2 • 3^ -f 2 • 3 -f 0. 
In the two scale, we use only the two digits 0, 1. Hence twenty- 
four is written as 11000 in the two scale, since 24 = 1 • 2^ -f- 
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1 • 2^ + 0 • 2^ + 0 • 2 + 0. The same number is written in diff- 
erent ways if we use different scales of notation. 

Changing from one scale to another is merely a problem for 
the packing department. When thirty-eight is written in the 10- 
scale, it is as though thirty-eight objects wore packed into 3 pack- 
ages of 10 each and 8 packages of one each (38 = 3-10-1-8). 
Changing to the 5-scale amounts to repacking the thirty-eight 
objects into one package of 25( = 5^), 2 packages of 5 each and 3 
packages of 1 each (123 = 1 • 5^ -f- 2 • 5 -[- 3). In the 10-scale 
we pack by ones, lO’s, 10^’s, 10®’s and so on. In the 5-scale, we 
pack by ones, 5’s, 5^’s, 5'*’s and so on. 

It must be emphasized that we are not discussing a different 
algebra or a different number system here as we were in section 
44; we are merely discussing different ways of writing the same 
old numbers. That is, we are discussing different systems of 
notation or different (written) languages. When we say that 
the number which is written as 24 in our usual decimal language 
would be written as 44 in the ‘'5-scale” language, we aie merely 
translating from one language t o another. In the following table, 
each horizontal line contains just one number rewritten in several 
different languages. 


10 scale 

F) scale 

J sc(tle 

2 scale 

? scale 

0 scale 

24 

44 

220 

11000 

33 

2() 

31 

111 

Kill 

11111 

43 

34 

8 

13 

22 

1000 

11 

i ^ 


Similarly the same symbol, say 231, would mean different 
things according to the system of not at ion in which it is intended 
to be interpreted. In the usual 10 scale, the symbol 231 means 
2 • 10^ -b 3 • 10 -b 1, or the value of the polynomial 2 a;® -b 3 x -b 1 
when X = 10, or two hundred and thirty-one. In the 5 scale, 231 
means 2 • 5^ -b 3 • 5 -f 1, or the value of the polynomial 
2 x^ -b 3 X -b 1 when x = 5, or the number sixty-six. 

These new notations look strange only because we have been 
brought up since early childhood to interpret numerals auto- 
matically in the 10 scale. The processes of adding and multi- 
plying would be quite as ea.sy in another scale, say the five scale, 
including the device of “carrying”; only wc would find it clumsy 
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unless we memorized new tables of addition and multiplication 
for the other scale as thoroughly as we have memorized those of 
the 10 scale. In the 5 scale, for example, we have the addition 
table : 

1 + 1= 2 2 + 1= 3 3 + 1= 4 4 + 1 = 10 

1+2 = 3 2 + 2 = 4 3 + 2 = 10 4 + 2 = 11 

1+3 = 4 2 + 3 = 10 3 + 3 = 11 4 + 3 = 12 

1+4 = 10 2 + 4 = 11 3 + 4= 12 4 + 4 = 13. 

To add numbers like 34 and 42 (both arc written in the 5 scale) 
we proceed as follows 

1 

34 

(1) _42 

131. 

That is 2 + 4 from the above table is 11. We write the right- 
hand 1 and "carry” the other; then 4 + 4 = 13. This may be 
justified by our axioms just as for the 10 scale. For, in the 5 
scale, we have 34 = 3 • 5 + 4 and 42 = 4 • 5 + 2. Thus 

(3 • 5 + 4) + (4 •5 + 2)=3-5+4 + 4- 5 + 2 
3-5+4-5 + 4 + 2 = 3- 5+ 4- 5 + 4 + l + l 
13^4= 3 . 5 + 4 • 5 + 1 • 5 + 1 = (3 + 4 + 1) • 5 + 1 
= 8- 5 + 1= (5 + 3) -5 + 1 = 1- 52 + 3- 5 + 1 
= 131 in the 5 scale. 

The reader should justify each step. The example (1) rewritten 
in the 10 scale would look like this: 

(2) 19 

— 

41. 

That is, (1) and {2) represent exactly the same numerical J acts ; 
they are merely written in different languages. Numbers written 
in the 10, 5, 3, or 2 scale are often said to be written in the deci- 
mal, quinary, ternary, or binary scale, respectively. 

We can also use scales larger than 10 if we invent new digits. 
For example, in the 12 scale we would have twelve digits 0, 1, 
2, 3, 4, 5, 6, 7, 8, 9, t, e where t and e are digits representing ten 
and eleven respectively. In the 12 scale we would write twelve 
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as 10 or 1 • 12 + 0, thirteen as 11 or 1 • 12 + 1, one hundred and 
seventy-one as 123 or 1 • 12=“ -f- 2 • 12 -f 3, and two hundred and 
seventy-five as Ite or 1 • 12=“ -|- f • 12 -|- e or one “twelve-squared" 
plus ten “twelves” plus eleven units (one gross, ten dozen, and 
eleven units). In fact the Babylonians, thousands of years ago, 
used a positional system of notation based on 60. 

There is little reason to prefer one of these scales to another 
except that we are familiar with the ten scale. In some parts of 
higher mathematics it is, however, quite convenient to use other 
scales, notably the ternary ai ' ' 


e: 

Write each of the following number 


(a) the 10 scale; (h) 

(d) the 8 scale; (e) 

(g) the 4 scale; (h) 

1 . twenty-four. 2 . 

4 . five. 


7 . What number would be rcpresf 
to be interpreted in (a) the 5 scale; {h 
Write your answers in the usual 10 i 

8 . If the number 222 is already \ 
scale; (b) the 2 scale. 

9. Rewrite the entire statement 
this time expressing it in (a) the 5 sc 
scale; (e) the 8 scale. 

10 . Add 234 and 432 (both alread 
table in the text. Translate both nu 
check. 

11 . Make up a table of multiplicaf 
by 34 (both already written in the 5 
product into the 10 scale and check. 

12 . Make up a table of addition fo 
(both already written in the 3 scale), 
scale and check. 

13 . Make up a table of multiplication for the 3 scale and use it to multiply 102 
by 22 (both already written in the 3 scale). Translate both numbers and their 
product into the 10 scale and check. 

14 . The following numl)ers are already written in the twelve scale; rewrite 
them in the 10 scale: 

(a) 23; (b) tl; (c) tOe; (cf) 2eL 
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16 . The following numbers are already written in the 10 scale; rewrite them in 
the 12 scale; 

(o) 64; (b) 49; (c) 120; (d) 131; (e) 167. 

48. Further progress in arithmetic. We have already seen 
the great simplifications introduced into arithmetic by the arabic 
notation and by the use of decimal fractions. However, in the 
early years of the 17th century, astronomers like Tycho Brahe 
and Galileo had made extensive observations and Kepler and 
others were attempting to reason about heavenly bodies on the 

basis of these observations. 
Now in astronomical work 
the distances involved are 
very large while the angles 
are often very small and the 
calculations become unbear- 
ably tedious. Astronomers 
found that they were literally 
wasting years of their lives 
on computation. In response 
to the need for still easier 
methods of computation, two 
men, Napier (about 1614), a 
Scotsman, and Biirgi, a 
Swiss, independently dis- 
covered a further great sim- 
plification of arithmetic 
called logarithms. We shall 
be unable to discuss here the 
way in which these men ac- 
tually were led to the idea of 
logarithms since their meth- 
ods were too advanced for 
this book. However, we 
shall introduce logarithms by a method developed later, which is 
much easier to follow; that is, by way of exponents. First, how- 
ever, we shall have to extend the notion of exponent, much as we 
extended the concept of number itself in Chapters III and IV, 
beginning with the positive integers and going on to other kinds 
of numbers. 
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49. Positive integral exponents. We already have the follow- 
ing definition of exponent. 

Definition 1. If n is a positive integer then x” = zx • • • x 
where there are n factors on the right. 

The restriction to positive integers is necessary because only 
positive integers are used for counting and we have defined the 
exponent here as the number of factors. We can now prove the 
following theorems, in which p and q are understood to he positive 
integers. 

Theorem I. x^x'^ = x^''. 


Proof. See section 30. 


Theorem Ila. If p > q, x”/x“ = x’'-" {x 9 ^ 0 ). 


Proof. x^‘ = (xx • • • x){xx ■ ■ ■ x) 

where the first parenthesis has p — q factors and the second has q 
factors. Hence, 


(p — q factors) (q factors) 

, * . . 

XP _ (x ■ X x){x ■ X x) 

x" {x • x ■ ■ ■ x) 

V , , / 

_Y 

{q factors) 

= 


(/? — ^factors) 

A 


{x • X ■■■ x) 


by definition. The restriction x 9 ^ 0 must be made because if 
X = 0 the expression becomes 0/0 which has been excluded. 


X^ 

For example, — ^ 
Theorem Ilb. 


(xxx) (xx) 
(xx) 


— ■ /y*3 — — /y»5 2 

JL/JL'Uy *4/ U/ • 


If p < q, x’’/x'‘ = lfx''~'>’ (x 9 ^ 0 ). 


Proof. X" = (x • X ••• x)(x • X ••• x) where the first parenthesis 
has q — p factors and the .second has p factors. Hence, 


{p factors) 

A 

/■ N 

XP _ (x • X • • •_x) 1 _ 1 

X« ~ (x • X • • • x)(x • X • • • x) (x • X • • • x) X’-P 

V Y ^ '' “~y "■ ^ y ' 

(q — p factors) (p factors) (q - p factors) 

_ , x^ (xx) 1 _ 1 _ 1 

or examp e, ^5 - (xxx) x® x^~^ 

Theorem lie. If p - q, then xp/x« = l{x 9^ 0). 
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Proof. x^/x'> = x^/x^ = 1. 

For example, x’/a:® = 1. 

Theorem III. (xp)« = x ^^. 

Proof. We have (x*’)" =(x»’)(x'’) ••• (x^), where there are q 
such parentheses. Thus, 

(x")" = (x • X • • • x)(x • X • • • x) • • • (x • X • • • x) = XP", 

since there are p x’s in each of the q parentheses. 

For example, (x^)® = (x^)(x^)(x®) = (xx)(xx)(xx) = x® = x^'®. 

Theorem IV. {xy)^ = x^y”. 

Proof. See section 23. 


Simplify: 


Evaluate: 
6. 2^ ■ 3^. 
8 . 8V2». 


EXERCISES 


2 . 


rtW 

afbc^ 


(a^y 

{ab^y 


4. {a%)(a¥). 


6. 8V8'. 7. (- 3)2 • (- 2)1 

9. 2-32. 10. 5 + 2-32. 


Correct the right member of each of the following, if necessary: 

11. 32 + 32 = 32 . 12. 32 + .32 = ()2. 13. 32 • 32 = 3«. 

14. 32 • 32 = 92 . 15. 32/32 = 3t 16. (3^)2 = 3'. 

17. 62/22 = 32 . 


60. Negative integers and zero as exponents. The occurrence 
of three separate cases in Theorem II, section 49, is a source of 
inconvenience and it is natural to desire to unify them. 

Suppose we attempted to apply the formula of Theorem 1 1 a, 

XP 

— = xp-«, 
x» 

mechanically even if p < g in spite of the fact that it does not 
apply to this case. This would make the exponent p — q nega- 
tive. For example, 

_ ^2-5 _ 

X® 

But an exponent — 3 has no sense, since our definition of ex- 
ponent is necessarily restricted to positive integers as we have 
seen. The symbol x“® cannot possibly be interpreted according 
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to Definition 1. No one can count out — 3 factors, except pos- 
sibly at a stance; but is not intended to mean the product of 
the ghosts of three departed x’s, or something equally mysteri- 
ous. The symbol does not come under the jurisdiction of our 
definition at all and is at present a completely undefined symbol. 
This is fortunate for since z~^ has no preas.signed meaning we are 
free to choose a meaning for it to suit ourselves without fear of 
contradicting previous results. We see at once that we will be 
able to dispense with Theorem Tib if we adopt the following 
definition. 

Definition 2. If — n is a negative integer x-” = ^(x 9^ 0). 

Writing x^/x^ = would now agree with the facts 

since x~^ means 1/x^. For example, = 1/2^ = 1/8. 

Similarly, if we try to apply the formula of Theorem Ila me- 
chanically even if p = 9, although it does not apply to this case 
either, we would get 

X'’ „ 

— = XP-<I = x" 

X'' 

since p = q- But the symbol x° has no sense, under definitions 1 
or 2. Definition 1 defines positive integral exponents and defini- 
tion 2 defines negative integral exponents ; but 0 is neither posi- 
tive nor negative. Certainly x“ cannot mean the result obtained 
by taking no x’s, in some occult way, and multiplying them to- 
gether. Since the symbol x® does not come under the jurisdiction 
of definitions 1 and 2, we are free to choose any meaning we 
please for it. We see that we can dispense with Theorem lie if 
we adopt the following definition. 

Definition 3. x° = 1, {x 9^ 0). 

For example, writing x^/x^ = x®“® = x°, according to the rule 
of Theorem Ila, is in agreement with the fact that x^/x^ = 1, 
for X® now means 1. For example, 7® = 1. 

By adopting these supplementary definitions 2 and 3, we ex- 
tend the concept of exponent to allow all integers, positive, nega- 
tive, or zero, to occur as exponents. At the same time the three 
parts of Theorem II reduce to one formula: 

x” 

— = x"-''. 

X" 
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Furthermore, this formula in turn reduces to that of Theorem I 
since if we apply the rule of Theorem I mechanically to we 
get 

1 

— = 

x^ x^^ 

which is in agreement with the facts. Thus, hy adopting our 
supplementary definitions of negative integral and zero exponents 
we dispense with Theorem 1 1 , entirely. i 

Remark. Note that 2^ = 4 is half of 2® = 8, and = 2 is half 
of 2^ = 4. By our definitions, 2® = 1 is half of 2^ = 2, 2~^ = ~ is 

half of 2® = 1, and 2“^ = 7 is half of 2 ~^ = Hence our defini- 

4 2 

tions fit well with our desire for uniformity in the sequence 2 ^, 
2^, 2‘, 2®, 2“^ 2“^, and so on. 

It remains to prove that, for any integral exponents p and q, 
positive, negative, or zero, the three rules 


(1) 

X’^X'< = x'^'' 

(2) 

(xp)'/ = x"'' 

(3) 

(xi/)p = xppp 


still hold. For example, let us prove (3). 


Proof. Case 1 . Suppose p is positive. Then it has already 
been proved in section 49. 

Case 2 . Suppose p is negative. Then p = — a where a 
is positive. And 


(xy)p = (x?/)-“ = 


ixyp 


But {xyY = a: “2/“ by case 1, since a is positive. 


by Definition 2. 
Therefore 


. , 1 11 

ixyv = = — — = = x^y^ 

x^'ir t/“ 

which was to be proved. 

Cases. Suppose p = 0. Then (a:?/)*’ = l,a:p = 1, and 
pp = 1, by definition 3. Thus formula (3) is verified immedi- 
ately for this case since 1 = 1-1. 

The proofs of (1) and (2) are included in the following list of 
exercises. 
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EXERCISES 


Evaluate: 

1. 3-^ 2. 

5. 10» • KP • 10-*. 6. 

9. (3 • 10-1)2. 

11 . (2 • 102 ) 3 . (4 . 10 - 2)2 


©* 

32 • 23 
3-1 • 2-1' 


^l\-3 


G) 

io» • 10-2 


4. (-2)-3. 
101 • 10-5 


10 . 


102 

(3 • 105) (4 . 10-3) 


8 . 


10 - 


2 • 102 

12 . (10-2)-3. 


(2 ■ 102)-' 

Simplify the following by removing zero and negative exponents: 


13. 3x-3. 
17. (2a'>62)2 


(6-2)2 


14. (3x)-2. 
(63)». 


16. Sx". 

18. (3 xh/) ■ (2 x-hj-^). 


16. Cixy. 


2 x2?/2 

20. -it-f;. 

21. x-2(x‘' -h 3x2-f5a:2). 


a-‘ - 6-' 


22 . 

23 (3'?/)~Hx-2?/-')2 

24. (.r-2)-'’. 


(xY)-^ 


26. Provo that formula (1) holds for <dl integral exponents p and q. (Hint: di- 


vide the i)roof into nine separate eases as follows. Case ia: p positive, q positive. 
Case lb: p positive, q negative. Case Ic: p positive, ^ = 0. Case 2a: p negative, 
q positive. Case 2b : p negative, q negative. Case 2c : p negative, q = 0. Case 3a: 
p = 0,q positive. Case 3b: p = 0, q negative, (’use 3c: p = 0, 5 = 0. Imitate 
the proof of formula (3) in the text as far as possible). 

26. Prove that formula (2) holds for all integral exponents p and q. (See hint 
for exercise 25.) 


61. Computation with powers of ten. When very large or 
very small numbers are u.sed in scientific writing it is customary 
to express them in terms of powers of ten, as follows. Instead of 
1,000,000 one would write 10®. Similarly 378,000,000 might be 
written as 378 X 10® or 37.8 X 10’ or 3.78 X 10®; we use the 
X sign for multiplication here to avoid confusion with the deci- 
mal point. Similarly, .0001 would be written as lO""* and .000378 
would be written as 378 X 10"® or 37.8 X lO"® or 3.78 X 10~*. 
Note that multiplying a number by 10^ moves the decimal point 
to the right four places while multiplying by 10"^ moves the 
decimal point to the left four places. 

Every positive real number can be expressed as a number between 
one and ten multiplied by a suitable integral power of ten; when this is 
done the number is said to be expressed in standard form. For 
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example, 378,000,000 = 3.78 X 10«, .000378 = 3.78 X 10"“ and 
3.78 = 3.78 X 10“. This so-called “standard form” is more 
compact and more comprehensible than the everyday way of 
writing such numbers with large numbers of zeros before or after 
the decimal point. It also lends itself to calculations with cum- 
bersome numbers, large or small, which are made easy by the 
use of the laws of exponents. 


Example. 
We write 


Calculate the value of 


378,000,000,000 X .000004 
2000 


3.78 X 10“ X 4 X 10-« 
2 X 10* 


= 3.78 X 2 X 10“-«-* = 


7.56 X 10** = 756. The coefficients of the powers of ten have to 
be multiplied and divided in the ordinary way. How this can be 
avoided by expressing them too as (fractional) powers of ten, 
will be discussed in sections 54 and 55. 


EXERCISES 

Express each of the following in standard form: 

1 . 200,000. 2 . 3,400,000. 3 . 567,000,000,000. 4 . .3. 

6 . .056. 6 . .000782. 7 . .0000000893. 8 . 3. 

9 . 46.78. 

Express each of the following in ordinary positional {decimal) notation: 

10 . 10^ 11 . 10-^ 12 . \ 0 -\ 13 . 6.78 X 10^ 

14 . 6.78 X 10“^ 16 . 6.78 X 10^ 16 . 3.76 X lO'^ 17 . 4.68 X 10^. 

18 . 46.7 X 10“^. 

Calculate^ using the laws for exponents and express the result in ordinary posi- 
tional {decimal) notation: 

(6 X 100 X (3 X 10“0 (5.2 X 100 X (4 X lO'O 

2 X 103 ' 13 X 10-^ 

21. If c represents the velocity of radiant energy in a vacuum, L its wave 
length, and / its frequency, then / == c/L, Suppose c is 3 X 10^° centimeters per 
second and L = 6 X 10”^ cm. Find/. (Hint: write 3 X 10^® = 30 X 10®.) 

22 . The angstrom is a unit of length equal to 10“ ^ centimeters. If one centi- 
meter is .3937 inches, express in inches the wave length of red light with a wave 
length of 8000 angstroms. 

23 . A light year is a unit of length equal to 5.88 X 10^^ miles. The distance of 
the cluster of stars called the Pleiades is 1.2936 X 10 ^^ miles. How many light 
years is this? 
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24 . The Great Nebula in Andromeda is approximately 5.292 X 10'** miles 
away. How many light years is this? Use the data of e.xercise 23. 

26 . If a gram is .002205 pounds and the mass of the earth is 5.97 X 10’'^ grams. 
Find the mass of the earth in pounds. 

26 . The mass of the sun is 1.98 X ICF grams. Find the mass of the sun in 
pounds. Use the data of exercise 25. 

62. Fractional exponents. Since we have successfully ex- 
tended the concept of exponent to include all integers as expo- 
nents, it is natural to ask whether we cannot extend the notion 
still further, say to fractions. In making such an extension, since 
if we do it at all we do it for our own convenience, we shall want 
to preserve the validity of formulas (1), (2), (3) of section 50; just 
as, when extending the notion of number itself in Chapters III 
and IV we desired to preserve the validity of such formulas as 
the associative, commutative and distributive laws. 

Let us experiment with a symbol like x^. This has no meaning 
under any of the previous definitions. It certainly cannot mean 
that we take a product of x’s, the number of factors being 1/2. 
In particular, does not mean X. Since x^ has no previous 
meaning, we arc free to choose any definition that suits us, and it 
will suit us to give such a definition, if possible,, as will preserve 
the validity of our 3 formulas. Consider formula (2). If this is 
to operate, then x*, whatever it shall mean, must satisfy the 
relation (x^)^ = x^ ^ = x^ = x. Thus x^ will have to mean some- 
thing which when squared yields x. But this can only be -s/x or 
—'s/x. Therefore we choose the definition: =\/x. For ex- 

ample, 9^ = 3. This obviously fits in with formula (1) as well, 
since x^ • x^ = x^ + ^ — x^ — x. More generally we choose the 
definition xi = -^x, where p is a positive integer, so that rule (2) 
continues to operate as follows: 

=(Xp)'’ = Xp'p = x‘ = X. 

Furthermore if rule (2) is to remain valid we would have 
(aJ/x)*’ =(x«)p = x« p = xl, and a^x^ =(x’’)« = x" « = x| 
Hence we are led to make the following general definition. 

Definition 4. x?=('^x)'’ —^x^, where p and q are any 

integers {q > 0). 

Any rational number can be written in the form p/q where p 
and q are integers and q > 0, that is, with a positive denomi- 
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nator. For example, 3/ — 4 can be written as — 3/4 and 
— 5/— 6 can be written as 5/6. Definition 4 therefore extends 
the notion of exponent to all rational numbers. As in section 
23, we confine ourselves to roots of positive numbers. Thus, in 
the present section, the symbols x, a, b represent positive num- 
bers. 

For example, = (^ xY- Thus 8^ = (>^8)* = 2* = 4. 

Similarly, 8"^ =^yl/8^ = 1/4. 

We must not take it for granted that x^ means the same thing 
as x^, say. This has to be proved. For x^ means a cube root of 
x^, that is, a number a such that a® = x^, by definition; while 
x^ means a sixth root of x^. Now, squaring we get {a^Y = 
{x'^Y or That is, a is a sixth root of x. Hence x^ = x®. 

In the same way we can prove the following general theorem. 

Theorem A. xf = X 5 > where p, q, r are integers and q and qr 
are understood to be positive. 

Proof. By definition Xq means a number a such that a« = x^ 
(that is, a gth root of x”), while xf? means a qr th root of x'”'. 
Raising a" to the r th power we obtain {a^Y = (x")’', or a'"' = x^’^ 
That is, a is a qr th root of x'’^ This proves the theorem. 

We shall need the following theorem. 

Theorem B. If n is any positive integer, Y/a • ‘<l/b =Y/ab. 

Proof. See section 23. 

We must not assume naively that the formulas (1), (2), (3) of 
section 50 remain valid for fractional exponents since they have 
been proved only for integral exponents. However, we are now 
in a position to prove them for fractional exponents. For ex- 
ample, let us prove that xl • x^ = x^ 1 or x^. Now x^ = 
x^ and xl = x^ by Theorem A. Hence 

xl • xl = x^ • X* = • A^x* (by definition) 

= '>/x* • x^ (by Theorem B) 

= .^x® (by (1) section 

50, since 3 and 
2 are integers) 

= x* (by definition). 

Similarly we can prove that formula (1) of section 50 holds for all 
fractional exponents, as follows. 
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Theorem C. a:® • arl = x* ? or x *’" where p, q, u, v are 
integers and q and v are understood to be positive. 

Proof. By Theorem A, xf = xfi and x? = x^. 

Hence, x| • x^ = xH • xf^ ='^x»’'’ • ■</x''“ (by definition) 

(by Theorem B) 
(by (1), section 
50, since pv and 
qu are integers) 
(by definition). 

We have proved that (1) of section 50 holds for all rational ex- 
ponents. By similar methods we could prove that (2) and (3) of 
section 50 hold for all rational exponents. We shall not carry out 
the detailed proofs here ; they are included in exercise 20 below. 

The validity of these formulas for fractional exponents pro- 
vides many algebraic simplifications. For example, it isjnot easy 
at first glance to simplify such an expression as x‘) x)*. But, 

using fractional exponents it becomes 

^2/3 . ^3/5 = or (-^x)’®. 

We have now extended the concept of exponent to allow all 
rational numbers as exponents. It is possible to extend it fur- 
ther to allow irrational and even imaginary exponents but this 
will not be done here. 


= '>I/x*’'’ • X«'‘ 


pv-\-gu 
— OC qv 


EXERCISES 


Evahiate: 

1 . 

6. 8^/'. 

11 . 27 -^'\ 


2. 16>'^ 

7 . 

12 . 32-^1 \ 


3 . 8 ''^ 
8. KP''. 
13 . 


4 . S-''\ 

9 . 

14 . 


6. 16-''*. 

10. 8-"'’. 


Simplify: 

16 . 16 . 17 . 

18 . Evaluate (27*'* + 8 -‘''‘)h-(8"''' • 8*'"). 

19 . Using the definitions, prove, without assuming tlie validity of formulas (1 ), 
(2), and (3) of section 50 for fractional exponents, that: 

(a) (b) x^’'^ • x^f^ - x^^K 

(c) id) x^'* • 

20 . Prove the following using the definitions, but not assuming the validity of 

formulas (1), (2), (3) of section 50 for fractional exponents, p, q, a, v being in- 
tegers, and q and v being piositive: (ct) (xj)v = Xgv] (b) (xy)\ = Xg • ijg. 
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63. Logarithms. While the algebraic simplifications intro- 
duced by the use of fractional and negative exponents are impor- 
tant, even more important is the fact that these exponents pro- 
vide a foundation for the theory of logarithms which, in turn, 
must be considered one of the major achievements of the 17th 
century. Logarithms simplified computation to such an extent 
that it is difficult to estimate the time saved thereby for astron- 
omers and other people who are faced with tedious calculations. 
It is important to memorize the following fundamental defini- 
tion. 

Definition 5. If h is any 'positive number, different from 1, and 
b’' = X, then the exponent y is called the logarithm of x to the base 
b. In symbols, y = log^ x. 

For example, 3 = log 2 8 because 2^ = 8. Similarly 2 = logs 9 
because 3^ = 9. 

It is ea.sy to confuse the roles played by the three numbers b, y, 
and X in this definition unless it is learned carefully. Notice that 
a logarithm is an exponent; that is, logi x means the exponent y 
to which we must raise the base b in order to get the number x. 
It can be proved that every positive real number x can he expressed 
as b^, where y is a real number, rational or irrational. This will 
not be done here. 

Exercise. Why do we make the restriction, in definition 5, that 6 5^ 1? 

Remark. There are reasons for restricting b to be positive. 
For example, if b were negative, b"^ would be positive, b^ negative, 
6“* positive, and so on; and would be imaginary. This would 
introduce technical difficulties which are best avoided here. If b 
is positive, however, and y is real (positive, negative or zero), x 
is still positive. We shall confine ourselves to positive x’s; that 
is, we shall speak of logj x only when b and x are positive num- 
bers. 

How this definition enables us to simplify arithmetical calcu- 
lations will be made clear in the next section. The simplifications 
are essentially due to the following theorems. 

Theorem I. logb (xw) = logb x -f logb w. 

Theorem II. logb (x/w) = logb x — logb w. 

Theorem III. logb (x') = r logb x. 
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Since logarithms are nothing but exponents it is natural to ex- 
pect to prove these theorems by using the laws of operation with 
exponents. In fact, these three theorems will be seen to be noth- 
ing more than the translations (from the language of exponents 
into the language of logarithms) of the following known laws for 
exponents : 

(а) 6*6“ = 6*+“ 

(б) 6V6“ = 6*-“ 

(c) (6*)^ = 6*^ 

Let us prove our three theorems. Let y — log6 a;, and u — log 6 w, 
hence we have = x and b'" — w. 

Proof of Theorem I. By (a), xw = 6*6“ = 6*+“. But xw = 
6*+“ says that log6 {xw) = y -f m by definition 5. Substituting 
for y and u, we get log6 {xw) — log6 x + log6 w. 

Proof of Theorem II. By (6), x/w = 6*/6“ = 6*““. By defini- 
tion 5 this says that log 6 {x/w) = y — u = log6 a; — log6 

Proof of Theorem III. By (c), x^' = (6*)’' = 6*'. By definition 
5, this says that log^ {x^)= yr = r logt x. (Note: we write 
r log6 X to avoid the confusion that would arise from writing 
logi, a; • r as to whether we meant log^ {xr) or (log6 x)r.) 

EXERCISES 

Express in logarithmic notation: 


1 . 

5“ = 25. 

2 . 

3^ = 81. 

3 . 

10* = 

= 100. 


4 . 25*/* = 

= 5. 

6 . 

= 2. 

6 . 

8-1/3 = 1/2. 

7 . 

5-2 = 

= 1/25. 


8 . 2-* = 

1/8. 

9 . 

7“ = 1. 

10 . 

10-‘ = 1/10. 







Express in exponential notation: 







11 . 

log 2 16 = 4. 


12 . logio 

1000 = 

3. 


13 . 

logic .01 = - 

- 2. 

14 . 

logio 10 = 1. 


16 . logic 

1 = 0. 



16 . 

log2 8 = 3. 


17 . 

logB 125 = 3. 


18 . logic 

100 = : 

2. 


19 . 

logic .1 = — 

1. 

20 . 

log4 8 = 3/2. 









Find: 









21 . 

log2 32. 

22 . 

logic .001. 

23 . 

logs 

4. 


24 . logs 

1. 

26 . 

logs 5. 

26 . 

log 6 h. 

27 . 

logo 

1. 


28. logs 

ipy 

29 . 

log26 125. 

30 . 

logs 27. 

31 . 

logic 

10,000. 




32 . 

log,o (10*). 

33 . 

logic (10*). 

34 . 

logs 

( 60 . 
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If hgv^ 2 = .SOW and logio 3 = .4771, use Theorems I, II, III, to find: 

36 . logio 6. 36 . logic 4. 37 . logic (3/2). 

38 . logic 9. 39 . logic 12. 40 . logic 20. 

41 . logic -2. 42 . logic 18. 


64. Common logarithms. Any positive number 6 1 can be 

used as a base for logarithms. An irrational number called e 
whose decimal expression is 2.71828''?0-)> is actually used in ad- 
vanced mathematics for theoretical reasons which cannot be 
explained here. Logarithms with the base e are called natural 
logarithms, a name that must seem very inappropriate to you, 
and are closely related to the original systems of Napier and 
Biirgi. An improvement of Napier’s system, which is said to 
have occurred to both Napier and H. Briggs, an English mathe- 
matician, led to the system of logarithms to the base 10, known 
as common logarithms. Logarithms to the base 10 are the 
most convenient for computation simply because we write our 
numbers in decimal notation.* It is with this system that we 
work hereafter. We shall write log x, without any base indi- 
cated, to mean logic x. Thus we write log 100 = 2 because 
10^ = 100; log 1000 = 3 because 10® = 1000, log .1 = — 1, 
because 10~* = 1/10 = .1, and log 1=0 because 10" = 1. A 
rudimentary table of common logarithms is easy to construct: 


Table A 


X 


.0001 

.001 

.01 

.1 

1 

10 

100 

1000 

10000 


log X 


- 4 

- 3 

- 2 

- 1 

0 

1 

2 

3 

4 



Since 34.2 is between 10 and 100 it is natural to expect log 34.2 
to be between log 10 = 1 and log 100 = 2. That is, in exponen- 
tial language, since 10^ = 10 and 10® = 100 it is natural to expect 
10 raised to some exponent between 1 and 2 to be exactly 34.2. 
This is actually so, but the proof is too difficult to be given here. 
It can be shown that 


log 34.2 = 1.5340 

approximately; that is, in exponential notation. 

If w’e were in the habit of writing numbers in the 5 scale, then logarithms to the 
base 5 would be most convenient for computation. 
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101.5340 = 34 2 or = 34.2 

approximately; in radical notation 

lo^YO^ = 34.2 

approximately. 

We have remarked, in section 51, that every positive number 
can be expressed as the product of a number between 1 and 10 
and an integral power of 10. For example, 34.2= 3.42(10). 
Similarly, 

534 = 5.34(102), 

.00534 = 5.34(10-2), 

and 5.34 = 5.34(10'>). 

By Theorem I, section 53 we have 

log 534 = log 5.34 + log (10^), 
log .00534 = log 5.34 + log (lO-^)^ 
log 5.34 = log 5.34 + log (10"). 

By the definition of logarithm, or by Table A, above, wo obtain 

log 534 = log 5.34 + 2 
log .00534 = log 5.34 +(- 3) 
log 5.34 = log 5.34 + 0. 

Therefore we see that we could write down the logarithm of any 
number if we knew only the logarithms of numbers from 1 to 10. 
The latter are called mantissas and a table of mantissas approxi- 
mated to 4 decimal places (Table 1) can be found at the end of 
this book. They are decimals since the logarithm of a number 
between 1 and 10 must be between 0 and 1 . 

From the tables, we obtain log 5.34 = .7275. Hence, 

log 534 = 2.7275 

and log .00534 = — 3 -|- .7275 = — 2.272.5. 

Notice that since the digits of the numbers 5.34, 534, and .00534 
are the same their logarithms have the same decimal part (.7275) 
or mantissa, because any of these numbers can be obtained from 
any other of them by multiplying by a suitable integral power of 
10. Therefore, their logarithms differ only by a whole number. 
When a logarithm is expressed so that its decimal part is written 
positively, the integral part of the logarithm is called its charac- 
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(eristic. For example, the characteristic of log .00534 is — 3, 
not — 2 (see above). The above discussion shows us that to find 
the logarithm of a number we have only to estimate its characteristic 
from Table A * and look up its mantissa in Table I. For example, 
log 534 is between 2 and 3 since 534 is between 100 = 10® and 
1000 = 10® (see Table A). Hence, the characteristic is 2. The 
mantissa, as we know from Table I, is .7275. Hence log 534 = 
2.7275. Similarly, log .00534 is between — 3 and — 2 because 
.00534 is between .001 = 10~®and.01 = 10“® (Table A). Hence, 
log .00534 = — 3 + .7275. Note that log .00534 is no^ — 3.7275; 
this would be between — 3 and — 4 instead of between — 3 and 

— 2. We usually find it more convenient to write logarithms 
with negative characteristics, like the latter, in a different way. 
Instead of writing log .00534 = — 3 + .7275 we borrow a trick 
from the politicians and give 10 with our left hand while taking 
10 away with our right, as follows: 

log .00534 = 10 - 3 + .7275 - 10 = 7.7275 - 10. 

The latter form is less clumsy in practice. 

The tables may also be used to find a number whose logarithm 
is known. If we know that log x = 3.7275 we look up .7275 in 
the table of mantissas and find that x has the digits 534. The 
characteristic 3 tells us that x is between 10® = 1000 and 10'* = 
10000 (Table A) since log x is between 3 and 4. Hence x = 5340, 
approximately. Similarly, if log x — 8.7275 — 10 the digits are 
still 534 but the characteristic 8 — 10 = — 2 tells us that x is be- 
tween 10~® = .01 and 10~* = .1 since log x is between — 2 and 

— 1 (Table A). Hence x = .0534, approximately. 

If we do not find a mantissa in the table exactly we will take 
the nearest one to it, since we are interested only in approximate 
results. If more accuracy is desired one can use tables computed 

* Various rules are often stated for determining the characteristic. For example : if 
N ^ 1 then the characteristic of log N is one less than the number of digits in V to the 
left of the decimal point; but if AT < 1, and if the first non-zero digit of N is in the 
k th decimal place, then — /c is the characteristic of log N. One may also state the rule 
as follows: express the number N in ‘‘standard form,^^ that is, as the product of a num- 
ber between 1 and 10 and an integral power of ten; then the exponent of ten is the 
characteristic of log N. Or one may state it as follows: move the decimal point to 
where it would be if we were to write N in “standard form^’; if we moved it k places to 
the left, the characteristic of log N is ky and if we moved it k places to the right, the 
characteristic is -* k. None of these rules need be memorized if one thinks of Table A. 
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for more than 3 digits and more than 4 decimal places. Another 
device for obtaining further accuracy from a given table, known 
as interpolation, will be discussed in Chapter X, section 94. 

Notice that while Table I is usually called a table of common 
logarithms, it is really only a table of mantissas. How these 
tables are computed will be discussed briefly in Chapter XI, sec- 
tion 115. 

EXERCISES 


Find: 

1. log 124. 

6. log 39.6. 

9 . log .000346. 
13 . log .005. 


2 . log 12.4. 

6. log 5.34. 

10 . log 306. 


3 . log .0124. 

7. log .0435. 

11. log 360. 


4 . log .387. 

8. log .467. 

12 . log 500. 


Find the number whose logarithm is: 

14 . 2.5211. 16 . 1.5211. 16 . 8.5211 - 10. 17 . 9.5211 - 10. 

18 . 0.5211. 19 . 1.6972. 20 . 0.7316. 21 . 9.7304 - 10. 

22 . 8.0400 - 10. 23 . 3.9717. 24 . 2.5888. 

26. E.xpress the statement log 862 = 2.9355 in exponential notation; in radical 
notation. 

26. Express the statement log 631 = 2.8000 in exponential notation; in radical 
notation. 


66. Computation with logarithms. Having learned to use the 

tables, the simplification in computation is obtained by the u.se 
of Theorems I, TI, 111 of section 53. Two illustrations will .suffice 
to make the method clear. 


Example 1. 


C'alculate 


(8^)(65.2) 
370 ’ ' 


Call the result x. Then by Theorems I and IT, 

log X = log ^ ~ ~ 

Now log 8.34 = 0.9212 

log 65.2 = 1.8142 
log 8.34 log 65.2 = 2.7354 
log 376 = 2.5752 
log X = 0.1602. 


Hence a: = 1.45, approximately. 
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Example 2. Find Let x be the result. Then 

x =^473= 473^'^ 

By Theorem III, log X = ^ log 473 = ;^(2.6749)= 0.8916. 

O O 

Hence x = 7.79, approximately. 

Example 2 has been done far more quickly than would be pos- 
sible by the method of section 25. Even the relatively simple 
example 1 has been done more quickly than by straightforward 
arithmetic. This is so essentially because multiplication is re- 
placed by addition of logarithms, division by subtraction of log- 
arithms and the extraction of roots by simple division of a log- 
arithm by the index of the root. What we have done with our 
table is to represent every positive number approximately as a 
power of 10. In example 1 , we have 

8.34 = 65.2 = lOi s'42^ 376 = 

(8.34)(65.2) 

and hence 370 ~ jQ2.j752 

_ IQO.9212+1 8142-2 r.T.se 

_ jQo 1602 _ 1 45^ approximately. 

Needless to say the accuracy obtainable by computation with 
logarithms is limited by the number of decimal places in the 
table. But tables are in existence which are carried out to as 
many places as are needed for all practical purposes. 

Remark. Notice that the formula log (a; + y) = log x + log y, 
which appears plausible at first glance, is false, for log x -(- log y 
is really log {xy). If it were true we would have an excessively 
simple table of logarithms. For log 1=0; hence log 2 = log 
(1 -|- 1) = log 1 + log 1=0; and log 3 = log (2 -f 1) = log 
2 -4- log 1=0, and so on; thus the logarithm of every whole 
number would be zero and we would need no table of logarithms. 
If this false formula seemed right to you, it was probably because 
of its superficial resemblance to the distributive law g{x y) = 
gx + gy. But the resemblance is no more than superficial. For 
in the distributive law we are multiplying (x + y) by a number g, 
while in the other case we are surely not multiplying by the word 
log. 
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EXERCISES 


Evalmte by means of logarithms: 


1 (34.2)(1.57) 

2. a^5.2. 

3. 

4. 112(1.04)‘s. 


_ iCJX.O 

’ 

(627) (32.4) 
(3.26) (65.8) 

7. -^^67300. 

8 . ^> 300 . 


9 . 376(1.06)“. 
(87.6) (47.4) 


10 . 


53.7 


11 . ^ 00857 . 

12. >yi)468. 


66. Applications of logarithms. An interesting application of 
logarithms can be made to the compound interest formula. If 
P dollars are invested at 4 per cent interest compounded annu- 
ally, the amount at the end of the first year is F -f- .04 P, or 
P(1 -f- .04), or P(1.04). At the end of the second year the 
amount is the new principal P(1.04) plus the interest on it, 
which is .04 P(1.04); thus the amount at the end of the second 
year is P( 1.04)-}- .04P(1.04)= P(1.04)(l -f .04)= P(1.04)2. At 
the end of n years we would have the amount A = P(1.04)". 

Example 1. -SlOO is invested as a trust fund for a child at 4% 
interest compounded annually. How much will it amount to in 
21 years? 

A = 100(1.04)21. 

Therefore, log A = log 100 -|- 21 log 1.04 

= 2 4- 21(0.0170)= 2.3i570. 

Hence, A = $228, approximately. 

Example 2. If $100 is invested at 4% interest compounded 
quarterly, how much will it amount to in 21 years? 

Here the interest will be taken 84 times at the rate of 1% each 
time. Hence 

A = 100(1.01)»i. 

Therefore, log A = log 100 -f- 84 log 1.01 

= 2 -f 84(0.0043) = 2.3612. 

Hence, A = $230, approximately. 

If you think of how long it would take to do this by .simple 
arithmetic, multiplying 100 by 1.01 eighty-four times, the time- 
saving property of logarithms should now be obvious. Other 
simple applications will be found in the exercises. 
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The human race has benefited greatly by saving untold hours 
because of the existence of tables of logarithms. It is said that 
when Briggs visited Napier, he remarked,* "My lord, I have 
undertaken this long journey purposely to see your person, and 
to know by what engine of wit or ingenuity you came first to 
think of this most excellent help in astronomy, viz, the loga- 
rithms; but, my lord, being by you found out, I wonder nobody 
found it out before, when now known it is so easy,” It is worth 
noting that this remark could be made with equal justice con- 
cerning almost any great mathematical invention. For the high- 
ways of mathematics are comparatively easy to follow, since each 
step is merely one of logical reasoning; but the blazing of the orig- 
inal trail may well have demanded the insight and foresight of 
genius. 

Logarithms are of great value in advanced mathematics quite 
apart from computation. 


EXERCISES 

1 . If $124 is deposited in a bank at 4% interest, compounded semi-annually, 
what will the amount be in 10 years? 

2 . It is desired to have a sum of $1000 in the bank ten years from now. Tlie 
bank pays 4% interest compounded annually. How much should we deposit 
now? 

3 . If the $24 which the Indians received in 1626 for Manhattan had been de- 
posited in a bank paying 4% interest compounded annually, what would it have 
amounted to in 1940? 

4 . If a person bets two cents on April 1st and doubles his bet each day there- 
after, how much will his bet be on April 30th? 

5. The area of the surface of a sphere is where r is the radius. Taking 
^ = 3.14 and assuming that the earth is a sphere of railius 3060 miles, find the 
area of the earth^s surface. 

4 

6. The volume of a sphere is -Trr^ where r is the radius. Using the data of ex- 

u 

ercise 5, what is the volume of the earth? 

7 . If P dollars are invested in a bank at 4% interest, compounded annually, 
how long will it take for the amount to be 2 P (that is, doubled)? 

8 . If $352 is deposited in a bank at 4% interest, compounded quarterly, what 
will the amount be in 5 years? 

9. The “period’^ T measured in seconds of a simple pendulum (that is, the 
time required for a complete oscillation) of length k is given by the formula 
T = 2 wy/W 9 , If ^ = 3.26 ft., g = 32.2, ir = 3.14, find T. 

♦ Cajori, History of MaihematieSy 2nd edition, pp. 150-151. 
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10 . Find the length of a pendulum whose period is 1 seconil, using the formula 
and data of exercise 9. 

11 . Suppose that an automobile costing $1000 depreciates at the rate of 20% 
per year; that is, its value at the end of each year is 80% of its value at the begin- 
ning of that year. Find its value at the end of (a) 5 years; (6) 10 years. 

12 . Neglecting friction, the velocity, measured in feet per second, of a sled slid- 
ing down a hill is given by v =\/2 gh where h is the vertical height of the hill, 
measured in feet, and g = 32.2. If h = 146, find v, 

67 . Calculating machines. The slide rule. Nothing could be 
further from the truth than the popular notion that mathemati- 
cians as a class enjoy doing calcula- 
tions. The fact is that the mathe- 
maticians have always been the ones 
who disliked the routine perform- 
ance of tedious calculations suffi- 
ciently to do something about it. 

We have already seen the simplifica- 
tions introduced into mathematical 
calculations by the arabic numerals 
and by the invention of logarithms. 

We shall discuss here two important 
mechanical devices designed to fur- 
ther relieve the mind from the 
necessity of thinking about boring 
calculations, thereby freeing it to 
think about more interesting things. 

The first device is based essentially 
on the idea of “carrying” in posi- 
tional notation (arabic numerals) 
while the second is based essentially 
on the theory of logarithms. 

Calculating machines. The first 
calculating machines were invented 
by Pascal and Leibniz in the 17th Pio. 40 

century. The general idea may be 

explained as follows, without going into mechanical details. 
A number of wheels are placed next to each other (Fig. 40). 
On each wheel appear the numbers 0, 1, 2,- -, 9. One may 
imagine a decimal point to be placed between any two of the 
wheels or at either extreme. A mechanism is arranged so that A 
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number may be registered on the wheels by pressing buttons or 
some other device; that is, this number is made to appear in a 
horizontal slit in the machine, say at the top of the wheels. Sup- 
pose that the number 13075 has been recorded on the machine, 

and that we now wish to 
add to this the number 
67. Pressing the 7 in the 
‘‘units column” will 
cause the “units wheel” 
to rotate through 7 more 
spaces thus showing the 
number 2. The essential 
point of the machine is 
that as the units wheel 
passes from the “nine” 
to the “zero” it automat- 
ically moves the next 
wheel one space, thus 
“carrying” one into the “tens column.” The machine now 
reads 13082. Now pressing the 6 in the “tens column,” the 
“tens wheel” rotates through 6 spaces, thus showing the num- 
ber 4. But as it passes from the “nine” to the “zero,” it auto- 
matically moves the next wheel one space, thus “carrying” one 
into the hundreds column. The machine now reads 13142. 

Multiplication is done essentially by repeated additions. Sub- 
traction and division can also be accomplished on such machines. 
Needless to say, the actual mechanisms of these machines may 
be exceedingly ingenious, but at the bottom of the whole thing 
lies the principle of “carrying” in positional notation. The idea 
of carrying is also used in the mileage-recorder on an automobile. 
The actual working of a calculating machine is best understood 
by using one and examining its movements directly. More de- 
tailed discussions of calculating machines may be found in the 
references at the end of the chapter. Many other kinds of cal- 
culating machines have been devised to perform various mathe- 
matical operations. Calculating machines, in general, not only 
relieve the mind of the burden of performing fatiguing and unin- 
teresting calculations but also have the additional virtue of being 
less likely to make a mistake than a human being. Thus it some- 
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times is advantageous not to think. But it should not be for- 
gotten that only by thinking can one invent, repair, reconstruct, 
or even understand the machine. 

The slide rule. The rectilinear slide rule was invented by 
Oughtred, an Englishman, in the 17th century. On each of two 
adjacent straight bars C and D we mark numbers so that their 
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distances from the 1 mark are proportional to the logarithms of 
the numbers (Fig. 42). Since log 2 = .301, log 3 = .477 and 
log 6 = .778, approximately, we might divide the length of each 
bar into 1000 equal parts and place the number 2 at the 301st 
mark, the number 3 at the 477th and the number 6 at the 778th. 
The distance of each mark from the end of the bar is proportional 
to its logarithm. To multiply 2 by 3 we may proceed to slide liar 
C so that its beginning (1) is directly over the number 2 on bar D. 
Then we find the product of 2 by 3 on bar D directly under the 
number 3 on bar C (Fig. 43). Obviously, sliding the bars in this 
way has the effect of adding the distance between 1 and 2 on bar 
D to the distance between 1 and 3 on bar C. But this means es- 
sentially adding log 2 and log 3. The resulting distance (between 
1 and 6 on bar D) must therefore be log 6 since log 2 -f log 3 = 
log 6. 

Similarly to divide 6 by 3 we would place the 3 on bar C over 
the 6 on bar D and read the result on bar D directly under the 1 
on bar C. Clearly we have used the fact that log 6 — log 3 = 
log 2. Many other operations can be performed with a slide rule. 
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Further details will best be understood by actually working with 
one. Since one’s eyesight enters into the reading of a slide rule, 
its accuracy is limited. But it is very useful when great accuracy 
is not needed, for example, in checking calculations. It is used 
extensively by engineers and others. 
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Chapter VIII 

IMPOSSIBILITIES AND UNSOLVED PROBLEMS 


68. Introduction. In sections 24 and 38 we have carefully 
pointed out that it is one thing to say that a problem has not been 
solved yet and another thing to say that it is impossible to solve 
it. For example, we proved that it is impossible for any rational 
number to satisfy the equation = 2; we did not say merely 
that no one has yet found such a rational number. The distinc- 
tion between these two things can hardly be called subtle. It 
must be regarded as one of the world’s wonders that many people 
blithely assume that all professional mathematicians are incapa- 
ble of grasping this distinction. Every few years, another crank 
looses a blast against the professional mathematicians’ “smug as- 
sertion” that angle-trisection, for example, is impossible “merely 
because they haven’t been able to do it.” Many of these amaz- 
ing people go further and claim actually to do it, and their pro- 
posed solutions are solemnly published, sometimes privately and 
sometimes in the daily press. Moreover, these people are diffi- 
cult to convince. Pointing to the logical proof that angle-trisec- 
tion, say, is impossible, does no good because if they knew enough 
mathematics to understand the proof they wouldn’t be publish- 
ing methods for trisecting angles. On the contrary, they refuse 
to try to learn the proof of impossibility and insist that the pro- 
fessional mathematician (if they have been so fleet of foot as to 
corner one) show them exactly where their method is wrong. 
Since their method usually consists of complicated constructions 
covering several square yards of paper, this task is not relished 
by the professional mathematician. Often the misguided zealot 
has completely misunderstood the problem; it may also happen 
that he does not grasp how it is possible to prove a thing impo.s- 
sible. The reader has already completed such a proof (section 
24). 

We shall discuss sketchily some ancient and some modern 
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problems; some are proved impossibilities and others are merely 
unsolved or open questions at the present time. Among the clas- 
sical problems are angle-trisection, the duplication of the cube, 
and squaring the circle, which are known as the “problems of an- 
tiquity.” Since mathematics is a living science, there are always 
a prodigious number of unsolved (that is, open) problems. How- 
ever, most of those which are really of importance are far too 
technical to be discussed here. But there are a few unsolved 
problems, of little practical importance, which are simple enough 
to be stated here and which are of interest either because of the 
stubbornness with which they have resisted solution or because 
of their unconventional nature. Some of these will be discussed 
below. 

69. Constructions with ruler and compasses. The ancient 
Greeks had a predilection for constructing figures with the aid of 
straight edge and compasses alone. To begin with there is no 
reason why we should not equally well restrict ourselves to con- 
structions with ruler alone, or compasses alone, or, on the other 
hand, why we should not permit other mechanical devices. The 
problem of constructions under these various conditions has been 
studied in modern times. The Greeks themselves did many con- 
struction problems by means of other devices besides ruler and 
compasses. It may be conjectured that their preference for ruler 
and compasses is related to their aesthetic appreciation of cir- 
cles and straight lines which are, perhaps, the simplest figures. 
Whether this conjecture is correct or not, the construction prob- 
lems of antiquity, mentioned above, were supposed to be done 
with ruler (unmarked straight edge) and compasses alone. For 
roughly 2000 years these problems were considered open ques- 
tions and remained a thoi'n in the side of mathematicians because 
with the synthetic (purely geometric) methods of the Greeks, no 
way of settling them was found. Only with the application of 
algebraic methods to geometry were these constructions proved 
impossible. These methods were not introduced until modern 
times and will be discussed in the next chapter. 

We shall indicate how one can prove the following (loosely 
stated) criterion for constructibility with ruler and compasses. 

Theorem. We can construct a quantity (length) with ruler and 
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compasses alone if and only if it can be derived from the data {given 
lengths) by a finite number of rational operations and extractions of 
square roots. 

This is really a theorem and its converse together (see Remark 
2, section 5). The converse (the "only 
if” part of it) will be discussed at the 
end of the next chapter. The "if” part 
of it is easy. We have only to show 
that given any two lengths a and h 
(and the unit length) we can construct 
with ruler and compasses the jcngths 
a + b, a — b, a ■ b, a/b, and \/a. The 
constructions of <z + & and a — b are 
obvious (Fig. 44). 

To construct a ■ b we lay off a, the unit length, and b on the 
sides of an angle as in Fig. 45, join P and Q and construct RS 

parallel to PQ at R. Then - = ^ since parallel lines cut off pro- 

€L Jl 

portional segments on two transversals. Hence the length x = 
a ■ b. 

To construct a/b we lay off b, the unit length, and a on the 
sides of an angle as in Fig. 46, join K and L and construct MN 

parallel to XL at N. Then j | for the rea.son quoted above. 
Hence y = a/b. 

To construct \/a we lay off the unit length and a as in Fig. 47, 
bisect BC, draw a semicircle with the midpoint D as center, and 
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construct a perpendicular at E. Now angle BFC is a right angle 
since it is inscribed in a semicircle. Angles BFE and FCE are 

equal since they are both complemen- 
tary to angle EFC. Hence the right 
triangles BFE and FEC are similar 
because two angles of one are equal 
respectively to two angles of the other. 

Hence - = Thus = a or z = y/a. 
z 1 

Now let us consider the problems 
of antiquity. 

60. The duplication of the cube. This problem is known as 
the Delian problem. It is said that during a plague in Greece, 
the people went to the oracle at Delos to ask how they might ap- 
pease the Gods. With the cruel 
sense of humor often attributed 
to oracles, it answered that if 
they would construct a cubical 
altar with exactly twice the vol- 
ume of a given cubical altar the 
plague would stop. The plague 
ran its course. The people, in 
their first enthusiasm, are said to 
have constructed a cube by 
doubling the side of the given one ; but this of course multiplied 
the volume by 8. Taking the given cube as the unit of volume 1, 
what they had to do was construct a quantity z to be the side of 
the doubled cube. But then x® = 2. The real root of a:® = 2 is 
-^2 which can be proved to be not expressible in terms of rational 
operations and the extraction of square roots only, and hence, by 
our criterion, is not constructible with ruler and compasses alone. 

61. The trisection of a given angle. The problem is to provide 
a construction by ruler and compasses alone for the trisection of 
any given angle. To be sure, some angles, like 180° or 90° can be 
trisected with ruler and compasses alone; that is, an angle of 60° 
or 30° can be so constructed. But 120° cannot be trisected; that 
is, an angle of 40° can not be constructed, with ruler and com- 
passes alone. This can be established by our criterion. It will 
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not be done here. For practical work, anybody can trisect any 
angle approximately enough by using a protractor finely enough 
divided. Theoretically exact solutions can also be obtained by 
mechanical devices other than ruler and compasses alone. Neither 
of these solutions have to do with the classical problem. Angle- 
trisection and circle-squaring are still popular sports among the 
vast army of amateur cranks; a proposed “solution” for one or 
the other appears every few years. 

62. Squaring the circle. The problem is to construct a square 
whose area is exactly equal to that of a given circle. Let the 
radius of the circle be 1 . Then the area of the circle is tt. But if 
X is the side of the square to be constructed we must have = tt. 
If we could construct a length equal to tt we could also construct 
X =-\/t, and conversely. But it can be shown that x is not con- 
structiblo because r is not constructible by ruler and compasses 
alone. In fact, not only is t inexpressible in a finite number of 
rational operations and square roots, but it is even inexpressible 
in terms of roots of any index. This is a consequence of the 
theorem that r does not satisfy any polynomial equation with 
integral coefficients, proved by Lindemann in 1882. There are, 
however, mechanical devices which can construct tt, 

A numl)er which satisfies a polynomial equation with integral 
coefficients is called an algebraic number. A number satisfying 
no such equation is called a transcendental number. Hence t is 
a transcendental number. A rational number x = p/q, where p 
and q are integers, by definition; hence x satisfies the equation 
qx — p = 0 with integral coefficients. It follows that every ra- 
tional number is algebraic, and hence that every transcendental 
number is irrational. On the other hand \/2 is algebraic, al- 
though irrational, .since it satisfies the equation x* — 2 = 0 with 
integral coefficients. Whether the number x' is algebraic or tran- 
scendental is still unknown today. 

63. Construction of regular polygons. A polygon is called 
regular if its sides and angles are all equal. By using our criterion 
it can be shown that while regular polygons of 4, 5, 6, 10 sides 
and others can be constructed, a regular polygon of 7 sides can- 
not. It was proved by Gauss, at the age of 19, that a regular 
polygon of 17 sides can be constructed, a fact which was not 
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previously suspected. He also gave such a construction. In 
fact, Gauss proved that if the number X = 2’“” + 1 is prime 
then a regular polygon of X sides can be constructed. A prime 

number is a natural number, 
greater than one, which has 
no factors except 1 and itself, 
like 2, 3, 5, 7, 11, 13, 17, 19, 
•••. For n — \ and n = 2 
respectively, X = 5 and 
X = 17. For w = 3, X = 
257, a prime number. De- 
tailed discussions of the con- 
struction of the regular poly- 
gon of 257 sides have been 
given. For n = 4, X = 
65,537 is also prime. The 
regular polygon of 65,537 
sides has been discussed. If 
a prime number X is not 
expressible as 2^” -|- 1 then 
a regular polygon of X sides 
cannot be constructed with 
ruler and compasses alone. 

64. Problems about prime numbers. The preceding section 
suggests that it might be desirable to know for what natural 
numbers n the number 2^" -f- 1 is prime. Fermat (see section 65) 
believed that 2^" -f 1 was prime for all natural numbers n. Euler 
(1707-1783) showed that this is not so by finding that 641 is a 
factor of 2^® + 1 = 4,294,967,297. However, there remains the 
question of whether the unending sequence of numbers 2^" -f- 1 
as n == 1, 2, 3, 4, 5, ••• contains only a finite (limited) number of 
primes or an infinite number of primes. This question is still an 
open or unsolved problem. 

There are many unsolved problems connected with prime 
numbers such as the following: 

1. Is every even number, other than two, the sum of two 
primes? (Goldbach’s conjecture.) For example, 4 = 2 -|- 2, 
6 = 3 + 3, 8 = 5 + 3, 10 = 7 + 3, 12 = 7 + 5. No one has 



Leonhard Euler 
1707-1783, Swiss 


§65] 


FERMAT’S LAST THEOREM 


S03 


ever found an even number greater than 2 which is not so expres- 
sible, but neither has anyone been able to prove that they all can 
so expressed. 

2. Find a formula for the number of primes between two given 
natural numbers. 

, 3. Is there an infinite number of pairs of primes differing by 
two? For example, 11 and 13, 17 and 19, 29 and 31. 

4. How can one decide practically whether or not a given 
natural number is prime? Clearly one can decide whether or not 
any natural number is prime by actually trying to divide it by 
every smaller natural number.* But this is not practical for large 
numbers. A machine was invented by D. H. Lehmer a few years 
ago which can decide question 4 in a short time for many very 
large numbers. For example, it factored 2*® 4- 1 into 529,510,939 
times 2,903,110,321 times 715,827,883 times 3^ in 3 seconds.f 

66. Fermat’s last theorem. 

Pierre de Fermat (lGOl-1665) 
was a lawyer and councillor for 
the parliament of Toulouse, 
whose leisure time was given 
largely to mathematics. He left 
his mark on many branches of 
mathematics, but had the an- 
noying habit of making brief 
marginal notes of his discoveries. 

One of these marginal notes, dis- 
covered after his death, asserted 
the following theorem: if n is a 
natural number greater than 2 
there cannot be three natural num- 
bers X, y, and z, such that x" -k y” 

= 0 ". (Notice that for n = 2 ^ Fermat 

there are such numbers ; for ex- 1601-1665, French 

ample 32 4-4® = 5®.) He wrote 

* This method can be somewhat refined to diminish the labor a little but it re- 
mains impractical for very large numbers. 

t Ball, Mathematical Recreations and Essays (llth edition), p. 61. For a description 
of the machine see D. H. Lehmer, Photo-Electric Number Sieve,'' Aimrican Maihr 
ematical Monthly^ 40, pp. 401-406 (1933). 
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that he had a remarkable proof for this for which there was no 
rooiA in the margin. Whether or not Fermat actually had a 
proof remains exceedingly doubtful because no one has yet 
proved the theorem, although many erroneous proofs have been 
proposed in the intervening three centuries. The theorem has 
been proved for certain values of n including every value from 3 
up to 616.* Note also that if the theorem has been proved for 
any value of n it is automatically proved for all multiples of that 
value. For example, having proved the theorem for w = 3 it is 
automatically proved for n = 6. For if there were integers x, y, z 
satisfying x® + j/® = 2 ® then the integers x^, y^, would satisfy 
the relation +( 2 /®)® = (z®)®. But no one has ever been able 
to prove it for all values of n. It is interesting to note that while 
the problem itself is not of great practical importance, the at- 
tempts to solve it have been the souree of many important math- 
ematical researches. Large prizes, still unclaimed, have been 
offered for the solution of this problem. It remains an open ques- 
tion. 

66. The four-color problem. The following problem might 
have originated in a printing shop which made colored maps. 




Suppose we agree to color every map according to the following 
rules : 

1. If two countries have a strip of boundary in common they 
must have different colors; 

2. If two countries have only isolated points of boundary in 
common they may have the same color. 

♦ See H. S. Vandiver, Duke Math£matical Journal III (1937) pp. 569-584. 
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Each country is understood to be in one connected piece. For 
example, the coloring of Fig. 48 is permissible. Notice that the 
map in Fig. 48 cannot be colored 
with less than 2 colors. The map 
in Fig. 49 requires 3 colors. The 
map in Fig. 50 requires 4 colors. 

The problem is: does there exist a 
map which requires 5 colors? Or 
to put it another way: can every 
map be colored with only 4 colors? 

This problem can be traced back 
to about 1840. Many people have 
proposed proofs that every map 
can be colored with 4 colors; all 
these proofs have been erroneous. 

It has been proved that every map 
can be colored with 5 colors, but no one has ever produced a map 
that really required 5 colors; all known maps, at the present writ- 
ing, can be colored with only 
4 colors. Whether the num- 
ber is 4 or 5 remains an open 
question today. Curious 
partial results have been 
proven. For example, it has 
been proved recently that if 
there were a map requiring 5 
colors it would have to have at least 36 countries on it. The 
problem has an extensive literature. 

67. The seven bridges of Konigsberg. The 

eity of Konigsberg, in the 18th century, had 
seven bridges situated as in Fig. 51. The 
problem is: can a pedestrian cross all seven 
bridges without crossing any one of them 
twice? The pedestrian may start anywhere Fio. 52 

and finish anywhere. This problem was 
solved in 1736 by Euler, who proved it impossible. The problem 
may be studied as follows : choose one point or vertex on each is- 
land and on each shore and join these vertices by paths across the 
bridges. We get thus the figure in Fig. 52, consisting of 4 points 
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joined by 7 paths. The question becomes: can we trace these 
paths with a pencil without lifting the pencil from the paper and 
without tracing any path twice. Many prob- 
lems of this nature appear in our newspapers. 
They may be settled as follows. A vertex is 
called even or odd according as it has an even 
or odd number of paths emanating from it. 
Then it is not hard to prove that a figure can 
be traversed exactly once, as required above, 
if and only if the number of odd vertices is 
either 0 or 2. In fact, if the number of odd 
vertices is zero, then we may start at any ver- 
tex and end at the same place ; if the number 
of odd vertices is 2, we may start at one of 
them and end at the other. Thus the figure in Fig. 53 can be 
traversed exactly once beginning at the odd vertex A and ending 
at the odd vertex B. Try to see why this is so. The bridge prob- 
lem above is an impossibility, and not an open question, since 



there are 4 odd vertices. Further details may be found in Ball, 
Mathematical Recreations and Essays. 

68. Three houses and three wells. The following is a very 
familiar puzzle. There are three houses, Hi, 
Hs and three wells Wi, W 2 , (Fig. 54). 
We are to join each house to each well by a pipe 
but no pipe is permitted to cross any other pipe. 
Not a^imple path Translated into mathematical language, we 
are to join each of the vertices Hi, Hi, Hz to 
eac’ the vertices Wi, Wz, TTa by a simple path, no two paths 




Fig. 53 
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being permitted to cross. (A simple path is one which does not 
cross itself. The path joining P and Q in Fig. 55 is not simple, 
while that of Fig. 56 is simple.) Hence the joining in Fig. 
54 is not permissible. Ex- 
periments will indicate 
(Fig 57) that we can in- 
sert 8 of the 9 paths 
without crossings, but 
not the 9th. (Note that 
a pipe may not be passed 
under a house. The 
houses are mathemati- 
cally considered to be- 
long to the paths as end- 
points.) We will sketch 
below an intuitive proof of the impossibility of this problem. 
Some preliminaries will be needed. 

Consider the figure in Fig. 58, 
consisting of a simple j)ath in the 
plane with its two vertices (end- 
points). By a network we shall 
mean any figure which can be 
built up from Fig. 58 by means 
of any succession of the follow- 
ing two operations; 

(1) Adding a new vertex and 
joining it to an old vertex by a 
simple path not crossing any existing path, as in Fig. 59; 

(2) Joining two existing vertices by a new simple path not 
crossing any existing path, as in Fig. 00. 

Examples of networks are to be seen in 
Figs. 52, 58, 59, 60, 61. 

We have the following theorem due to Euler. 

Theorem. Let V be the number of vertices, and E the number of 
paths in any network situated in a plane. If the network divides 
the plane into F regions, then V — E F = 

For example, the network in Fig. 58 has F = 2, JS? = 1, and 
F = 1 since it “divides” the plane into one region, that is, 



Fui. 58 






Fig. 50 
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the plane undivided; clearly 2 — 1 + 1 = 2. The network in 
Fig. 59 has V = 3, E = 2, F = 1; obviously 3 — 2 + 1 = 2. 

The network in Fig. 60 
has V = 3, E = 3, and F 
\ — 2 since it divides the 
plane into 2 regions, an in- 
Fig. 60 an outside. In 

the network of Fig. 61, 
before inserting the dotted path AB by means of operation (1) 
and the dotted paths CD and EF by means of operation (2), we 
have V = 8, ^ = 10, F = 4, and 8 — 10 + 4 = 2. After in- 
serting the dotted paths we have F = 9, F=13,F = 6 and 
9 - 13 -f- 6 = 2. 

To prove the above theorem we have only to reason as follows. 
The simple network of Fig. 58 clearly yields 2 as the value of the 
expression V — E F. But every network can be built up 
from this one by means of operations 
(1) and (2), by definition. Now opera- 
tion (1) cannot alter the value of F — F 
+ F since it leaves F unchanged but in- ^ 
creases V by one and E by one, and 
V and E have opposite signs. Similarly, 
operation (2) leaves the value of F — E 
-b F unaltered since it leaves F un- 
changed but increases F by 1 and clearly increases F by 1 ; but 
F and F have opposite signs. It follows that every network must 
have the same value for F — F -f F as the network of Fig. 58, 
namely 2. This completes the proof of Euler’s theorem. 

We are now in a position to establish that the 3 houses and 3 
wells puzzle is impossible, by means of an indirect proof (re- 
ductio ad absurdum). Suppose it were possible. Then we would 
have a network in the plane with 6 vertices and 9 paths. That is, 
F = 6, and F = 9. From Euler’s theorem we have 6 — 9 -f- F = 
2; hence F = 5. Inspection of Fig. 54 reveals that there are no 
three vertices each pair of which are joined by a path; that is, 
there are no “triangular” regions. That is, there are no regions 
bounded by exactly 3 paths. Similarly, inspection reveals that 
there are no regions bounded by exactly 2 paths; that is, there is 
no pair of vertices joined by exactly 2 paths. Therefore each 
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region must be bounded by at least 4 paths. Since there are 5 
regions, we might now be tempted to think that there must be at 
least 4 • 5 = 20 paths; but this would be wrong because each 
path is on the boundary of exactly two regions and has therefore 
been counted twice. It is correct, however, to say that there 
must be at least half of 4 • 5 paths, or at least 10 paths. This 
contradicts the hypothesis that our network is to have exactly 
9 paths. Since our supposition that the problem is possible leads 
to a contradiction, it must be impo.ssible. 

Exercise. Imitating the proof in the precodin^^* paragrapli as far as possible, 
show that it is impossible to join each of the five vertices of a pentagon to every 
other vertex by simple paths (in a plane) whitOi do not cross each other. (Hint: 
if it could be done there would be a network with V = 5, E == 10. See Fig. 62). 

A remarkable and difficult theorem proved by Kuratowski in 
1930 asserts that any network which cannot be drawn in a plane, 
without crossings, must contain in it either the 
network of Fig. 54 or that of Fig. 62. 

While oUr interest in networks has been due 
to a mere puzzle, it is worth remarking that net- 
works were studied by Kirchoff to good advan- 
tage in connection with his work on elecdrical 
circuits (1847). 

Remark. Euler’s theorem applies ecjually well to a network 
drawn on the surface of a sphere. If one thinks of the part of the 
plane in which our network is drawn as being a square sheet of 
rubber on which we place a sphere, resting on its south pole, we 
can stretch the rubber sheet over the surface of the sphere and 
“button it up” at the north pole, without altering the numbers 
V, E, F. Now imagine an ordinary polyhedron (like a cube, or a 
pyramid) made of rubber and placed within a glass sphere. The 
rubber polyhedron can be blown up until it clings to the inner 
surface of the glass sphere. Then the vertices, edges, and faces 
of the polyhedron appear as vertices, paths, and regions of a net- 
work on the sphere. Hence, for any polyhedron which can be so 
deformed into a sphere w’c have V — E F = 2, where V is the 
number of vertices, E the number of edges, and F the number of 
faces. For example, a cube has 8 vertices, 12 edges, and 6 faces, 
and 8 — 12 -f 6 = 2. Euler’s theorem is not true for networks 
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drawn on the surface of a doughnut or inner tube, for example. 
Therefore, the corresponding theorem for polyhedra like that of a 
picture frame (Fig. 63), which could be placed within an inner 

tube and blown up as above, is no longer 
true. For such networks or polyhedra we 
have V — E F = Q. Other surfaces 
yield different values for the number V — 
E ”1“ F. 

69. Puzzles. Many of the problems 
mentioned in this chapter are of interest 
only as puzzles rather than because of any 
practical value. As we pointed out before, 
this is partly because unsolved problems 
of practical value would be too technical to 
discuss here. One should not get the im- 
pression that mathematicians concern 
themselves exclusively with problems like 
those in this chapter. In fact, a student 
who brings a puzzle to his teacher is frequently met with rebuff. 
This is often due to the fact that most puzzles which circulate 
among laymen either depend on a play of words or joke of some 
sort, or, if legitimate, are easily soluble by well known mathemat- 
ical methods. For the mathematician, unlike the average lay- 
man, is not content to solve an individual puzzle; he immediately 
generalizes the problem and tries to find a general method of solu- 
tion for a whole class of similar problems. For example, Euler 
did not stop with the solution of the Konigsberg bridge problem 
but found the solution of a whole class of problems of that sort. 

While it would be frightfully wrong to regard mathematics as 
nothing but a collection of tricks for solving puzzles, an unfortu- 
nate impression which some students seem to get, nevertheless 
there is something to be said for the lowly puzzle. There can be 
no doubt that the personal satisfaction derived from a success- 
ful attack on a puzzle is a universal and human emotion. In 
fact, the somewhat childish ‘T-can-do-something-you-can’t-do” 
spirit may have stimulated mathematical research considerably.* 

* It should not be supposed, however, that mathematicians are never actuated by a 
pure love of science. A. Einstein says in his prologue to M. Planck^s Where Is Science 
Going?: ‘^Many kinds of men devote themselves to science, and not all for the sake of 
science herself. There are some who come to her temple because it offers them the op- 
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For example, during the 16th and 17th centuries it was custom- 
ary for a mathematician who had solved a new and difficult 
problem to withhold his method of solution and challenge all 
comers to solve the problem. This custom led to many enter- 
tainingly undignified and often violent disputes, but also served 
to stimulate other mathematicians who frequently advanced the 
progress of mathematics by their efforts. In modern times, how- 
ever, new results are published for all to read; this seems to be a 
much more mature way to cooperate for the advancement of 
science. 

It should also be said that even the lowliest and most unim- 
portant looking puzzle may possibly lead to general and im- 
portant considerations. We have already seen that apparently 
simple problems have led to mathematics of such difficulty that 
they are still unsolved. In any case, much ingenuity has been 
expended on what may be called mathematical amusements or 
recreations. Hosts of people have found in mathematical puzzles 
and in math(!matics in general a never-failing source of enjoy- 
ment. As a hobby mathematics has the very desirable chara(i- 
teristic of being inexhaustible. For even if you were to solve all 
the problems in existence at the moment (an unlikely eventu- 
ality), you could proceed to invent more i)roblems for yourself. 
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portunity to di.splay their paiticular talents. To this chess of men science is a kind of 
sport in the practice of which they exult, just as an athlete exults in the (jxorcise of his 
muscular prowess. There is another class of men who come into the temple to make 
an offering of their brain pulp in the hope of securing a profitable return. . . . Should 
an angel of God descend and drive from the Temple of Science all those who belong to 
the categories 1 have mentioned, I fear the temple would be nearly emptied. But a 
few worshippers would still remain — some from former times and some from ours.” 
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trisectors, circle-squarers, et. d., are flayed in a delightful manner by a master of 
academic sarcasm.) 

J. W. A. Young, Monographs on Modern Mathematics^ Longmans Green, N. Y., 
1911. (Chapter on Constructions with Ruler and Compasses by L. E. Dickson, 
and Chapter on the Theory of Numbers by J. W. A. Young.) 

Histories of Mathematics, as before. 


Chapter IX 


ANALYTIC GEOMETRY 


70. Introduction. The geometry of the ancient Greeks was 
the outstanding scientific achievement of the human race up to 
their time and for hundreds of years thereafter. The long period 
called the Dark Ages began, so far as mathematics is concerned, 
roughly with the fall of Greek civilization. The Romans, pre- 
occupied with military conquest, governmental affairs, and the 
acquisition of riches, contributed nothing to the progress of sci- 
ence. In 529 A.D., the emperor Justinian expressed his disap- 
proval of heathen learning by closing the schools at Athens. 
Europe, for roughly a thousand years, preserved in its monas- 
teries barely enough science, and that often copied rather than 
understood, to calculate the calendar in order to ascertain the 
dates of religious holidays. Not only were no improvements 
made in Mathematics but the excellent work of the Greeks was 
forgotten or degraded throughout Europe. Only the Arabs kept 
alive an interest in science and they preserved much of the Greek 
work together with Hindu arithmetic during these centuries. 
With the beginning of the Renaissance, progress in Mathematics 
revived along with progress in other fields. The algebra we hav’e 
studied was developed largely from the 13th century to the first 
years of the 17th century, its slow advance suffering long inter- 
ruptions due to frequent periods of war and religious strife. 

Yet, almost miraculou.sly, the thread of science has persisted 
through the centuries, often disappearing almost entirely. To be 
sure, much ancient work has been lost. A considerable number 
of Greek works were destroyed, for example, in the tragic burn- 
ing of the great library at Alexandria, containing hundreds of 
thousands of books collected for many centuries, in the 7th 
century a.d. by the Mohammedan conquerors. Their leader is 
said to have held that if the books disagreed with the Koran they 
lied and should be destroyed whereas if they agreed with the 
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Koran they were superfluous. The books were therefore burned 
to heat water for the soldiers’ baths. This was more serious than 
similar modern instances of religious, racial, and nationalistic 
intolerance since it occurred before the invention of the printing 
press, so that few, if any, copies of any given work could be ex- 
pected to exist. The early Mohammedans were not the first to 
damage the treasures of the Alexandrian library; they were 
merely the last and possibly the most thorough. The library 
had been subjected to vandalism before by other zealots. For- 
tunately, copies of some Greek masterpieces remained unharmed, 
sometimes in remote places. One of Archimedes’ works, for ex- 
ample, was found at Constantinople as recently as 1906 by 
Heiberg. 

190?^ 15th and 16th centuries saw the invention of the printing 
press, the circumnavigation of the earth, and the beginning of t he 
struggle against dogmatism and repressive authority. The Ren- 
aissance, in all its phases, got fairly under way. With the 17th 
century, there began a period of tremendous mathematical ac- 
tivity which is still in progress today. A great deal of modern 
mathematics has its roots in the 17th century and came to flower 
in the 18th and 19th centuries. The feats of engineering, the 
wonders of mathematical physics and astronomy, the manifold 
applications of mathematics to the field of statistics, all of which 
are so commonplace today, were made possible by mathematical 
researches which began in the 17th century. 

Until the 17th century, geometry had been thought of as deal- 
ing with figures in space and algebra as dealing with numbers, 
and no one had thought of studying geometry iystematically by 
means of algebra. In the first half of the 17th century, however, 
several people, notably Descartes and Fermat, saw that geo- 
metric theorems could be interpreted algebraically, and that 
algebraic theorems could be interpreted geometrically. In 1637, 
Descartes published a famous work on geometry in which he 
studied with great ease, by his algebraic methods, geometrical 
problems which demanded the greatest ingenuity when attacked 
solely with the purely geometrical methods of the Greeks. This 
so-called analytic geometry, coordinate geometry, or Cartesian ge- 
ometry (from Cartesius, the latinized form of Descartes) was 
part of the foundation on which the calculus of Newton and 
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Leibniz was reared in the latter half of the 17th century. In 
fact, it may be said to mark a turning point in the development 
of mathematics. Its importance lies in the fact that it unifies 
algebra and geometry. Let us 
see how this union of algebra ' 
and geometry was accomplished. 

Since elementary algebra is 
principally concerned with num- 
bers (or expressions involving 
numbers) and geometry deals 
chiefly with points (or figures 
composed of points), it is natural 
to expect the union of the two 
subjects to be achieved by some- 
how associating points with num- 
bers. This is done es.sentially by 
attaching to each point at least 
one label, each label consisting 
of one or more numbers. The 
numbers composing a label at- 
tached to a given point are callefl coordinates of the point. 
When we have attached such numerical coordinates to all our 
points in any way whatever we say that we have set up a co- 
ordinate system in our geometry. Such an association or cor- 
respondence between numeri(!al labels and points may be made 
in any manner whatever; but if it is to be useful, a coordinate 
system should have certain regular properties. For example, if 
P and Q are diff«rent points, no label attached to P should be 
exactly the same as any label attached to Q. Also, if two points 
are near to each other, they should have coordinates which do 
not differ very much. In .setting up such a coordinate system we 
can hardly meander about tying labels to points in a haphazard 
way one point at a time. Hence we use some device or scheme 
which enables us to attach coordinates to all points in a system- 
atic way, so that we can determine the coordinates of any given 
point or the point having any given coordinates ea.sily. Hence 
we may identify any point by means of its numerical coordinates 
or label. Some of the usual schemes for doing this will now be 
taken up. 
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71. One-dimensional geometry. Consider a single straight 
line. We have already seen how we can associate a real number 
with every point on it, after having chosen a starting point or 
origin, a unit of length, and a positive direction. It is customary 

the right side of the line.* The real 
point is called its coordinate. To 
jorresponds a definite real number 

_] I L__j I 1 

0 i 1 V2 2 3 

^IG. 64 

re corre.sponds a definite point on 
despondence between real numbers 
led a one-dimensional coordinate 
use each point is associated with a 
sen a different point as origin, or a 
fferent positive direction, we would 
■dimensional coordinate system for 

Let us choose a definite one-dimensional coordinate system on 
our line. The distance from the origin to the point whose co- 
ordinate is 3 is 3. The distance from the origin to the point 
whose coordinate is — 3 is also 3, since distance is always under- 
stood to be a positive number. By the absolute value of the real 
number x we mean x itself if x is not negative, or the positive 
number — x if a: is negative. We denote the absolute value of x 
by |x I . For example, |3 ] = 3 and j — 3 | = 3. The distance 
from the origin of the point whose coordinate is x is | x | . 

The distance between the points whose coordinates are 1 and 3 
respectively is |1 — 3| = | — 2| = 2. The distance between the 
points whose coordinates are — 1 and — 3 respectively is 
1(— 1) — (— 3)1 = 121= 2. The distance between the points 
whose coordinates are 1 and — 3 respectively is 1 1 —(—3)1 = 

1 4 1 = 4. We could prove the following theorem. 

Theorem 1. The distance between two points whose coordinates 
are Xi and x^, respectively, is \xi — X 2 1 . 

* If you turn the page upside down, or stand on your head, the “right” side becomes 
the “left.” This cannot affect the geometry of the figures we study since the figures 
are surely unconcerned about our posture. 
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This theorem may also be stated as follows: the distance be- 
tween the 'points whose coordinates are Xi and x% respectively is 
whichever of the two numbers Xi — x^ or x^ — Xi = — (xi — xf) 
happens to be positive. If the point with coordinate Xi is to the 
right of the point with coordinate Xz, then Xi — Xj is positive. 
Another way to indicate |xi — X 2 I symbolically is s/ (xi — Xj)^, 
since we have agreed that the radical sign denotes the positive 
square root, wherever possible. For example 

l(_ 3)_(_ i)|=V[(- 3)-(- i)Y = 2 . 

Let Xi and X 2 be the coordinates of two different points. Let 
x' be the coordinate of their midpoint ; that is, the point midway 
between them. Then either Xi<x'<X 2 or Xi>x'>X 2 . Suppose 


the first ca.se holds (Fig. 65). Then x' — Xi, being positive, is the 
distance between those two points, and X 2 — x', being positive, is 
the distance between the.se two points. But x' is the midpoint. 
Hence we must have 


(1) 

x' — Xi = X2 — x'. 

Hence, 

x' -|- x' == Xi -f X2 

or 

2 x' = Xi -f X2. 

Finally, 

, Xi -|- X2 

^ = 2 • 


Exercise. The other ease, where x\, x', x.> arc in order from right to left, pro- 
ceeds similarly. Give the proof for this case. 

We have the following theorem. 


Theorem 2 . The coordinate x' of the midpoint between the 

points whose coordinates are Xi and x% is given by x' = ^(xi + X2); 

that is, it is the average of the given coordinates. 

For example, the coordinate of the midpoint between the 

points whose coordinates are 5 and (— 3 ) is - — ^ = 1 . 
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EXERCISES 

Find (a) the distance between the points whose coordinates are given; (b) the co- 
ordinate of their midpoint: 

1. 7 and 5. 2. 6 and — 2. 3.-3 and — 7. 4. 4 and 8. 

6. — 3 and 7. 6.-5 and — 1. 7. 8 and 0. 8.-4 and 0. 

9. 5 and 2. 10. — 3 and 8. 

11. The point whose coordinate is 2 is the midpoint i)etween the point vviiose 
coordinate is — 3 and another point. Find the coordinate of the otiier point. 

72. Two-dimensional geometry. We now turn to plane ge- 
ometry with which we shall be occupied for most of this chapter. 
We may introduce coordinates into the plane as follows. 

Choose two perpendicular lines, and a unit of length. Call one 

of the lines the x-axis and the 
other the y-axis, and call their 
point of intersection the origin. 
Choose a positive direction on 
each of the axes and, by means 
of the chosen unit of length, set 
up a one-dimensional coordinate 
system on each axis. It is 
customary to consider the x-axis 
horizontal and the y-axis verti- 
cal, and their positive directions 
as being to the right and up 
respectively,* as in Fig. 66. Now 
consider any point P in the 
plane. Draw a line through P perpendicular to the x-axis. The 
number attached to the point on the x-axis where this perpen- 
dicular meets it is called the x-coordinate or abscissa of P. Sim- 
ilarly, draw a line through P perpendicular to the y-axis; the 
number attached to the point on the y-axis where this perpen- 
dicular meets it is called the y-coordinate or ordinate of P. Thus 
the abscissa of the point P in Fig. 66 is 3 and its ordinate is 1 ; 
we indicate these facts briefly by writing that the coordinates of P are 
(3,1), writing the x-coordinate first. Thus the coordinates of Q 
in Fig. 66 are (— 1,0) the coordinates of R are (0,— 1), and the 
coordinates of the origin are (0,0). Clearly, each point in the 

* See the footnote on page 216. 
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plane has a definite pair of coordinates and every pair of real 
numbers determines a definite point in the plane. This one-to- 
one correspondence between the points of the plane and number 
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pairs {x,y) is called a two-dimensional coordinate system, iwo- 
dimensional because each point is identified by a pair of real 
numbers. If we had chosen a different pair of axes, or a different 
unit of length, or different positive directions, we would have ob- 
tained a different two-dimensional coordinate system for the 
same plane. In most of this chapter we shall suppose that we 
have chosen a definite two-dimensional coordinate system. We 
shall speak loosely of the point {x,y) or the point (2,3), meaning 
the point whose coordinates are {x,y) or (2,3), respectively. 
Lines parallel to the z-axis are called horizontal and lines parallel 
to the i/-axis are called vertical. A line which is neither hori- 
zontal nor vertical is called oblique. 

The idea of coordinates introduced here is nothing but a sys- 
tematization of the way in which we might locate a certain corner 
in a city with rectangular streets, such as the corner of Last 2nd 
St. and South 1st St. To reach this corner from Main and Broad- 
way, we go 2 blocks East and 1 l)lock South. Similarly, to say 
that the coordinates of a point are (2,— 1) means that to reach 
it, starting from the origin, we must proceed 2 units in the direc- 
tion of the positive side of the x-axis and then 1 unit in the direc- 
tion of the negative side of the y-axis. Marking a point with 
given coordinates is called plotting the point. 
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In this simple idea of coordinates we have the germ of the uni- 
fication of geometry and algebra. Although geometry may be 
concerned with points and algebra with numbers, we have now 
identified each point in the plane with a pair of numbers and con- 
versely. It remains now to exploit and develop this idea. In 
particular, we shall see how various geometric concepts can be 
translated into algebraic terms, by means of this simple device of 
coordinates, and studied by algebraic means. It may be difficult 
to see how so simple a notion can lead to anything important. 
This, however, can be said of many great scientific ideas. It 
takes insight and imagination to see in a simple idea its implica- 
tions and potentialities. 

Remark. Squared graph paper will be useful for all the exer- 
cises in this chapter. A diagram should be made for each exer- 
cise. 

EXERCISES 

1 . Plot the points whose coordinates are (1,2), (2,1), (— 1,2), (2, — 1), 
(- 2 , - 1 ). 

2 . Plot the points whose coordinates are (3,2), (2,3), (3,— 2), (— 3,2), 
(- 3 , - 2 ). 

3 . Plot the points whose coordinates are (3,0), (0,3), (— 3,0), (0,— 3), (0,0). 

4 . What is the ^/-coordinate of any point on the o’-axis? 

6 . What is the a:-coordinate of any point on the y-axis? 

6 . What are the coordinates of the origin? 

7 . If two points are on the same vertical line what can be said about their 
a:-coordinates? 

8 . If two points are on the same horizontal line, what can be said about their 
2/-coordinates? 

9 . A square has its center at the origin. (The center of a square is the point at 
which its diagonals intersect.) The sides of the square are parallel to the x- and 
^/-axes respectively. If one of the vertices of the square is the point (3,3), find 
the coordinates of each of the other three vertices. 

10. A rectangle has vertices at (0,0), (5,0), (0,3). Find the coordinates of the 
fourth vertex. 

73. Other types of coordinate systems. The two-dimensional 
coordinate systems introduced into the plane in the preceding 
section are known as rectangular coordinate systems because the 
axes are perpendicular. We digress for a moment to point out 
that other types of coordinates can be used. For example, we 
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might use what are called oblique coordinate axes as in Fig. 68. 

Or, instead of saying that a , 

certain point may be reached by 
proceeding 1 mile East and 1 
mile North (rectangular coordi- 
nates), we might say walk at an 
angle of 45° between North and 
East for a distance of \/2 = 

1.414 ••• miles (Fig. 69). This 
would be most natural in open 
country, for example. This sug- 
gests that any point in the plane can be speci- 
fied by stating the angle A (measured in the 
counterclockwise direction, say) with a chosen 
fixed direction, and the distance r to be trav- 
ersed from the origin O, or starting point, in the 
direction given by the angle (Fig. 70). If we 
specify our points by such a pair (.4, r) we call 
the resulting correspondence between number- 
pairs (A,r) and points a polar coordinate system. 

Other systems, such as various kinds of curvilinear coordinates 
are sometimes used in which systems of 
curves take the place of the straight lines on 
ordinary graph paper (Fig. 71). If one were 
Jiudying the geometry of figures on a 
cu.rved surface of some sort instead of a plane 
(fla't surface), we might naturally employ 



Fig. 69 





Fixed direction 

Fig. 70 



Fig. 71 


some sort of curvilinear coordi- 
nates. An example of this is our 
system of latitude and longitude 
on the surface of the earth. 
When we specify a place as 60° 
west longitude and 42° north 
latitude we are using the curvi- 
linear coordinate system pictured 
in Fig. 72 with the equator and 
Greenwich meridian as x and y 
axes respectively. The “paral- 
lels” of latitude and “meridians” 
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of longitude form the network of curves. Degrees are used in this 
system b*ecause longitude and latitude signify angles at the center 

C of the earth as indicated in 
Fig. 72. 

In plane geometry, the rec- 
tangular coordinates introduced 
in the preceding section are the 
easiest to use. Hence in our 
study of plane geometry here, 
we shall use rectangular coordi- 
nates exclusively. 



74. Distance. Let Pi be a 
point whose coordinates are 
(xi, yi), and let P 2 be a second 
point with coordinates (x 2 , ^ 2 ). 
Since Pi and P 2 are different 
points, we cannot have both the 
equalities Xi = x^ and yi = ^2 although wo may have one or the 
other or neither. We shall discuss these three cases separately. 
Case 1. Suppose Xi = x^; that is. Pi and P 2 are on the same 
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vertical line. Then the distance P 1 P 2 is equal to the distance be- 
tween the points (0,yi) and ( 0 ,^ 2 ). (Why?) But by Theorem 1, 
section 71, this distance is \y\ — y 2 \ or \/{yi — y^y. 

For example, the distance between the points (1,— 3) and 
(1,2) is |(-3)-2| = l-5|=5. 

Case 2. Suppose yi = y^; that is Pi and P 2 are on the same 
horizontal line. Then the distance P 1 P 2 is equal to the distance 
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between the points (xi, 0 ) and (x 2 , 0 ). (Why ?) But by section 
71 , this distance is [xi — X2I or V (xi — X2)^ 

For example, the distance between the points (— 2 , 4 ) and 
(l, 4 )isl(- 2 )-l| = |- 3 l = 3 . 

Case S. The only remaining possibility is that xi ^ Xi and 
yi 5^ 2/2. Then the line P1P2 is 
oblique, that is, neither horizontal 
nor vertical. Draw a horizontal 
line through Pi and a vertical line 
through P2. These lines meet at a 
point M whose coordinates are 
(x2,2/i); see Fig. 75 (the student 
should verify that our statements 
are true even when Pi and Po are in 
positions other than tho.se pictured). Therefore by the tw o 
previous cases, PiM is \/(xi — Xo)'^ and MP-z is \/{yi — y^yK 
Thus we have {P\MY — (xi — X2)^ and {MPi)"^ — (y\ — 2/2)^. 
Since angle M is a right angle we have (PiP>)* = {PiMY + 
{MPy}"^ by the Pythagorean theorem. Therefore 

{P1P2Y =(xi - X2)2 +(2/1 - 2/2)^ or 
(1) P1P2 =V(xi — X2)'-' +(2/1 - y^y^- 

For example the distance between the points ( 1 , — 1 ) and ( 4 , 3 ) 
is 

V(i - ^y- +{ - 1 - 3 )^ =\/F^F+T-T)'^ = 5. 

Note that formula ( 1 ), which was derived from the hypothesis 
of Crt.se 3 , applies also to Cases 1 and 2 . If ( 1 ) is applied to Ca.se 
1 whvsre Xi = X2, the term Xi — X2 = 0 and ( 1 ) reduces to 
\/( 2 /i — yiY> thus the formula ( 1 ) yields the correct result for 
Case 1 . 

Exercise. Verify that the formula (1) yields the correct result for Case 2. 
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We have proved the following theorem. 


Theorem 3 . // Pi and P2 are any two points with coordinates 
(xi,yi) and (x2,2/2) respectively, the distance P1P2 between them is 
given by 
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EXERCISES 

Find the distance between each of the following pairs of points: 

1. (3,7) and (-2,- 5). 2. (0,0) and (- 3,4). 

3. (- 2,2) and (2,2). 4. (0,2) and (- 1,3). 

6 . (2,3) and (2,- 7). 6 . (3,- 1) and (- 7,- 1). 

7. (0,0) and (- 4,0). 8. (0,0) and (0,~ 6). 

9. Show that the triangle whose vertices are (— 1, — 2), (3, — 2), (1,5) is isos- 
celes. Is it also equilateral? 

10. Find the lengths of the sides of the triangle whose vertices are (0,0), (0, — 5) 
and (— 12,0). 

11 . Let Aj B, C be points whose coordinates are (— 2,3), (— 6,— 3), and (1,1) 
respectively. Use the converse of the Pythagorean theorem to show that ABC is 
a right triangle. 

12. As in exercise 11, show that the points (—4,— 3), (6,— 5), (~ 3,2) are 
the vertices of a right triangle. 

13. (a) Show that the points (3,1) and (— 3,1) are on a circle whose center is 
(0,5). 

(b) What is the radius of this circle? 

(c) Does the point (—4,-2) lie on this circle? 

(d) Does the point (2,4)? 

(e) The point (— 4,2)? 

14. Find a point on the a;-axis equidistant from the points (5,4) and (6,— 3). 
Hint: let the desired point be (a:,0) and find x, 

16. Find a point on the y-axis equidistant from the points (3,1) and (4,— 6). 
Hint: let the desired point be (0,^) and find g, 

16. Show that the points (-- 3,— 3), (3,5), and (6,9) lie in a straight line. 
Hint: the sum of the lengths of any two sides of a triangle must be greater th/an 
the length of the third side. 


76. Midpoint of a line-segment. Let P'{x',y') be the mid- 
point of the line-segment joining Px{xi,y\) and Pz(x 2 ,y 2 ). We 



shall find expressions for the co- 
ordinates of P' in terms of the co- 
ordinates of Pi and P 2 . 

Case 1. Suppose P 1 P 2 is neither 
horizontal nor vertical. Draw ver- 
tical lines through the points Pi, 
P', P 2 , intersecting the a:-axis at 
A{xi,0), B(x',0), C{x2,0) respec- 
tively. Clearly B is the midpoint 


Fio. 76 of AC since if parallels intercept 
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equal segments on one transversal (P 1 P 2 ) they intercept equal 
segments on any transversal (the x-axis). Thus, by Theorem 2, 
section 71, we have 


( 1 ) 


x' = 


Xi + X2 
2 


Similarly, by drawing three horizontal lines through Pi, P', P 2 , 
we would obtain 


( 2 ) 


, ^ j/l + j/2 

2 ■ 


The proof of (2) is left to the student. 

Case 2. Suppose PiPi is horizontal. Then yi = y' = y^. Hence 
y' y' — yi 2/2 by substitution. Thus 2 y' = yi -{■ y^ and 

y' ~ 2 ^yi + 2 / 2 )- Hence the same formula (2) applies in this 
case. 

Formula (1) can be derived just as in Case 1. 

Case S. Suppose P 1 P 2 is vertical. Then Xi = x' = X 2 . As in 
Case 2, we may prove that formula (1) holds in this case as well. 
The derivation of formula (2) in this case is the same as in Case 1. 


Exercise. Complete the proofs in detail for each case. 
Hence we have the following theorem. 


Theoeem 4. The coordinates {x',y') of the midpoint of the line- 
segment whose endpoints are {x\,y\) and {xi,yi) are given by 


(3) 


X = 


Xi + X2 
2 ’ 


,/ = yi±yi. 
^ 2 


In other words, the abscissa of the midpoint is the average of 
the abscissas of the endpoints, and the ordinate of the midpoint 
is the average of the ordinates of the endpoints. 


EXERCISES 

1. Find the coordinates of the midpoint of the line-segment joining ( — 1, — 3) 
and (7,11). Use the distance formula to verify that this midpoint is equidistant 
from the given points. 

2 . Find the midpoints of the sides of the triangle in: 

(a) exercise 9, section 74; (b) exercise 10, section 74; 

(c) exercise 11, section 74; (d) exercise 12, section 74. 

3 . Find the lengths of the 3 medians in each of the triangles of exercise 2. 
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4. For each of the triangles of exercise 2, show that the length of the line-seg- 
ment joining the midpoints of any two sides of the triangle is equal to half the 
length of the remaining side. 

6 . The point P(3,5) is on a circle whose center is (— 1,2). Find the coordi- 
nates of the other end of the diameter passing through P. 

6 . The points (— 2,6) and (4,— 2) are opposite ends of a diameter of a circle. 
Show that (6,2) lies on the circle. 

7. Write the coordinates of the midpoint of the line-segment joining (a,6) and 
(c,d). 

76, Slope. We have already seen how the familiar geometric 
concepts of distance and midpoint of a line-segment may be 

treated algebraically. In this section we 
shall discuss a means of treating alge- 
braically problems connected with the 
idea of the direction of a line, in par- 
ticular, problems of parallel and perpendicular lines. 

If a hill rises 15 feet vertically for every 100 feet of horizontal 
progress, it is customary to say that it has a slope of 15/100. If 
it were steeper, rising, say, 30 ft. for 
every 100 feet of horizontal progress, it 
would have the larger slope* 30/100. 

In Fig. 78, the line-segment P 1 P 2 rises 
exactly ?/2 — yi units (that is, the dis- 
tance QP 2 ) while making horizontal 
progress of X 2 — Xi units (that is, the 
distance PiQ). Hence it is natural to 
make the following definition. 

Definition 1. By the slope of the line-segment joininef the 

points Pi(xi,yi) and P 2 {x 2 ,y 2 ), we shall mean the number — 

X2 — Xi 

provided this number exists. 

Exercise. Prove that ^ — = — It follows that it does not matter 

Xi — X\ X\ — Xi 

which of the two given points we take as Pi in applying the definition. 

Example. The slope of the line-segment joining the points 
1—3 — 2 

(5,3) and (8,1) is = — — If we had taken the second 

8 — 5 o 

3 j 2 2 

point as Pi, we would obtain = — ~ = — o> ^ before. 

5 — 8 — 3 o 



Fig. 78 



100 


Fig. 77 
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However, the slope of the line-segment joining (2,1) and (5,3) is 
3-12 
5 - 2 - 3‘ 

The geometric significance of our 
definition will be brought out by the 
next two theorems. 

Theorem 5. If a line-segment rises 

as we 'proceed from left to right, its slope ^ 
is positive. If it sinks as we proceed from Fio. 79 

left to right, its slope is negative. If it is 

horizontal, its slope is zero. If it is vertical, it has no slope at all. 




Proof. Let Pi(xi,yi) be to the left of Pi{x 2 ,y 2 )- Then xi < x^, 
or X 2 — Xi is positive. If the segment P 1 P 2 rises as we proceed 
y from left to right, then y-z > y^ or 

1/2 — Vi is positive (Fig. 78). Heiu^e 
the slope is positive since it is obtained 
by dividing one positive number, 
yz — yi, by another, Xz — Xi. 

If the segment sinks as we proceed 
from left to right then yz < y\ and 
2/2 — y\ is negative (Fig. 80). Hence the slope is negative since 
it is obtained by dividing a negative number, yz — 2 / 1 , by a posi- 
tive number, Xz — Xy. 

By the exercise above, the .slope is the same whether we take 
Pi to be the left hand point or the right hand point. 

If the segment is horizontal, then yz = y\, or yz — t/i = 0. 
Hence the slope is zero. 

If the segment is vertical, then Xz = Xi, or Xz — X\ — 0. Hence 
zero occurs in the denominator of the expre.s.sion for the slope and 
the slope is therefore undefined for this case. This completes the 
proof. 

The converses of the statements in Theorem 5 are also correct 
but we shall not prove them here. 


Theorem 6. Let the line-segment PiPz be oblique. Draw a hori- 
zontal line through Pi and a vertical line through Pz, meeting at Q. 

PiQ P2Q 

Then the slope of the segment PiPz is equal to -b or 


PiQ 


PiQ 


228 


ANALYTIC GEOMETRY 


[Ch. IX 


according as the segment rises or sinks as we proceed from left to 
right 


Proof. Clearly the coordinates of Q are (x 2 ,yi) . Hence pi — pi 
is either the distance P 2 Q or — P 2 Q. Similarly X 2 — Xi is either 
the distance, PiQ or — PiQ. Therefore, in any case, the slope is 


either 


*4" P 2 Q 


or 


P2Q 


PiQ PiQ 

determined in Theorem 5. 


Which sign occurs has already been 


Theorem 7 . If two line-segments P1P2 and P3P4 are on the 
same non-vertical line, then their slopes are equal. 

Proof. Case 1. Suppose the line is horizontal. Then both 
slopes will be zero, by Theorem 5, and are consequently equal. 

Case 2. Suppose the line is oblique. Draw horizontal and 
y vertical lines as in Fig. 81. Angles Q 

and R are right angles. Angles Pi 
and P3 are equal since they are corre- 
sponding angles of parallel lines. Hence 
the right triangles are similar since two 
angles of one are equal to two angles of 
the other. Now, it is a theorem of plane 
geometry that if two triangles are similar, 
the ratio of the lengths of any pair of sides of one triangle equals the 
ratio of the lengths of the corresponding pair of sides of the other 

P iQ, P aR 



Fig. 81 


triangle. Hence 


By Theorem 6, these expressions 


PxQ P,R 

are either the slopes of the segments P1P2 and P3P4 or the nega- 
tives of these slopes, according as the line rises or sinks as we 
proceed from left to right. In either case, the slopes are equal. 
This completes the proof. 

By Theorem 7, the slope of any line-segment on a given line is 
the same as the slope of any other line-segment on the same line. 
This makes possible the following natural definition. 


Definition 2. The slope of a line shall mean the slope of any 
line-segment on it. 

That the converse of Theorem 7 is false is apparent from the 
following theorem. 
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Theorem 8. If two non-vertical lines I and I' are 'parallel, then 
they have the same slope. 

Proof. Case 1 . If the lines are horizontal, then their slopes are 
both zero. 

Case 2 . Suppose the lines are oblique. Since they are parallel, 
they either both rise or both sink as y 
we proceed from left to right. Thus 

their slopes must have the same sign. ^ 

Let Pi and Pf be the points where I yi / 

and V meet the x-axis, respectively. y V 

Let P‘1 and P-f be any other points on / / 

I and I', respectively. Let Q and Q' be o? — * 

the points where the vertical lines g2 

through P2 and P2' meet the x-axis, 

respectively. The angles Pi and Pf are equal, since I and I' 
are parallel, and Q and Q' are both right angles. Therefore, the 

PoQ PfQ' 

right triangles arc similar. Hence By Theorem 6, 

i \ H 

this implies that I and V have the same slope. 

Theorem 9. If two distinct * non-vertical lines I and I' have the 
same slope, then they are parallel. 

Proof. Case 1 . If their slope is zero, the lines are both hori- 
zontal, and hence parallel. 

Case 2 . If their slope is not zero, the lines either both rise or 
both sink as we proceed from left to right, according as the slope 
is positive or negative. Draw right triangles P1P2Q and PfPfQ' 
just as in the preceding theorem (Fig. 82). Since the slopes of I 

pn P2Q' 

and V are equal, we have q-— = Angles Q and Q' are 

i JT 1 y 

equal, since they are both right angles. It is a theorem of plane 
geometry that, if one angle of a triangle equals one angle of an- 
other triangle, and the ratio of the sides including the first angle 
equals the ratio of the sides including the other, then the tri- 
angles are similar. Hence the triangles P1P2Q and PfPfQ' are 
similar. Therefore, angle Pi is equal to angle Pi'. Hence I and 

* Two lines are called distinct if they are different, that is, if they do not coincide. 
Two distinct lines may very well have one point in common, however. 
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V are parallel, because a pair of corresponding angles made by a 
transversal (the a:-axis) are equal. This completes the proof. 

If two line-segments have the same slope they are either on the 
same line or on parallel lines. 

Theorem 10. Let I and I' he two oblique lines whose slopes are 
denoted by m and m' respectively. If mm' — — 1, then the lines are 
perpendicular. 

Proof. Since mm' = — 1, by hypothesis, m and m' are of op- 
posite sign. Suppose, for example, 
m is positive. Then / rises and I' 
sinks as we proceed from left to right; 
hence they must intersect at some 
point A. Choose another point B 
on 1. Draw a vertical line through B; 
this line must meet V at some point 
C, since V is not vertical. Draw a 
horizontal line through A meeting 
BC at D. By Theorem 6, w = 
BD/AD while m' = - DC /AD. By 
hypothesis, mm' = — 1 or m = — 1 Jm' . Thus 

BD - I BD AD 

AD - DC /AD’ AD ~ DC' 

Since angles BDA and ADC are right angles, it follows that the 
right triangles BAD and CAD are similar, by the theorem of 
geometry quoted in the preceding proof. Hence angle BAD is 
equal to angle C since corresponding angles of similar triangles 
are equal by definition. Now since triangle CAD is a right tri- 
angle, we have 

(2) 4 DAC + 4 C = 90°. 

Substituting in (2) we have 4 DAC -f- 4 BAD = 90°. There- 
fore, 4 BAC = 90°. This is what we had to prove. 

The converse of Theorem 10, is also true but we shall not prove 
it here. 

Example. Let the points A, B, C, D have the coordinates 
(2,3), (4,7), (6,6), (4,2) respectively. Show that ABCD is a rec- 
tangle. (The student should draw the figure.) 

The slope of .4.5 IS 2 ^ the slop 0 of BC is ““ ~ j fhe slope of CD is 
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2; the slope of DA is — Since the slopes oi AB and CD are 

equal, AB and CD are either parallel or on the same straight 
line ; but they are not on the same straight line since the slope of 
BC is not also 2. Hence AB and CD are parallel. Similarly, AD 
and BC are parallel. Therefore, the figure is a parallelogram. 
But the slope oi AB multiplied by the slope of BC yields — 1 . 
By Theorem 10, AB and BC are perpendicular. Therefore ABCD 
is a rectangle. 


EXERCISES 

1 . Show that the slope of the segment joining (1,2) and (3,8) is equal to the 
slope of the segment joining (4,10) and (8,22). Establish whether or not all four 
points are on the same line. 

2. Show that the slope of the segment joining (1,2) and (2,0) is equal to the 
slope of the segment joining (4,14) and (9,34). Establish whether or not all four 
points are on the same line. 

3 . Find the slopes of the sides of the triangles in: {a) exercise 12, section 74; 
(6) exercise 11, section 74; (c) exercise 10, section 74; (d) exercise 9, section 74. 

4 . Find the slope of the lines joining the midpoints of the sides of each triangle 
in exercise 3. Establish in each triangle, that the line joining the midj)oints of 
any two sides of the triangle is parallel to the third sifle. 

6. Prove that the points (- 2,- 2), (- r>,l), (- 4,.')) and (- 3,- fi) are 
vertices of a parallelogram. 

6. Using Theorem 10, .show that the triangles given in («) (>xeiciso 11, si'ction 
74, (6) exercise 12, section 74, are right triangles. 

7. Show that ^(1,6), B(4,5), C(l,- 4) and D{- 2,- 3) are tl.e vertices of a 
rectangle. 

8. Draw a line through the point (2,3) having (a) the slope 2; {h) the slope -; 

(c) the slope — (d) the slope — 2. 

9. Draw a line through the point (1,3) having (a) the slope 2/5; (b) the slope 
- 5/2; (c) the slope - 2/5; (d) the slope 5/2. 

10 . If A, B, C, D have the coordinates (— 2,0), (2,4), (0,0), and (2,- 4) re- 
spectively, show (o) that ABCD is a square; (b) that the diagonals of this square 
are equal and perpendicular to each other; (c) that the diagonals bisect each 
other. 

11 . If A, B, C, D have the coordinates (- 1,0), (3,4), (7, - 2), (4, - 3) respec- 
tively, show that the line-segment joining the midpoints of AB and BC is equal 
and parallel to the line-segment joining the midpoints of CD and DA. 

12 . State and prove the converse of Theorem 10. 
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77. Proofs of theorems. By analytic methods (that is, the use 
of coordinates) we can prove easily theorems in geometry which 
demand considerable ingenuity when attacked by the “synthetic” 
methods of the ancient Greeks. We shall take up some simple 

examples here. It will be useful to re- 
member that we may choose our axes 
wherever we wish. We shall usually 
find it convenient to choose axes in such 
a way that as many coordinates as pos- 
sible are zero. 

Example. Prove that the length of 
the line-segment joining the midpoints 
of two sides of a triangle is half the length of the third side. 



Proof. Choose the line of the third side as our a:-axis and let 
one vertex be the origin. Then the coordinates of the other two 
vertices may be denoted by (a,0) and (b,c) where a > 0. By The- 
orem 4, section 75, the midpoints M and N have coordinates 

a c 

the distance WAT - |/(^ - + (| - 

But the length of the third side is a — 0 = a. This proves the 
theorem. 


^ respectively. Hence, by Theorem 3, 


(6/2,c/2) and 


Remark. If we had assigned definite numerical coordinates to 
the vertices we would have proven the theorem only for a par- 
ticular triangle. By using unspecified literal coordinates we 
prove the theorem in all generality. 

Note that our proof is much shorter than the proof you learned 
in high school, which involved making judiciously chosen con- 
struction lines, and a more or less ingenious argument. Here we 
have only to apply our formulas. 


EXERCISES 

1. Prove the theorem above, using the other pairs of sides in Fig. 84. 

2. Prove the following theorems analytically, remembering to choose the axes 
in a convenient position: 

(o) The diagonals of a rectangle are equal. 

(6) The diagonals of a rectangle bisect each other. 
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(c) The midpoint of the hypotenuse of a right triangle is eqiiidistent from the 
three vertices. 

(d) Two medians of an isosceles triangle are equal. 

(e) The diagonals of a square are perpendicular. 

(/) The line-segments joining the midpoints of the sides of any quadrilateral 
in succession form a parallelogram. 

(g) The line-segments joining the midpoints of opposite sides of any quadri- 
lateral bisect each other. 

(h) If the diagonals of a rectangle are perpendicular, then the figure is a 
square. (Hint: use the converse of Tlieorem 10, section 70.) 

78. The graph of an equation. We have already seen that 
points in a plane may be identified with pairs of real numbers, 
and that certain geometric concepts, like distance, etc., may be 
studied by means of algebraic formulas. To see how other geo- 
metrical considerations may be reduced to algebraic problems, 
we need the following definition. 

Definition. By the graph or locus or curve of an equation in 

two variables x and y we mean the set of (!) all those points, and, (2) 
only those points, whose co- 
ordinates satisfy * the equa- 
tion. 


Example 1. Consider the 
equation x y = 5. The 
point (2,3) is in the locus of 
this equation since 2-1-3 
= 5. That is, the pair of 
values X = 2, y = 3 satisfies 
the equation a: -f y = 5, or 
converts it into a true state- 
ment. So are the points 
(3,2), (1,4), (-2,7), (6,-1). 

But the point (1,3) is not in 
the graph since 1 -f 3 5. 

Clearly we may substitute any value for x and obtain a corre- 
sponding value for y from the relation y = 5 — x. Many corre- 
sponding pairs of values may be tabulated as follows. 

* A pair of values for x and y is said to satisfy an equation if the equation becomes a 
true statement when these values are substituted in it. 



Fig. 85 
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X 

2 

.3 

1 

- 2 

6 


y 

^ 1 

2 

4 

7 i 

- 1 



Marking these points on the graph (Fig. 85) we see that the 
graph seems to be a straight line. 

Remark. Note that both conditions (1) and (2) are important. 
Thus the set of the 5 points which we actually plotted alone 

would satisfy condition (2) but 
not condition (1). On the other 
hand the set of all points on the 
line in Fig. 85 together with the 
point (1,3) would satisfy condi- 
tion (1) but not condition (2). 

To plot the graph of an equa- 
tion, we usually substitute arbi- 
trary values for x (or y) and 
calculate corresponding values 
of y (or x) from the equation. 
Many such substitutions must be 
made before we can form an idea 
of the shape of the curve. In 
joining the isolated points we 
have plotted by a “smooth” curve, we are assuming that the 
curve does not behave queerly between these points. The ques- 
tion of whether this is justified, and the question of how many 
points are necessary before the shape of the curve can be roughly 
determined, will be discussed in the next chapter. The co- 
ordinates of the points to be plotted are conveniently arranged 
in a table as in the following examples. 

Example 2. Plot the graph oi y = x^. Substituting various 
numbers for x, we obtain the following table 



Fig. 86 


X 

0 

1 

-1 

2 

- 2 

3 

- 3 


y 

0 

1 

' ; 

4 

4 

9 

9 



from which we get the graph in Fig. 86. 
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Example 3. Plot the graph of x^ + = 25. We solve for y 

in terms of a: as follows; 

y‘‘ = 25 — x^, 
y = ±\/25 — x^. 

Substituting for x, we obtain the following table; 


X 

0 

± 5 

3 

4 

- 3 

- 4 

+ 2 



y 

± 5 

0 

± 4 

± 3 

±4 

it 3 

= b\/21 

±\/21 

1 



Clearly for any value of x 
greater than 5 or less than 
— 5, the values of y will be 
imaginary. Hence no such 
points appear on the graph, 
since our coordinates are ex- 
clusively real numbers. We 
get the graph in Fig. 87. 

Example Plot the graph 
oi xy = 1. Solving for y, we 
get y = 1/x. Clearly for 
a; = 0, there is no point of 
the graph since 1/0 is not de- 
fined, The following table 
may be obtained by substitution; 


X 

1 

2 

3 

4 

5 

1/2 

1/3 

1/4 

1/5 

-1 

- 2 

- 3 

- 1/2 

- 1/3 

- 1/4 • 

y 

1 

1/2 

1/3 

1/4 

1/5 

2 

3 


5 

-1 

- 1/2 

- 1 / 3 | 

- 2 

- 3 

- 4 • 


We get the graph in Fig. 88. 

Example 5. Plot the graph of 9 x^ + 4 y^ = 36. Solving for 

30 _ 9 1 

y we get y‘^ = or y = db \/36 — 9 Substituting for 

4 iJ 

X we get the following table; 


X 

0 

it 1 

=b 2 


y 

± 3 

1 

db 3 \/3 

2 1 

0 

t 




Fig . 87 
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Clearly values of x greater than 2 or less than — 2 yield im- 
aginary values of y. Hence no such points appear on the graph 
(Fig. 89). 

In general, the locus of all points satisfying certain given con- 
ditions means the set of all those points and only those points 



Fig. 88 Fig. 89 


which satisfy the conditions. For example, a circle is defined 
as the locus of all points in the plane whose distances from a fixed 
point, called the center, are equal to a given distance, called the 
radius. An equation of a locus means an equation satisfied by 
the coordinates of all the points of the locus and of no other 
points. Note that an equation may be altered by multiplying or 
dividing both sides of it by the same constant (y^O) without af- 
fecting the graph. For, if x and y are numbers for which the 
given equation is true, then the new equation must be true as 
well, since if equals are multiplied or divided by equals the results 
are equal. For example, if the point {x,y) satisfies the equation 

(1) a: -f 2 / = 5, 

it also satisfies the equations 

3 a; -b 3 1/ = 15, 

obtained by multiplying both sides of (1) by 3, and 

X |/ ^ 5 
2 2 2 ’ 

obtained by dividing both sides of (1) by 2, and conversely. 
Thus, while we may speak of the graph of an equation, we should 
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speak of an equation of a graph. However, it is usual to speak 
loosely of the equation of the graph, or locus. For example, an 
equation of the locus of all points 3 units above the x-axis is 
y = 3. Another equation of the same locus is 2 ^ = 6. 

Let us now see how the geometric properties of lines, circles 
and other simple curves, may be studied by means of their equa- 
tions. 


EXERCISES 

1. (a) Is the point (2,3) on the grtipli of the equation 3 a; — 2 2 / •= 0? {h) The 
point (3,2)? (c) The point (4,0)? 

2. (a) Does the curve of the equation y = -^ \ pass through the point 

(3,10)? {h) The point (3,- 10)? (c) The point (- 3,10)? 


Plot the graphs of the follouring equations: 


/•3. 3 cc — 4 2/ = 7. 

6 . 10 2 / = x^. 

9. 4 a:* -I- 9 2/* = 36. 
12. 10 2/ = — a:*. 


^4. 3 a; + 4 2 / = 7. 

7. 2/ = 2 r’ + 3 - 36 X. 

10. x‘‘ - = 9. 

13. 2/2 = - 10 X. 


^6. x2 + if = 100. 
'8. xy — 4. 

11. If = 10 X. 


Write in simple form an equation of each of the following loci, ami plot the graph: 

14 . The locus of all points 5 units to the right of the (/-axis. 

16 . The locus of all points 3 units below the x-axis. 

16 . The locus of all points 2 units to the left of the 2 /-axis. 

17 . The locus of all points whose absci.ssas and ordinates are of the same sign 

and which are equidistant from the x and y axes. 

18 . The locus of all points whose abscissas and ordinates are of opposite sign 
and which are equidistant from the x and y axes. 

19 . The locus of all points who.se abscissas and ordinates are of the same sign 
and which are twice as far from the x-axis as from the 2 /-axis. 

20 . Show that x* — 2 /* = 0 is an equation of the locus of all points equidistant 
from the x and y axes. Plot the locus. 

21 . (a) Show that the values x = 2,y — Z satisfy both the equations 2x4-32/ 
= 13 and 2x — y = 1. Plot the graphs of both equations and discuss the geo- 
metric significance of the preceding statement. 

(6) The values x = 5, y = \ satisfy one of these equations but not the other. 
What is the geometric significance of this statement? 

(c) The point (3,.5) is on one of these graphs but not the other. What is 
the algebraic significance of this statement? 

(d) The point (1,1) is on neither graph. What is the algebraic significance of 
this statement? 
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79. The equation of a straight line. 

Casel. Horizontal lines. Every point on a horizontal line has 

the same y-coordinate as every 
other point on it, and all points 
with this ^/-coordinate are on the 
!„ line. Hence the equation of a 

horizontal line is of the form 

0 , , I , , (1) y = k 

! where A; is a constant. 

I 

_ _ Case 2. Vertical lines. Similarly 

j every vertical line has an equation 

of the form 


Fig. 90 


(2) X = k 


where A; is a constant. 


Case 3. Oblique lines. The.sc lines have a slope different from 
zero. Consider the line having a given slope m and passing 
through a given point {xi,yi). Let {x,y) be any other point on 
the line. Then the line-segment joining {x,y) to {xi,yi) must have 
the slope m, or 


(3) 


y - vi 

x — Xi 


m. 


Thus any point {x,y) on the line other than {xi,yi) satisfies the 
equation 

(4) y - y\ = m{x - a;i). 

The point {xi,y\) itself clearly satisfies (4) as we see by direct 
substitution. Hence, every point on the line satisfies equation 
(4). Conversely, if {x,y) is any point, other than {xi,yi), satisfy- 
ing (4), then {x,y) also satisfies (3); hence the segment joining 
{x,y) and {x\,yi) has the slope m and {x,y) is on the line. Thus 
(4) is an equation of the line passing through the point {xi,y\) 
with slope m. We have proved the following theorem. 


Theorem 11. An equation of the line passing through {xi,yi) 
with slope m is given by {Jf). Horizontal and vertical lines have equa- 
tions of the form {1 ) and (2) respectively. 

Note that equation (4) applies equally well to the case of 
horizontal lines, taking m = 0. 

As a special case, consider the equation of the line passing 



§ 79 ] 


THE EQUATION OF A STRAIGHT LINE 


239 


through a given point (0,p) on the ^-axis, with slope m. From 

(4) we see that its equation is y — p = m(x — 0), or 

(5) y = mx + p. 

Hence we have the following theorem. ? ^ 

Theorem 12. A n equation of the line passing through {0,p) vrith 
slope m is given by (5). 

Suppose we want the equation of the oblique line passing 
through two given points {xi,yi) and {x 2 ,yt). The slope of the 

line must be ^ and the line passes through {xi,y\). Hence, 
X2 — 

by (4) the equation of the line is 

(6) 2/ - Z/i = (x - Xi) 

X'l — X\ 

or 

(7) {y - yx)ix-i - X,) = (i/2 - 2/0 (x - xO- 

Note that the latter form of the equation may be applied to all 
lines through two given points, oblique or not; if the two points 
are on the same vertical line then X 2 — Xi = 0 and (6) cannot be 
used while (7) can. Hence, we have the following theorem. 

Theorem 13. An equation of the line through two points (xi,2/0 
and {X 2 ,y-i) is given by (7). 

In practice, it is unnecessary to use (7) for, given the coordi- 
nates of two points, one can get the slope and then use (4). 

Examples. The equation of the line through (2,— 3) with 
slope 4 is 2 / -f- 3 = 4(x — 2), by (4). The equation of the line 

through (0,2) with slope 1/3 is y = - x -t- 2, by (5). The line 

O 

through the points (2,3) and (4, — 5) is {y — 3) (4 — 2) = 
(— 5 — 3)(x — 2), or 4 X -f- 2/ = 11> by (7). The line through 
(3,1) and (3,5) is {y — 1)(3 — 3) = (5 — l)(x — 3) or x = 3 by 

(7). 

Since every line is either horizontal, vertical, or oblique, we 
have incidentally proven the following theorem. 

Theorem 14. Every straight line has an equation of the first 
degree in x and y. 
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EXERCISES 

Write equations of the lines satisfying the following conditions: 

1. Passing through (5,1) with slope 2. 

2. Passing through (— 1,-2) with slope 1/2. 

3. Passing through (3,2) with slope 0. 

4. Passing through (5,2) parallel to the ?/-axis. 

6. Passing through (2,3) and (5,6). 

6. Passing through (2,— 3) and (— 1,2). 

7. Passing through (2,— 3) and (2,5). 

8. Passing through (3,— 2) and (— 1,-2). 

9. Passing through (0,4) with slope 3. 

10. Passing through (2,2) with slope 1. 

11. Passing through (— 3,3) with slope — 1. 

12. Passing through (5,2) parallel to the x-axis. 

13. If the line y — Zx + p passes through (1,2), find p. 

14. If the line y = mx + Z passes through (1,2), find m. 

16. If the line y = mx + p passes through (1,2) and (3,5), find m and p. 

80. The general equation of the first degree. We shall now 

prove the converse of Theorem 14. 

Theorem 15. Every equation of the first degree in x and y has 
a straight line as its graph. 

Proof. Every equation of the first degree in z and y can be 
written in the form ax by = c, a, b, and c being constants 
where not both a and b are zero. (Why do we make the latter 
restriction?) Either 6 5 ^ 0 or 6 = 0. 

Case 1 . Suppose b 9 ^ 0 . Then we may divide both sides of the 
equation ax by = chy b obtaining 

a , c 

or 

a . c 

But this is the equation of a line with slope — ^ passing through 
the point Theorem 12, section 79. 
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Case 2. Suppose b = 0. Then a 0 since not both a and b 
can be zero. Then ax by = c becomes ax = c; since a 0, we 
may divide through by a, obtaining 

c 

a 

which by (2) of section 79, is the equation of a vertical line 
through 

This completes the proof. 

An equation of the first degree is often called a linear equation. 
To plot such an equation we need compute the coordinates of 
only two points on the graph since we know that the graph is a 
straight line and two points determine a line. The slope of the 
graph of a linear equation is most easily found by expressing the 
equation in the form y = mx + p; then the coefficient of x is the 
slope. 

Remark. Note that the line y = — 2 x with slope — 2 and 
passing through the origin has on it the points (3, — 6), (2, — 4), 
(1,- 2), (0,0), (- 1,2), (-2,4), (- 3,6), since (- 2)3 = - 6, 
(-2)2= -4, (-2)1=- 2, (-2)0 = 0, (-2)(-l)=2, 
(— 2)(— 2)= 4, (— 2)(— 3) = 6. This linear equation would 
not have a straight line for its graph were it not for the “rule of 
signs” for multiplication of signed numbers (section 21) which 
defines the products of signed numbers in the familiar way. This 
is perhaps the most important motivation for choosing the defi- 
nition of multiplication of signed numbers as we did. 

EXERCISES 

Find the slope of the following lines, wherever possible, and plot the graph: 

1. 2x - 3y = &. 2. 2 a; 4- 5 2 / = 10. 3. 3 x = 1. 4 . 2 y = - 10. 

6. X + 2 2 / = 0. 6. 3 X — 2 / = 0. 

7. What is the equation of the x-axis? the 2/-axi8? 

8. Write the equation of a line passing through (— 2,3) and parallel to the 
line 9 X — 3 2 / = 2. 

9. Write the equation of a line passing through (3,2) and parallel to the line 
6 X + .3 2/ = 5. 

10. Write the equation of a line passing through (— 2,3) and perpendicular to 
the line 9 x — 3 y = 2. 
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11 . A triangle has vertices A ( — 2,0), 5(0,8), C(4,2). Find the equations of (a) 
its sides; (6) its altitudes; (c) its medians; (d) its perpendicular bisectors. 

12 . Answer the questions of exercise 1 1 for the triangle with vertices ( — 2, — 4), 
(2,12), (6,- 2). 

Write in simple form an eqmtion of each of the following loci, and plot the graph: 

13 . The locus of all points which are equidistant from the points (1,2) and 

(3.4) . Is the point (4,2) on this locus? The point (6,— 1)? 

14 . The locus of all points equidistant from the points (— 1,2) and (3,— 4). 
Is the point (7,3) on this locus? The point (4,6)? 

16 . The locus of all points whose distance from the origin is .1. Is the point 

(3.4) on this locus? The point (4,2)? 

16 . The locus of all points whose distance from the point (2,1) is 5. Is the 
point (5,5) on this locus? The point (6,4)? 

81. The equation of a circle. By the 
circle with radius r and center at the 
point C we mean the set of all those 
points and only those points which are 
at a distance r from C. Let the coordi- 
* nates of C be {h,k) and let the coordi- 
nates of any point P on the circle be 
{x,y). Then the distance PC must be 
r. Thus X and y must satisfy the equa- 
tion 

V(x - hy -\-{y — ky = r, 

or 

(1) (x — hy -\-{y — ky = r*. 

Conversely, if {x,y) satisfy (1), then the distance from {x,y) to 
{h,k) must be r ( — r cannot be regarded as a distance since it is 
negative). Hence {x,y) is on the circle. We have proved the 
following theorem. 

Theorem 16. An equation of the circle with center at (h,k) 
and radius r is (1). 

Example. An equation of the circle with center at (3, — 2) 
and radius 5 is (x — 3)* + (y + 2y = 25. 

EXERCISES 

Write equations of the following circles: 

1 . With center at (— 1,3) and radius 4. 

2 . With center at (2, — 5) and radius 3. 



Fig. 91 
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3 . With center at (0,0) and radius 2. 

4 . With center at (0,3) and radius 5. 

6 . With center at (— 2,0) and radius 2. 

6. With center at (4,1) passing through (7,5). 

7 . With center at (— 2,— 3) passing through (3,9). 

8 . With (— 2,3) and (6,— 7) as ends of a diameter. 

Find the center and radius of the circle whose equation is: 

9. (x - 2)* +{y + 5y = 16. 10 . x* +(y - 3)* = 1. 

11 . (x - 1)* + = 9. 12 . X* + ?/ = 25. 

Write in simple form an equation of each of the follounny loci, and plot the graph: 

13 . The locus of all points which can be the third vertex of a right triangle 
whose hypotenuse is the line-segment joining (— 5,0) and (5,0). Is the point 
(4,— 3) on this locus? The point (3,— 4)? 

14 . Given the points ^(0,10), 5(0,— 10), and P{x,y). Find the equation of 
the locus of all points P such that PA is perpendicular to PB. Is the point (4,5) 
on this locus? The point (6,— 8)? 

16 . Given the points 4(— 2,0), 5(2,0) and P(x,y). Find the equation of the 
locus of all points P such that the sum of the squares of the distances PA and 55 
is equal to 58. Is the point (4,— 3) on this locus? The point (0,5)? 

82. The general equation of degree two. In the la.st .secition 
we saw that the equation of every circle is (juadratic ; that is, of 
degree two. The converse proposition 
(namely, that the graph of every quad- 
ratic equation in x and y is a circle) Is 
false. However, it can be proved that 
every quadratic equation in x aiul y has 
a graph which is a conic section (that 
is, a curve which can be obtained as the 
intersection of a plane with a cone) 
except for trivial exceptional cases.* 

Let us discuss these curves in further 
detail. 

Take a circle C (Fig. 92) in a horizon- 
tal plane and a point V, called the ver- 
tex, directly over the center of the circle. 

Consider all the lines, called generators, joining the vertex to the 

♦ example, the quadratic equation a:* + 7 /* = — 1 has no locus at all since, x 
and y being real, neither x* nor can be negative and therefore no point can satisfy the 
equation. 
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points on the circumference C. The set of all the points on these 
lines is called a cone (more precisely, a right circular cone). 

It is intuitively clear that every horizontal plane section of the 
cone is a circle, unless it be the vertex itself. A non-horizontal 
plane section cutting through two opposite generators is called an 
ellipse (e. Fig. 92). A plane parallel to a generator intersects the 
cone in a curve called a parabola (p. Fig. 93). A plane cutting 
both the upper and lower parts of the cone intersects the cone in 
a curve called a hyperbola, a curve which falls into two branches 
{h, Fig. 93). 

Examples 2, 3, 4, 5 of section 78 are a parabola, circle, hyper- 
bola, and ellipse respectively. These are the only types of conic 
sections, save for trivial special cases.* 

The conic sections were studied by the ancient Greeks by “syn- 
thetic” methods like those you used in 
high school. A splendid book on the 
subject was written by Apollonius of 
Perga (about the 3rd century b.c.) in 
which a wealth of knowledge about the 
conic sections was obtained with great 
ingenuity. The analytic methods of 
Descartes enable us to study these 
curves with ease by means of quadratic 
equations, and furthermore to discover 
algebraically many theorems about 
them that the Greeks had never sus- 
pected. It is interesting to note that 
the Greeks studied the geometry of the 
conic sections merely as a beautiful 
chapter of pure mathematics, and had 
Fig. 93 no thought of applications. About 1800 

years later these curves were found to 
have the most important practical applications in physical sci- 
ence. It is, in fact, difficult to exaggerate their importance. 
Thus the conic sections provide striking evidence for the thesis 
that one can never tell when pure science may find unsuspected 

* If the cutting plane passes through the vertex of the cone, the intei'section may 
consist of a pair of straight lines, or a single straight line, or a single point. 
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practical applications. We shall sketch briefly a few of the many 
connections in which the conic sections are important. 

The path of a projectile, like a baseball or a cannon ball, 
thrown obliquely, is a parabola, neglecting the influence of wind, 
etc. 

Searchlight reflectors are parabolic surfaces obtained by rotat- 
ing a parabola about its axis (the ^ 
x-axis in Fig. 94). Associated 
with a parabola is a point called 
its focus. This point (F in Fig. : 

94) has the property that all light ^ . 

rays emanating from it will be — ^ * 

reflected in the same direction, \ / , 

thus concentrating the beam of y j , 

the searchlight in that direction 

and preventing it from spreading. 94 

For the same reason the mirrors 

in reflecting telescopes used in astronomy are parabolic. For 
the light rays entering the telescope from a distant star are, prac- 
tically, parallel. Hence the parabolic reflectors concentrate all 
these rays at the focus. 

The cable of a suspension bridge is, under certain circum- 
p stances, a parabola. Arches are sometimes 
parabolic in shape. 

— A 1 Associated with an ellipse there are two 
y' J points within it called the foci of the ellipse {F 

and F' in Fig. 95). The ellipse has the property 
Fig 95 ^ whatever, the sum 

of the distances PF + PF' is always the same. 
For example, in Fig. 95, PF fl- PF' = P'F -f- P'F' = P”F -}- 
P”F'. This property enables one to construct an ellipse easily 
by looping a string about two thumbtacks, inserting a pencil 
point so that the string is held taut, and moving the point about. 
Thus one gets an ellipse with the two tacks as foci. 

The orbits of the planets are ellipses with the sun at one focus. 
This alone is sufficient to explain the overwhelming importance 
of ellipses since the 17th century when Kepler and Newton did 
theit monumental work in astronomy. 
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The ellipse has interesting 
reflecting properties. It can be 
shown that all rays of light, 
or sound waves, emanating 
from one focus must collect 
again at the other focus. This 
explains the amusing phe- 
nomenon of the whispering 
gallery. If the walls or ceiling 
of a hall are elliptical, then a 
whisper at one focus may not 
be audible at all at a nearby 
place but may nevertheless be 
audible far off at the other 
focus, since all the individu- 
ally weak sound waves scat- 
tering over the room will 
gather together there (Fig. 
95). One such whispering gallery exists in Statuary Hall, 
Washington, D. C. 

The orbits of some meteors are parabolas while others are 
branches of hyperbolas. Many scientific laws are expressed as 
quadratic equations involving two variable quantities, and hence 
their graphs are conic sections. But the applications of the conic 
sections in modern science are too numerous to list. 

Fairly good approximations of the various conic sections may 
be seen by shining a flashlight on a wall in an otherwise dark 
room and varying the angle at which the flashlight is held. This 
is so because the light emanates from the circular opening of the 
flashlight in an approximate cone and the wall plays the role of 
the intersecting plane. Both branches of a hyperbola may be 
seen when a lamp with a cylindrical shade is placed near a wall 
(Fig. 96). 

After discovering the connection between conic sections and 
equations of the second degree in x and y, the mathematician’s 
desire to obtain general results naturally leads him to investigate 
the geometric properties of the graphs of equations of higher de- 
gree. This study is called the theory of algebraic curves and is a 
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very difficult and intricate branch of modern mathematics in 
which research is still being done. Many parts of modern mathe- 



Fig. 97 Fig. 98 


matics, like this one, arise from elementary problems which come 
up naturally in elementary work. 

EXERCISES 

Plot the following curves: 

1. The parabola i/ = 10 - 2. The parabola y = - 10. 

3. The hyperbola xy = 10. 4. The hyperbola - if - 1. 

6. The ellipse 4 + 25 = 100. 6. The ellipse 25 a:'* -f 4 if = 100. 

Write in simple form an equation of each of the following loci and plot the graph: 

7. The locus of all points P whose distances from the line x = — 2 and from 
the point (2,0) are equal. 

8. The locus of all points P such that the distance from P to the point ( — 4,0) 

4 . 25 

is equal to - of the distance from P to the line x = — — . 

o ^ 

9. The locus of all points P such that the distance from P to the point (5,0) is 

5 . 16 
equal to - of the distance from P to the line x = —. 

83. Common chord of two intersecting circles. Consider any 
two circles 

(1) (x - hy -\-{y -ky = 

(2) J (x - Hy +iy - Ky 
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intersecting at two points. Form a new equation by subtracting 

(2) from (1), obtaining 

(3) (x - hy -(x - Hy +(y - ky -{y - Ky = - m, 

which can be simplified to the form 

(4) {2 H - 2h)x ^-{2 K - 2k)y = 

m - k^ + m + K\ 


This is a linear equation in x and y (the other letters representing 
constants). Suppose {xi,yi) is a point of intersection of the two 

circles; then {xx,yi) must satisfy both (1) 
and (2) ; hence it must satisfy (3) since 
if equals are subtracted from equals the 
results are equal. Therefore it must 
satisfy (4). By the same argument, the 
second point of intersection {x 2 ,yi) must 
satisfy (4). But (4) is a linear equation 
and its graph is therefore a straight line. 
Now, two points determine a straight 
line and we already know that our two 
points of intersection are on this line (4). Hence (4) is an equa- 
tion of the line joining the two points of intersection of the given 
circles. This line is called the common chord of the two circles. 
We have proved the following theorem. 



Theorem 17. An equation of the common chord of two inter- 
secting circles may be obtained by subtracting the equation of one 
circle from the equation of the other circle {provided they are written 
so that the coefficients of and y^ are the same in both equations) 
and simplifying. 


EXERCISES 


Find an equation of the common chord of the given circles and plot: 


1. {x - 3)* +(2/ - 5)2 = 25 
(x - 5)2 +(2/ - 3)2 = 25. 
3. x2 + 2/" = 16 

(x -1- 2)2 +{y - 2)2 = 9. 


2. (x 4- 1)2 +( 2 / -2)2= 16 
(x - 1)2 +{y + 2)2 = 9. 
4. (x + 2)2 -l-( 2 / - 1)2 = 5 
x2 -f- 2/2 = 10. 


84. Intersections of two curves. Consider the graphs of two 
equations. By a point of intersection of the two curves we mean 
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a point on both of them. If {xi,y\) is such a point, then x = Xi 
and y = yi must satisfy both equations because the point is on 
both curves. Conversely, ii x = Xi and y — yi are real numbers 
which satisfy both equations, then (xi,i/i) is a point on both 
curves. Thus the coordinates of the 
points of intersection of two curves are 
merely the real common solutions of the 
two equations; to find the points of inter- 
section we have only to solve the two equa- 
tions simultaneously. 

Example 1 . Let the curves be straight 
lines: say x -\- y = 1 and x — y = 

From the first equation we obtain y = 

7 — X. Substituting this in the second 
equation, and solving as in .section 39, we have x = A and y = 3. 
Hence (4,3) is the point of intersection. The student should 
work out the details. 



Example 2. Consider a straight line and a conic section: say 



(1) X — y - 2, and 

(2) + y^ = 34. 

From (1) we obtain y = x — 2. Sub- 
stituting this in (2), and solving as in 
section 40, we find X = 5ora: = — 3. For 
a: = 5, we obtain y — 2> from (1); for x = 
— 3 we obtain y — — 5 from (1). Hence 
(5,3) and ( - 3, — 5) are the points of in- 
tersection. The student should complete 


the solution in detail. 


Example 3. To find the intersections of two circles we have 
only to find the equation of their common chord (Theorem 17, 
section 83) and find the points of intersection of this line with one 
of the circles as in example 2. Thus, the circles 

(3) {x -2y + y^ = 3 

(4) x-^+{y - ly = 10 
have the common chord 

(5) j 2x - y = A. 

The points of intersection of this line with the circle (3) are found 
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to be (3,2) and (1,— 2), Hence these 
are the points of intersection of the two 
given circles. The details of the solu- 
tion should be worked out by the stu- 
dent. 

The general problem of finding the 
points of intersection of any two curves 
with equations of arbitrary degree is a 
very natural one to think of but difficult 
to answer. See section 40. 

EXERCISES 

Find all the points of intersection of the following curves and plot: 

1. 2a: — 32 / = 4 2. 3a; — 2?/==5 3. 2a; — 57 / = 3 

3a; + 47 /+ll = 0. a; + 5^=l. 3a; + 7 / = 4. 

4. 7/2 = 4 a; 6. t/^ = 4 a; 6. ?/2 = 4 a; 

a; + 7 / = 3. 7 / = 2. a; = 1. 

7. a ;2 + 7 / = 25 8 . xy = 12 9. a;^ + if = 41 

4a; — 37 / = 0. x + y = T- a;+?/ = 9. 

10. a;2 - 7/2 = 5 11. if = a; 12. {x - 3)2 +(7/ - 4)2 = 4 

3a; + 7 /=ll. ^ — 4a; + 3 = 0. a; + 7 /=10 . 

13. {x - 2)2 +{y - 5) = 0 14. (7/ + 1)2 = a; - 2 

y ~ X + ^ + 12 — 4 a; = 0. 

16. (a; + 2)2 + = 5 16. (a; + 1)2 +(77 + 1)^ = 5 

- ly = 10 . (a; + 3)2 + 7/2 ^ 10 . 

17. {x + 2)2 + 7/2 == 5 18. (x + 2)2 +( 7 / - 1)2 = 5 

3:=" +(y + ly = 10. a ;2 + if = 10. 

19. Plot the graphs of a- + 7 = 3 and .r + // = 7. Explain the geometric in- 
terpretation of the fact that these equations are incompatible (see section 39). 

20. Plot the graphs of a; + 2 7/ = 3 and 2 .r + 4 7 / = (>. Explain the geometric 
interpretation of the fact that these equations are dependent or equivalent (see 
section 39). 

21. In the triangle whose vertices are (0,0), ( 6 , 0 ) and (2,4): 

(а) Find the coordinates of the midpoints of the sides; 

( б ) Find the equations of the medians; 

(c) Find the point of intersection of two of the medians; 

(d) Show that the three medians are concurrent; 

(e) Show that the distance from each vertex to the point of intersection of 
the medians is 2/3 of the length of the corresponding median. 

22 . In the triangle of exercise 21 , 

(а) Find the equations of the three altitudes; 

( б ) Show that they are concurrent. 


y 



Fig. 102 
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23 . In the triangle of exercise 21, 

(a) Find the equations of the three perpendicular bisectors of the sides; 

(b) Show that they are concurrent. 

(c) Show that the point of intersection of the altitudes (found in exercise 
22), the point of intersection of the medians (found in exercise 21), 
and the point of intersection of the peri)endicular bisectors all lie on 
the same straight line. 

24 . If A, B,C have the coordinates (2,1), (5,4), (7, - 3), respectively, find the 
coordinates of: 

(a) the vertex D of the parallelogram ABCD. 

(b) the vertex E of the parallelogram ABEC. 

(c) the vertex F of the parallelogram AFBC. 


86. Translation of axes. Invariants. All our work has been 
based on a definite set of axes (that is, a definite coordinate sys- 
tem) although we have at times 
allowed ourselves to choose 
these axes in a convenient posi- 
tion. Suppose, now, that we 
change from our given co- 
ordinate system to a new co- 
ordinate system whose origin is 
at the point (2,3) and whose 
axes are parallel to the old axes, 
and have similar positive di- 
rections. Call the old system 
the a;!/-system (Fig. 103), and 
the new one the a: 'y '-system. 

A change of coordinate system 
where the new axes are parallel 
to the old, with similar positive 
directions, is called a transla- 
tion of axes. Consider the point P (Fig. 103) whose coordinates 
are (3,9) in the xy-system; clearly its coordinates in the x'y' -sys- 
tem are (1,6). Similarly the point Q whose coordinates in the xy- 
system are (6,5) has the coordinates (4,2) in the x'y'-system. 
Thus the values of the coordinates of a point depend upon where 
the pair of axes or “frame of reference” is located. However, 
consider the distance PQ. Using the xy-system, 

■* PQ =V(3 - 6)''' +(9 - bp =Vi- +(4)^ = 5; 
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and using the x'y '-system, 


PQ =V (1 - 4 )^ +{& - 2 y =V(- 3)2 -h( 4)2 = 5 . 

This suggests that, while the coordinates of a point change when 
, we make a translation of axes, 

the distance between the two 
points remains unchanged or 
invariant; that is, the expres- 
sion for the distance gives the 
same value in either system. 

In general, if we translate 
our axes so that the new ori- 
gin is at a point whose old 
* coordinates are {h,k), then for 
Fig. 104 any point P with coordinates 

(x,y) in the old system and co- 
ordinates (x',y') in the new system, we have (Fig. 104 ) 


h 

X' 

y' 


k 

L 


( 1 ) 


X — x' h \x' = X — h 

y = y' + k \y' = y - k. 

Thus the coordinates of an individual point are altered by the 
translation. Let Pi and P2 be points whose old coordinates are 
(xi,?/i) and (x2,t/2), and whose new coordinates are {x\',yi') and 
{x-i,y2), respectively. Then by (1) we have 

Xi = Xi' -f- h, X2 = X2' -|- h, 

V\ = yi' + k, 2/2 = 2/2' 4 - k. 


(2) 


In the x2/-system the distance 

( 3 ) P1P2 =V(^1 - XiY -l-(2/i - 2/2) ^ 
and in the x '2/ '-system the distance 

( 4 ) P1P2 =y/{xi - Xi'Y 4 - (2/1' - y^y. 
Substituting the values given by ( 2 ) in ( 3 ) we obtain 


- ^2)=^ + {yi - y^y 


= \/ (xi' + h — X2' — hy 4- (2/1' + k — yy — ky 
=V(xi' -x2')='-b(2/i' - yyy. 


This proves that the value of the expression called the distance 
formula is unaltered by a translation of the axes; that is, it yields 
the same numerical value no matter in which of the two coordi- 
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nate systems we apply it. With a little more technical knowl- 
edge than we assume here, it can be proved that the distance for- 
mula also remains invariant or unaltered 
if we rotate our axes (Fig. 105). On the 
other hand, the numerical value of the 
distance formula would not remain un- 
changed if we chose a different unit of 
length. Thus the points (2,0) and (4,0) 
have a distance of 2; but if we doubled 
the size of the unit of length they would 
have coordinates (1,0) and (2,0), respectively, and their distance 
would be 1. But even a change of unit will leave the ratio of 
two lengths invariant. 

From one point of view, the study of geometry is the study of 




Fig. 105 



Fig. 106 


those properties of figures which remain invariant under various 
kinds of changes. Thus distances (as we have proved), areas, 
angles, etc., are properties which remain invariant when trans- 
lations (or rotations) of axes are made. The property of two tri- 
angles being similar remains invariant even under changes of 
units of length, as does the size of an angle, while length and area 
do not. Elementary geometry, considered from this point of 
view, is the study of those properties of figures which remain 
invariant under the types of changes or * Transformations men- 
tioned above. 

A figure on a flat piece of moving picture film is said to be pro- 
jected into its image on a flat screen which may or may not be 
parallel to the film (Fig. 106). If one figure can be obtained from 
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another by a number of such projections, the second is said to 
have been transformed into the first by projection. The study 
of those properties of figures which remain invariant or un- 
changed by projections is called projective geometry. Clearly 
the property of being a circle is not invariant under projections, 
as may be seen from section 81. But the property of having a 



second degree equation (that is, of being a conic section) is invari- 
ant under projections. Thus a circle can be projected into an 
ellipse or a parabola, etc., but not into a curve whose equation is 
of the third degree, say. A classic work on projective geometry 
was written by the French mathematician Poncelet (1788-1867) 
while he was a prisoner of war in Russia. 

A very general kind of geometry, developed largely in the last 
50 years is called topology or analysis situs. This subject may 
be partially described as the study of those properties of figures 
which remain invariant when the figure is deformed in any “con- 
tinuous” way. Thus, if we imagine our figures to be made of rub- 
ber, we may think of them as being folded, stretched, bent, crum- 
pled, and deformed in any way at all as long as they are not punc- 
tured or torn. It may be difficult to imagine that such drastic 
changes will leave any properties of the figure unchanged or in- 
variant. But there are some. Thus a simple property of a spher- 
ical surface like a rubber balloon is that if we cut it along any 
“closed” curve like a circle, the surface will fall apart into two 
pieces (Fig. 107). This property will be preserved under defor- 
mations of the sphere. Notice that this property of falling into 
two pieces when cut along a closed curve is not possessed by a 
doughnut or inner tube ; thus if a doughnut is cut along the circle 
C indicated in Fig. 108, it still hangs together in one piece. The 
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property of being inseparably linked as the two links of a chain 
in Fig. 109, is unchanged no matter how we deform continuously 
the shapes of the links. Topology 
has been called the science of care- 
lessly drawn figures, since a topolo- 
gist would not distinguish between 
the two figures in Fig. 109, for ex- 
ample, because he is interested only 
in properties which are preserved 
when one of these figures is deformed 
into the other. The four-color problem, the problem of the seven 
bridges of Konigsberg, and the problem of 3 houses and 3 wells 
discussed in Chapter VIII are problems of topology since the 
actual rigid shape of the figures in question may be deformed 
continuously without affecting the problem. The study of 
topology is one of the most recent kinds of geometry to be de- 
veloped, and has proved to be of importance even in application 
to physical science. 

The idea of invariants occurs in physical science itself. Our 
measurements of the position and velocity of a star, say, depend 




Fig. 109 


on the axes or frame of reference 
to which we refer its coordinates. 
This depends on the position 
and motion of the observer, 
among other things. But we 


would like our “laws of nature” 


to be independent of the observer. Hence we would like “laws of 
nature” to be expressible as formulas which are invariant under 
changes of frame of reference. Of course, in a broad sense, the 
task of the scientist is the search for invariant relationships un- 
der varying conditions; it is the search for permanence in a 
changing world. 


86. Three-dimensional or solid geometry. Just as we asso- 
ciate a pair of coordinates with a point in a plane, we can associ- 
ate a triplet of coordinates with a point in space. Taking three 
mutually perpendicular lines as a:-axis, y-axis, and z-axis, respec- 
tively, we locate the point whose coordinates are (2,3,— 4) by 
proceeding 2 units in the direction of the positive x-axis, 3 units 
in the direction of the positive y-axis, and 4 units in the direction 
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of the negative 2-axis (Fig. 110). Because each point in space is 
thus identified by means of three coordinates, the geometry of 
space is called 3-dimensional. It can be proved that the distance 
between two points {xi,yi,Z]) and (x 2 ,y 2 ,Z 2 ) is 

\/(^i - +(2/1 - y^r +(zi - 22)"; 

that the set of all points satisfying an equation of the first degree, 

such asa; + 2y — 32 = 4, 
constitutes a plane; that the 
set of all points satisfying 
the equation a:® -f- 2 /^ + 2 * = 
25 constitutes the surface of 
a sphere of radius 5 with 
center at the origin; and so 
on. Thus the study of solid 
geometry, which requires 
considerable ingenuity when 
attacked by methods of the 
ancient Greeks, is reduced to 
the study of algebra with 
three variables, a subject 
which can be studied sys- 
tematically with much less difficulty. 



87. Analytic geometry as a concrete interpretation of the pos- 
tulates for geometry. We have said that any theorem that can 
be proved in geometry by means of the methods of the ancient 
Greeks can also be proved by means of coordinates. How can we 
be sure that this is so? This question can be answered simply by 
approaching analytic geometry from a slightly different point of 
view. 

Let us recall the postulates for geometry given in Chapter II. 
We considered the words “point” and “line” as undefined terms 
and we assumed about these undefined terms such properties as 
the following: 

Postulate 1. CUven two distinct 'points, there is at least one line 
containing them. 

The postulates and their logical consequences, the theorems, 
constitute the abstract mathematical science known as geometry. 
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As we pointed out in Chapter II, we usually give a concrete inter- 
pretation of this abstract mathematical science by assigning the 
meanings "dot” and “streak” to the undefined terms “point” 
and “ line” ; thus we interpret the whole geometry as applying to 
the diagrams we draw. But let us now give a different concrete 
interpretation to our abstract mathematical science, geometry, 
by assigning different meanings to the undefined terms “point” 
and “line,” as follows. Let “point” mean a pair of real numbers 
(x,y). Let “line” mean a set of all those and only those “points” 
(that is, pairs of real numbers) whi(!h satisfy a given equation 
ax by = coi the first degree, where a, b, and c are all real con- 
stants and not both a and b are zero. It is not difficult to verify 
that the postulates become true statements when these meanings 
are substituted for the undefined terms. 

For example, let us verify postulate 1. Let (.ri,2/i) and {Xi,y‘z) 
be any two distinct given “points.” We have only to show that 
there exists at least one equation of the first degree in x and y 
which is satisfied by both of these given pairs of numbers. But 

{y — 2/0 (^2 — Xi) = {x — Xi){y2 — yi) 

is such an equation (see Theorem 13, section 79), for it is clearly 
satisfied by both x = X\, y — y\ and x = X 2 ,y — yt, as we see by 
direct substitution. That the coefficients of x and y in this equa- 
tion cannot both be zero follows at once from the hypothesis 
that {xi,y\) and ( 0 : 2 , 2 / 2 ) are distinct points, so that we can have one 
or the other or neither of the equalities Xi - Xz and yi = y^ but 
not both. 

Similarly all the other postulates can be verified algebraically 
if we interpret the undefined terms as having the above meanings. 
But if all the postulates are true statements for these meanings 
then so are all the theorems, for the theorems follow from the 
postulates by pure logic. Hence, analytic geometry may be re- 
garded as a concrete interpretation of the abstract mathematical 
science discussed in Chapter II. 

88. Geometry of more than three dimensions. In the last sec- 
tion we indicated how we might set up 2-dimensional (plane) 
analytic geometry by defining “point” to mean “pair of real 
numbers.” Similarly we might set up S-dimensional (solid) ge- 
ometry by defining “point” to mean “triplet of real numbers.” 


858 


ANALYTIC GEOMETRY 


[Ch. IX 


But there is now nothing to stop us from defining “point” to 
mean a “set of 4 real numbers,” like {x,y,z,u), or a “set of 17 real 
numbers,” or a “set of n real numbers” where n is any natural 
number. If we did this we would be beginning the study of ge- 
ometry of 4 or 17 or n dimensions. Thus, developing the subject 
in ways analogous to our study of 2-dimensional analytic geom- 
erty, the study of 4- or 17- or w-dimensional geometry is nothing 
more than the study of algebra with 4 or 17 or n variables. This 
presents little difficulty. That is all there is, essentially, to the 
study of geometry of many dimensions.* The use of geometric 
terminology, such as calling a set of 17 real numbers a “point,” is 
merely a convenience. As you see, there is nothing mysterious 
about this unless, indeed, you try to imagine, in some mysterious 
way, what 4-dimensional or 1 7-dimensional space looks like pic- 
torially. Even mathematicians, whose eyes are constructed in 
the same way as yours, are unable to do that ; in fact, there is no 
reason why they should want to, and they don’t. Our visual 
spatial intuition is 3-dimensional and, indeed, even in 3-dimen- 
sions, our intuition cannot be trusted without the aid of reasoned 
ideas of perspective, etc. 

If you now understand that “point in space of 5 dimensions” 
is taken to mean a set of 5 real numbers and “space of 5 dimen- 
sions” is taken to mean merely the totality of all such “points” 
or sets of 5 real numbers {x,y,z,u,v), you may fairly ask, “How 
can such a 5-dimensional geometry be applied practically?” The 
answer is that it may be very convenient to represent as a “point” 
in 5-dimensional space anything that can be specified by a set of 
5 real numbers. For example, if we were making a statistical 
study of people with respect to their height, weight, age, blood 
pressure, and income, and were interested in no other properties, 
we might specify each person by a set of 5 real numbers {h,w,a, 
b,i ) ; it might then be convenient to represent each person as a 
“point” in 5-dimensional space. 

This kind of thing has actually been found to be of the greatest 
convenience in the study of dynamics. For example, consider 3 
billiard balls moving on a table. At any instant, the position of 
each ball can be specified by its two coordinates. Thus the “po- 
sition” of the dynamical system consisting of the 3 moving balls 

♦ The subject may be approached from many different viewpoints, however. 
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at any instant can be specified by 6 coordinates and might be rep- 
resented by a “point” in 6-dimensional space. In fact, physicists 
are usually interested not only in position but in velocity as well. 
Now in the above example the velocity of each ball at any instant 
can be specified by two coordinates (component velocities). The 
position and velocities of the .system together are called the 
“phase” of the system. In the above example the “phase” of 
the system at any instant may be represented as a point in 12- 
dimensional space, that is, as a set of 12 real numbers. Physicists 
call this 12-dimensional space the phase-space of the dynamical 
system. The totality of phases for all instants forms some kind 
of a locus in the 12-dimensional phase-space and the physical 
properties of the dynamical system may be studied by means of 
the geometric properties of this locus. This is actually done in 
advanced physics. 

Another example of the use of many dimensions in physics 
occurs in the Special Theory of Relativity. This example has 
needlessly bewildered many people. In this subject, the things 
being studied are “events,” such as the flashing of a light signal 
at a given time and place. The word “event” is not used here in 
its everyday sen.se as something unusual; the mere existence of a 
particle of matter in a certain place at a certain time is an 
“event.” Thus, an event may be .specified by 4 real numbers: 
three of them, x, y, and z, say, are coordinates of the place where 
the event occurs, and the fourth, t, say, tells the time of its occur- 
rence. Hence an “event” may be repre.sented as a “point” in a 
“space” of 4 dimensions. (In the later General Theory of Rela- 
tivity the four coordinates lose their individual meanings, be- 
cause of certain changes or transformations of the coordinate sys- 
tem, and the fourth can no longer be said to stand for time; but 
we cannot go into details here.) Let us hope that this brief ex- 
planation will dispel any aura of mystery surrounding the Fourth 
Dimension (always spelled with capitals to make it seem mysteri- 
ous) about which many people, who have had the courage of their 
confusion, have written a great deal of non.sen.se. If you observe 
anyone talking or writing about the Fourth Dimension in an ex- 
alted, mystic tone you may bet with a fair degree of safety that 
he is not a mathematician but a Bohemian Philosopher, possibly 
with a concentrated solution of alcohol in his bloodstream. It is 
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also worth pointing out that brilliant new ideas lie at the foun- 
dation of the theory of Relativity but mere use of 4-dimensional 
space is not one of them. Mathematicians have studied the ge- 
ometry of many-dimensional space since the middle of the 19th 
century and physicists have been using spaces of more than 4 di- 
mensions, as phase-spaces, for example, about as long. The fact 
that 4 dimensions are convenient in Relativity is something of a 
triviality; the excellence of the theory is to be found elsewhere. 

89. Constructions with ruler and compasses. Now that we 
know a little analytic geometry, we can indicate how the criterion 
for constructibility by ruler and compasses (which was discussed 
in section 59, Chapter VIII) may be established. This criterion 
says essentially, that we can construct, with ruler and compasses 
alone, all those and only those quantities which can be obtained from 
the given quantities by a finite number of rational operations and 
extractions of square roots. The “all those” part of this statement 
was established in section 59; there remains only the “only those” 
part of it to be discussed. Now, in constructing a figure with 
ruler and compasses one deals exclusively with the intersection of 
two lines, the intersections of a line with a circle, and the inter- 
sections of two circles. Finding the intersection of two lines 
amounts algebraically to solving simultaneously two linear equa- 
tions in X and y. This (see section 84, example 1) is accomplished 
with the help of rational operations (addition, subtraction, mul- 
tiplication, and division) alone (see section 39). Finding the 
intersections of a line with a circle amounts to solving simulta- 
neously a linear and a quadratic equation in x and y. This (see 
section 84, example 2) reduces to the solution of a quadratic 
equation in one variable which, as you know, may be solved by 
a formula (section 36) which involves only rational operations 
and the extraction of a square root. Finding the intersections of 
two circles reduces to finding the intersections of one of the circles 
with their common chord (see section 84, example 3). This also 
involves only rational operations and square roots. This brief 
discussion is hardly a formal proof of our underlined statement, 
but it is not hard to see that these considerations might lead to a 
proof. 
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Chapter X 

FUNCTIONS 


90. Variables and functions. By a variable we mean a syml)ol 
which may represent (many) different objects during the same 
discussion. By a constant we mean a symbol which may repre- 
sent only one definite object during the same discussion. It is 
customary to use early letters of the alphabet like a, h, c for con- 
stants and later letters like x, y, z for variables. The set of all ob- 
jects which a variable is permitted to represent during a discus- 
sion is called the range of the variable. Any object which the var- 
iable may represent (that is, any object in its range) is called a 
value of the variable. The “objects” in the range will usually be 
numbers. Note that a and h stand for constants even though 
their values are not stated. Of course, definite numbers like 2 or 
3/2 are constants. 

Consider two variables, x and y, each with its own range. The 
variable y is said to be a function of x when any scheme (rule, 
relation, or correspondence) is given whereby to each value of x 
there correspond one or more definite values of y. The scheme 
or rule whereby the value (or values) of y, corresponding to a 
given value of x, is determined, is called the ftmctional relation. 
The variable x is called the independent variable and y is called 
the dependent variable, because the vahie (or values) of y is de- 
termined when a value of x is chosen. If the scheme associates 
to each value of x just one value of y, the function is called single- 
valued, otherwise, many-valued. The function is said to be de- 
fined for each value of the independent variable in its range. The 
significance of these definitions will become clear as soon as we 
examine some concrete examples. 

Remark. The word function is used here in a technical sense 
(luite different from its everyday meaning as in the statements 
“digestion of stai’ch is a function of the saliva,” or “passing bills 
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is a function of the legislature,” or “the Senior Prom was the out- 
standing function of the school year.” 

Example 1 . Let the range of x be the set of all integers. Then 
the function y defined by the relation y = 2 x 1 associates 
with each value of x just one value of y. The range of y is the set 
of odd integers. For example, to the value x = 3, it associates 
the value y = 7 ; to the value a; = 2, it associates the value y = 5. 
The function is single-valued since to each integer x there corre- 
sponds just one odd integer y. We might have allowed the range 
of X to be the set of all rational numbers, or all real numbers, or 
all complex numbers, at the same time changing the range of y 
accordingly, of course. 

Example 2. Consider the function y defined by the relation 
y = Whatever set of numbers we choose for the range of 

X o 

X we must not include the number 3; for x = this function is 
not defined. (Why?) We may let the range of x be the set of all 
real numbers except 3. The function is single-valued. 

Example 3. Consider the function y defined by the relation 
y^ = X ov y =±:\/x. This is a many-valued function of x, or 
more precisely a “two-valued” funedion of x, sin(;e for each value 
of X except 0 there will be two corresponding values of y. For 
example, if a; = 9, y = d= 3. We have assumed that the range of 
X is some set of numbers. If we want the range of y to contain 
only real numbers we must restrict the range of x to the set of 
non-negative real numbers; for if x were permitted to have a neg- 
ative value, y would be imaginary. If we want the range of y to 
be restricted to integers, we must restrict the range of x to the 
set of integers which are squares of integers. 

Example 4- Let the range of x be the set of all objects for sale 
in a certain department store. Let the value of y corresponding 
to each value of x (that is, each object) be the price of x. This 
functional relation defines y as a single-valued function of x. 

Example 5. Let the range of x be the set of husbands in a given 
country. Let y be the “wife of x.” This relation defines ^ as a 
function of x. It is a single- valued function if the range of x is 
the set of law-abiding husbands in a monogamous civilization. 
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Otherwise it may be a many-valued function. Notice that this 
function would still be single-valued in polyandrous civilizations 
but not in polygamous civilizations. 

Example 6. Let the range of x be the set of all positive num- 
bers with three consecutive significant digits; for example, 278 
or .00278. Then the table of logarithms, properly read, associ- 
ates with each such number x a number called its logarithm. 
Thus y = log X defines ^ as a single-valued function of x. Actu- 
ally the range of this function can be taken as the set of all posi- 
tive real numbers. But our table tells us the (approximate) value 
of log X only for the range stated above. 

Example 7. Let the range of x be the set of years between 1930 
and 1936. If y is the number of 4th of July accidents in the year 
X, then the correspondence given by the following (fictitious) 
table 


X 

1930 

1931 

1932 

1933 

1934 

1935 

1936 

y 

420 

350 

358 

200 

250 

202 

276 


defines y as a single-valued function of x for the given range of x. 

Example 8. Let x be the age of a certain baby, measured in 
days, and let y be its weight, measured in pounds, at 5 p.m. of the 
corresponding day. Consider the table : 


X 

0 

7 

14 

21 

28 

35 

42 

49 

y 

16 


4 

4 

4 

'4 

>4 

11 


Here y is, a single-valued function of x, for the given range of x. 

Example 9, Let x be the number of days a patient has been in 
the hospital for a certain illness. Let y be the temperature of the 
patient, taken at noon, for the corresponding day. Consider the 
table : 


X 

1 

2 

3 

4 

5 

6 

7 

8 

y 

102 

103 

103 

101 

100 

99 

98.6 

98.6 
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Here ^ is a single- valued function of x, for the given range of x. 

Example 10. Let the range of x be the set of all places in the 
United States. Let the range of y be the set of all points on a 
map of the United States. Let “y = the point on the map cor- 
responding to the place x” be the functional relation. Then y is 
a single-valued function of x, since to each place x there corre- 
sponds just one point y on the map. 

Example 1 1 . Let the range of x be the set of all normal human 
beings. Let the range of y be the set of all feet. The functional 
relation “y is the right foot of a:” determines t/ as a single-valued 
function of x. The functional relation “y is a foot of x” deter- 
mines ^ as a double- valued function of x. 

The extremely general idea of a function given here is a modern 
one. It may seem too general to be of much practical value. 
However, even these very general functions can be studied to 
good advantage. In elementary mathematics and for many ap- 
plications we can and will restrict ourselves to functions where the 
ranges of both variables are confined to real numbers. In fact, in 
this book, we shall usually restrict ourselves still further to the 
consideration of single-valued functions. For example, the rela- 
tions y — log X (where the range of x is the set of positive real 
numbers), ox y — any rational expres.sion in x define single- 
valued functions. 

EXERCISES 

In each of the following 6 exercises 

(a) find the largest possible set of real numbers which can be taken as the range of 
X if the range of y is to be confined to real numbers; 

(b) plot the graph of each function: 

1. 2 / = 2x + 1. 2. y = x\ 3. y =± Vx. 4. 2/ = l/x. 

6. 2/ = ±V9 - x\ < 0 . y = dbVa;* - 9. 

7. Give three examples each of (a) variables, (6) constants, (c) functions, 
which occur in any connection or subject whatever. 

91. Functional notation. If we have occasion to mention a 

1 2 X 

certain function of x, such as — - — , very often, we find it con- 
venient to denote it briefly by a symbol like/(x), read “f of x." 
Note that/(x) does not mean a number/ multiplied by a number 
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X, but stands for a “function of x” ; in the given example, f(x) = 

12 — X 

. If a is any value of x (that is, any number in the range 

CO 

of x) then/(a) shall mean the value of the dependent variable {that is, 
the value of the function) corresponding to the value x = a of the in- 
dependent variable. That is, f(a) is the value of /(x) when x is re- 

3 

placed by a. In the above example, /(3) = — g — = 3, /(4) = 

12 - 1 


12-4 

4 

12 - 12 
12 


= 2, /(2) = 


12 


= 5, /(I) = 


= 11 , /( 12 ) = 


= 0, and /(O) does not exist, since 0 cannot be in the 


range of x for this function. (Why?) If we have to discuss an- 
other function of x at the same time, we may denote the second 
function by F{x), ffx), g{x), h{x), h'(x), etc. For example, if 
g{x) =2x4-1 then ^(1) = 3, g(2) = 5. Hence, /(3) = fir(l) and 
jf(2) = g{2) in our examples. This functional notation is very 
compact and convenient. 


EXERCISES 

1. If fix) = 2 - 3 X + 4, find: (a) /(O). (b) /(I), (c) /(2). (d) /(- 2). 



2. If/(x)= 8^ find: (a)/(l). (6) /(2). (c) /(O). (d) /(1/3). (e)/(-2/3). 
(/)/(- 2). 

3. If ?(x)= find: ia) gil). (b) giS). (c) gH). (d) gil/2). 

X — iu X o 

(e) What numbers must be excluded from the range of xf 

4. (a) If fix) = x^ + 1 and gix)-9—x^ show that /(2) = gi2) and /( — 2) = 

gi- 2). 

(6) Plot the graphs of both functions on the same coordinate system and in- 
terpret the latter statements graphically. 

(c) Is/(-2)=-/(2)? 

6. If fix) = 3 X* -f- 2 X + 3, find: (a) /(2). (6) /(o). (c) /(a + h). 

W /(« + *)-/(«). 

f{v -|_ ^) _ f(x) 

Find the value of- — - — for each of the following functions: 

h 

B.fix)=x\ 7. /(x)=x^ 

9. fix) = 1/x. 10. /(x) = 3 - 2 X - 3 x^ 


8. /(x)= 4x2-|-3x-f- 1. 
11. /(x)= 1/x*. 
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92. The graph of a fimction. The study of functions began to 
be very important in the 17th century when scientists became 
greatly interested in the study of varying quantities. The inven- 
tion of the pendulum clock, the problems of transoceanic naviga- 
tion, the study of the motions of cannon balls and planets, and 
other physical phenomena, all contributed to the need for this 
study. If ^ is a function of x, we say that the value of y depends 
on the value of x. Speaking loosely, we might say that y varies 
with x; or a change in x induces a corresponding change in y. This 
statement is not strictly true for we might have a function which 
assigns the same value to y no matter what value is given to x. 
Such a function might be called a constant function; its graph 
would be a horizontal straight line. But, it will do no great harm 
if you think of the value of y changing when the value of x 
changes provided you agree that the change in y may be zero. 

Examples of functions important in physical science are ex- 
tremely numerous. Thus the distance through which a body 
falls at a given place on the earth’s surface depends on the num- 
ber of seconds during which it falls. The length of a steel bar 
depends on its temperature. The time required for a complete 
oscillation of a pendulum depends on the length of the pendulum. 
The distance through which a cannon ball, fired with a given 
initial velocity, will travel depends on the angle at which it is 
fired; the area of a square depends on the length of its side; and 
so on. However, to know merely that one quantity, y, depends 
on another, x, is hardly enough. It is usually essential to know 
whether y increases or decreases as x increases, and whether these 
changes are rapid or slow. More precisely, we might want to 
know how much y increases or decreases when x increases a 
certain amount; or how fast y is changing near a given value of x. 
We might want to know whether or not y has maximum or 
minimum values, and, if so, what they are ; and so on. Some of 
these questions will be answered by a careful study of functions 
in Chapter XL 

For the present, we can see that a rough idea of how a function 
y = f{x) varies may be obtained from its graph. Graphical 
methods are used extensively in many fields, especially where ap- 
proximate results are desired. 

Example 1. Consider the function y = 10 — x^. To draw its 
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graph we first choose a number of values of x and calculate the 
corresponding values oi y — f{x ) ; these results may be put into 
a table : 



Plotting these points (x,y), we obtain several points of the graph. 
If we have enough points to give us a fairly accurate idea of the 

shape of the curve, we join them by a 
'‘smooth” curve (Fig. 111). We may now 
use the graph to estimate values of y 
corresponding to values of x not in the 
table. Thus for a: = 1.5 we might esti- 
mate 2 / = 8 from the graph (Fig. Ill); 
this is not correct, but it is not far wrong. 
From the actual formula for the function 
* we obtain for a: = 1.5 the value y = 10 — 
(1.5)^ = 7.75. Naturally, the more points 
we actually plot and the more carefully 
we plot them, the more accurate our graph- 
ical estimates will be. We could judge from 
the graph that 10 is the maximum value 
of 2 / and that there is 
no minimum value. y 

When we join our plotted points by a 
smooth curve, we really assume a great 
deal. For instance, we assume that the 
curve does not behave queerly between 
the plotted points as in Fig. 112. In fact, 
we cannot be sure of this without a much 
deeper study of the function than we 
can make here. It is certainly clear that 
if we plot points corresponding to values 
of X which are too far apart, we may get 
an erroneous idea of the shape of the 
curve. But it is not always obvious how 
close together the values of x must be in 
order to avoid being “too far apart”; 




Fig. 112 
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consider the following examples. Note that it is often advis- 
able to use units of different lengths on the two axes in order to 
confine the graph to a moderate space. 

Example 2. Let the function be ^ = 4 x® — x. As usual, we 
obtain a table : 


X 

0 

1 

- 1 

2 

- 2 


y 

0 

3 

- 3 

30 

- 30 



If we plotted these points we might be tempted to join them as in 
Fig. 113. This would give us a, false impression of the shape of 



Fig. 113 



Fig. 114 


the curve as we can see by using values of x chosen closer to- 
gether, as in the following table, from which we see that the part 
of the graph between x = — 1 and x = 1 (drawn on a different 
scale, for convenience) should look like Fig. 114: 


X 

0 

1/4 

-1/4 

1/2 

-1/2 

3/4 

-3/4 

1 


3/2 

-3/2 

2 

~2! 

y * 

0 

-3/16 

3/16 

0 

0 

15/16 

-15/16 

3 

-3 

12 

-12 

30] 

-3oj 
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Example 3. Let the function hey = 1/(2 a; — 3). We might 
obtain the following table : 


X 

0 

1 

- 1 

2 

- 2 

3 

4 


y 

- 1/3 ' 

- 1 

- 1/5 

1 

- 1/7 

1/3 

1/5 



Plotting these points we might suppose that the curve looked like 
Fig. 1 15. But, plotting more carefully, we see that for x = 3/2 
there is no point of the curve. A more complete table would be : 


X 

0 

1 

5/4 

11/8 

23/16 


3/2 


25/16 

13/8 

7/4 

2 

3 

y 

-1/3 

-1 

-2 

-4 

-8 


no 

value 


8 

4 

2 

1 

1/3 


This gives rise to the curve in Fig. 116. The curve is a hyperbola 
and has two separate branches. 

V t 1 


PV.. 115 


Often we draw graphs for func- 
tions which are given originally in 
the form of a table. For example 
let us plot a graph for example 9 
of section 90. Having plotted the 
points given in the table, we usually 
join them by a curve or a broken 
line (Fig. 117). If we want to esti- 
mate the temperature of the patient Fig. lie 

at midnight of the fifth day, we 

might read from the graph that it was approximately 100.5 de- 
grees. But this might be wrong for the patient’s temperature 
might have fluctuated considerably between noon of the 4th 
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day and noon of the fifth. However, if we plotted a graph for 
example 8, section 90, it would be more reliable to estimate the 
weight between the actually plotted points because we do not 
expect a baby’s weight to 
undergo abrupt fluctuations. 

Thus, great care must be exer- 
cised in reading from a graph 
more than has been put into it. 

It is even possible to get 
complete nonsense if one is 
not careful. For example, a 
graph for example 7, section 
90, is given in Fig. 118. If 
we were to use the graph to 
estimate values of the func- 
tion between the plotted 
points, we might conclude that there were approximately 385 
fourth of July accidents at Christmas 1930. In this example, 

joining the points by a line 
serves no purpose beyond that 
of a purely visual aid in seeing 
at a glance the trend of the 
function. 

In most of our examples the 
function was defined or given 
by means of a definite rule, or 
formula, or by a table, and the 
graph was derived from the 
definition of the function. 
However, a function may be 
defined by means of a graph directly and an approximate table 
of values, or an approximate formula may be derived from the 
graph. This actually occurs in various practical situations. 
Thus, a seismograph records on a strip of moving tape the 
graph of a function representing the vibrations of an earth- 
quake. Similarly a cardiograph record^ on a strip of paper 
the graph of a function representing the vibrations of the heart 
beat. In the same manner, an instrument called a phonodeik 
records a graph of the vibrations of the air produced by a sound 
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wave. A phonograph record is essentially a graph of the sound 
scratched in wax so that a needle retracing the scratch (or graph) 
will reproduce the original vibrations and sound wave. In all 
these cases, the function is given originally as a graph and con- 
clusions are drawn from the graph. For most purposes, a definite 
formula is more desirable than either a table or a graph since 
from it one can obtain as exactly as one pleases the value of y 
corresponding to any value of x. 

Remark. Not all functions can be conveniently graphed. Thus 
consider the function defined as follows: let f{x)= 1 if x is a 
rational number and let fix) = 2 if x is an irrational number. 
This function y = /(x) is defined for all real values of x; that is, 
the range of x is the set of all real numbers. But between every 
pair of rational numbers (no matter how close together) there is 
an irrational number; and between every pair of irrational num- 
bers (no matter how close together) there is a rational number. 
Hence between every pair of values of x for which /(x) = 1 there 
is a value of x for which /(x)= 2; and between every pair of 
values of x for which /(x) = 2 there is a value of x for which 
/(x) = 1. A graph cannot be drawn which will give a clear im- 
pression of the way in which this function varies. Such “patho- 
logical” functions as this are studied in advanced mathematics 
but are of no importance in elementary applications to physical 
science, for example, where all functions are supposed to vary in 
a “smooth” or “continuous” manner, instead of jumping fitfully 
between two values as this function does. Thus if a train is 
travelling from Washington to New York, we do not expect it to 
move gradually from Washington to Philadelphia and then sud- 
denly disappear from Philadelphia and pop up in New York 
without any lapse of time and without traversing the intervening 
territory. We expect it to move continuously over all the places 
between Philadelphia and New York. 

EXERCISES 

1 . (a) Plot the graphs of each of the following functions between ar = — 5 
and a: = 5, if possible; 

(b) estimate from the graph the values of z for which p = 1 ; y = 3/2; y = 0; 

(c) describe how y changes as x goes from — 5 to + 5. For what values of x 
does y appear to be a maximum? minimum? 
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(1) y = 10 — (li) y = 3-2 x, (in) ?/ = — 9 + 24 rc — 7. 

(iv) y = 8^. (Hint: plot values of x at intervals of 1/3.) 

(v) y = log X, (Hint: use table of logarithms.) 

(vi) y = 10®. (Hint: use table of logarithms.) (vii) y = — - — 

X — 2 

2. In the function y = a being a constant different from zero, how does y 
change when x is doubled? tripled? 

3. The distance s, measured in feet, through which a body falls in t seconds is 
found experimentally to be given approximately by the function 

( 1 ) 

(a) Make a graph of this function, plotting integral values of t from ^ = 0 to 
t = 4. 

(h) Estimate from the graph how high a cliff is if a body dropped from it 
reaches bottom in 1.5 seconds. 

(c) If the cliff is 104 ft. high, in how many seconds will the body reach 
bottom? 

4. (a) A bomb is dropped from an airplane 1600 ft. high. In how many 
seconds will it reach the earth? (Use formula (1).) 

(b) If a bomb strikes the earth in 7 seconds, how high was the airplane when 
the bomb was dropped? 

6. If a ball is thrown directly upward from an initial height of ho ft., with an 
initial velocity of vq ft. per sec., its height A, measured in feet, after t seconds is 
found to be given by the function 

(2) A == Ao + Vot - 16 t\ 

Assume ho = 5 ft., and I’o = 128 ft. per sec. 

(a) Make a graph of this function. 

(b) After how many seconds will the ball strike the ground? 

(c) After how many seconds will the ball reach its maximum height? What 
is the maximum height? 

(d) After how many seconds will the ball be 85 ft. high? 

6. Make a graph of the function in example 8, section 90. Estimate from the 
graph, the approximate weight of the baby at 5 p.m. of the 24th day; the 26th 
day. 

7. A rectangular area is to be enclosed by 40 ft. of fence. 

(a) express the area A as a function of the length x of one side of the rectangle. 
(5) Make a graph of this function using a horizontal x-axis and a vertical 
A -axis. 

(c) From the graph, estimate the value of x which will make A a maximum 
and estimate the maximum value of A. 

8. An open box is to be made from a square piece of cardboard 12 inches on 
each side by cutting out equal squares from the corners and folding up the sides. 

(a) Express the volume V of the box as a function of the length x of the edge 
of the cut-out square. 
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{b) Make a graph of this function using a vertical F-axis and a horizontal 
x-axis. 

(c) From the graph, estimate the value of x which will make V a maximum, 
and estimate the maximum value of F. 

9. A closed box with a square base is to have a volume of 64 cubic feet. 

(a) Express the total area A of the top, bottom and 4 sides as a function of 
the length x of the base. 

(b) Make a graph of the function, using a vertical A -axis and a horizontal x- 
axis. 

(c) Estimate from the graph the value of x which will make A a minimum, 
and estimate the minimum value of A, 

10 . An open box with a square base is to be made from 400 sq. in. of material. 

(а) Express the volume F as a function of the length x of the base. 

(б) Make a graph of this function with a vertical F-axis. 

(c) From the graph, estimate the value of x which will make F maximum, 
and estimate the maximum value of F. 

11 . For a box with square ends to be sent by parcel post, the sum of its length 
and girth (perimeter of a cross-section) must not exceed 84 inches. Suppose a 
box has for its sum of length and girth exactly 84 inches. 

{a) Express the volume F of the box as a function of the length x of the edge 
of the square ends. 

(6) Make a graph of this function, with a vertical F-axis. 

(c) Estimate from the graph the value of x which will make F maximum, and 
estimate the maximum value of F. 

93. Average rates. If 

an automobile travels 
360 miles in 9 hours, we 
say that its average 
speed for the trip was 40 
miles per hour. In gen- 
eral, ij y is a function of 
Xy and y changes from yi 
to 1/2 as X changes from Xi 

to X2, then ^is called 

X2 — Xi 

the average rate of change 
of y with respect to x for 
the interval between Xi 

and X 2 . That is, the average rate is simply the change in y di- 
vided by the change in x, or the change in y per unit change in x, 


y 
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for the interval in question. If the graph of the function y = f(x) 
happens to be a straight line, this average rate is clearly the slope 
of the line. If the graph is not a straight line, the average rate 
of change of y with respect to x for the interval between Xi and 
X 2 is easily seen (Fig. 119) to be the slope of the chord joining the 
points (xj, i/i) and (x 2 , y^). Thus average rates may be estimated 
from the graph. 

Example. A falling body traverses s ft. in t seconds, where 
s — approximately. From the table 


( 

0 

1 

2 


4 







- — 


8* 

0 

10 

04 

1 

144 

250 


the average speed for the first .second is 10 ft. per sec.; for the 
second second it is 48 ft. per sec.; for the first two seconds it is 
32 ft. per sec. 

EXERCISES 

1 . In the above examine, find the avera>re speed for (o) the third second; 
(6) the fourth second; (c) the first three seconds; (d) the first four .se<!onds. 

2. From the graph of example 1, .section 92, find the average rate of (diange of 
y with respect to x for the interval l)etween {a) x = 1 and x = 2; {!>) x = 1 and 
x = 3; (c) What is the significance of the fact that these rates are negative? 

3. From the graph of example 8, .section 90, find the average rate of change of 
the weight per day for («) the first 7 days; {h) the first 14 tlays; (c) the first three 
weeks. 

4 . From the graph of exercise .3, section 92, find the average rate of change 
for (rt) the first second; {h) the first two seconds; (c) the interval between t = 4 
and t = 5. 

6. From the graph of exercise 5, section 92, find the average rate of change 
for (a) the first second; (J>) the first two .seconds; ’(r) the interval between I = 2 
and t == 4. 

94. Interpolation and extrapolation. The act of c.stirnating 
values of a function y for value.s of x between tho.se actually 
plotted or calculated is called interpolation. We have seen how 
we may interpolate roughly by reading from the graph of the 
function. Let us examine another method of interpolation that 
is used frequently, namely the method of proportional parts. We 
shall illustrate this method by the following example. 
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Example. Consider the function y = 1 + Q x — x^, from which 
we get the following table : 


X 

0 

1 

2 

.3 

4 

y 

1 

6 

9 

10 

9 


For X = 1.5 we might obtain an estimate of the corresponding y 
as follows. As X goes from 1 to 2, y goes from 6 to 9; that is, y 
increases 3 units. Now x = 1.5 is halfway between 1 and 2; 
hence we might take a value of y halfway between 6 and 9, that is 


y 



y — 7.5, as our approximate value. Similarly for x = 4/3 which 
is 1/3 of the way between 1 and 2 we take for y a value 1/3 of the 
way between 6 and 9 or t/ = 7. These values can be seen to be 
inaccurate since we have a formula for the function which en- 
ables us to compute directly that for x = 1.5, y = 7.75 and for 
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X 


4/3, y = 65/9 = 



but they are not far wrong. 


Let us 


see why this is so. Draw the chord (straight line-segment) join- 
ing our two plotted points A and C (Fig. 120). For x — 1.5, the 
true value of y is the length of HF. But the midpoint E of the 
chord AC has the coordinates (1.5, 7.5). This may be seen by 
means of the similar triangles AEG and ACB. 

In general, the method of interpolation hy proportional parts 
amounts to usiny the ordinate of the point on the chord with the 
given abscissa instead of the ordinate of the point on the curve with 
the given abscissa. The accuracy of this method clearly depends on 
how closely the chord approximates the curve. Thus if we inter- 
polated by proportional parts for the value of y corresponding to 
the value a: = 1.5 by using the points (0,1) and (3,10) we would 
get the result y = 5.5 which is far from the correct value 
y = 7.75. This is so because the chord joining the points (0,1) 
and (3,10) does not remain close to the curve. In general, the 
closer together are the values of x between which we interpolate. 


we 

.5 


the closer will the chord ap- 
proximate the curve. How- 
ever, this statement cannot 
be relied on completely with- 
out further knowledge of the 
function or curve we are 
considering. For example, 
consider the function y — 

1 /10a:. For a: = — .1 
have y = — 1 and for x 
we have y = .2. Suppo.se 
we were to interpolate by 
proportional parts to obtain 
an approximation for the value of y at x = .2, which is halfway 
between — .1 and .5. We obtain the value y = — .4 which is 
halfway between the values - 1 and .2. But this is far from the 
true value y = .5. This happens because the chord is not at 
all close to the curve even though the values of x used are close 
together (Fig. 121). However, the method of interpolation by 
proportional parts can be shown to give a good approximation 
for most of the functions used in elementary mathematic.s and 



Fig. 121 
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physics provided we interpolate between values of x that are 
close enough together. 

Because interpolation by proportional parts amounts to us- 
ing the chord instead of the curve, it is often called linear inter- 
polation. 

The act of estimating values of a function beyond the range of 
values of x actually plotted or calculated is called extrapolation. 
Thus if we had plotted the curve of Fig. 120 only for x = 0, 1, 2, 
we might feel that since the curve is rising at x = 2, it will prob- 
ably continue to rise as we proceed further to the right, at least 

for a short interval. Such a con- 
clusion can often be justified, so 
far as the functions we meet in 
elementary mathematics and 
physics are concerned, but only 
for a short interval, as we see 
from Fig. 120 in this case. As 
for functions defined by a table of 
statistical observations, such ex- 
trapolation is extremely danger- 
ous, even for a short interval. 
Thus if the fictitious graph in Fig. 122 represented the average 
price of securities on the stock market from 1917 to 1932, we see 
how mistaken were the people who, in 1929, extrapolated in- 
cautiously and came to the conclusion that the rising trend 
would continue a while longer. To be at all secure in extrapola- 
tion, even more than in interpolation, one must know, by some 
means, the nature of the function one is dealing with. Thus in 
making predictions in physical science by extrapolation be- 
yond our past and present observations in the case, say, of 
the return of a comet, or the occurrence of an eclipse, we are 
very safe, because we have a great deal of information as to the 
nature of the functions involved. But prediction by extra- 
polation from statistical data is not safe unless supported by suf- 
ficient additional knowledge of the functions involved. 

EXERCISES 

1 . In the illustrative example y = l-|-6x — above, interpolate by propor- 
tional parts from the given table for the value of y corresponding to (a) x = 2.5 ; 
(6) X — 2.3; (c) X = 3.5; (d) x = .5; (e) x = .2. 



Fig. 122 
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2 . In example 8, section 90, interpolate by proportional parts to obtain the 
approximate weight of the baby at 5 p.m. on (a) the 11th day; (6) the 15th day. 
Extrapolate to obtain the approximate weight of the baby on (c) the 33rd day; 
(d) the 37th day; (e) Would we be justified in extrapolating to estimate the weight 
of the baby on the 400th day? its 20th birthday? 

3. Interpolate to find (a) log 15.15; (6) log 15.12; (c) log 15.125; (d) log 15.175. 

4 . Interpolate to find the number whose logarithm is (a) 1.6744; (b) 1.6747; 
(c) 2.6742. 

6 . Interpolate to find the number whose logarithm is (n) 1.6924; (b) 2.6922; 
(c) 2.6926. 

6. In how many years will any s\im of money, invested at 6% interest com- 
pounded annually, double itself? 

7 . If SlOO is invested at 4% interest eom])ounded annually, how much will 
the amount be after 21 years? 

8 . If it is desired to have a sum of $1000 in the bank ten years from now and 
the bank pays 4% interest compounded annually, how mu(*h should be deposited 
now? 


96. Classification of functions. An iniportant chapter of pure 
and applied mathematics consists of the study of functions. To 
facilitate this study, it is convenient to classify functions in var- 
ious ways. 

One way is to distinguish between continuous and discontin- 
uous functions. A function y = f(x) may be called continuous 
at the point (a,b) if the dependent variable has the value y = h 
corresponding to the value x = a of the independent variable, 
and if the graph of the function consists of one connected piece 
in a small neighborhood of the point (a,h) ; otherwise it is called 
discontinuous atx = a. Thus the function y = l/x is discontin- 
uous at the point where x = 0 but continuous for all other values 
of X. Most of the functions studied in elementary mathematics 
and its applications are continuous except possibly for isolated 
values of x. Polynomials are continuous for all values of x. In 
the next chapter we shall give a more precise definition of con- 
tinuous function. 

Example. The cost y oia taxi ride is a function of the distance 
X traversed. Suppose the cost is 20 cents for the first half mile 
and 10 cents for each succeeding half mile. Then the graph of 
this function is given in Fig. 123. Here y is a discontinuous func- 
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tion of X since the value of y jumps at the end of each half mile.* 
Other modes of classification are often convenient. A function 
which can be expressed as a quotient of two polynomials in x is 
called a rational function of x. It can be shown that rational 

functions are continuous for all 
values of x except those for which 
the denominator becomes zero. 
Polynomials themselves are called 
integral rational functions. These 
terms are analogous to the terms 
rational number and integer. A 
polynomial of the first degree 
is called a linear function. If 
?/ is a function of x such that the 
values of y corresponding to every 
X can be obtained as roots of the same equation 

/o(a:)2/'‘ + ^ ^ fn-i{x)y + fn{x) = 0 

where the functions/o(x),/i(x), • • •,/„(x) are polynomials in x then 

T1 



-fi 


y is called an algebraic function of x. For example, y 2 _ i 

is an algebraic function of x since — \)if +{— x^ — 1)= 0; 
here/o(x)= x^ — l,/i(x)= 0, and/ 2 (a;)= — — 1. All rational 

7)(X) 

functions are algebraic for i( y = —r-~ where p(x) and q(x) are 

q{x) 

polynomials then q(x) • y — p{x) = 0; here/o(x) = q{x) and/i(x) = 
— p(x). The functions log x, 10*, and the trigonometric func- 
tions which will be taken up in Chapter XII, can be shown to be 
not algebraic ; they belong to a class of functions called transcen- 
dental. The terms algebraic function and transcendental func- 
tion are analogous to the terms algebraic number and transcen- 
dental number introduced in section 62. 

Functions hke 10* or c* where c is any constant are called 
exponential functions because the independent variable x occurs 
as an exponent. They are important in many applications of 
mathematics, such as the following example. 


Example. The number n of bacteria in a given culture at the 

* Whether the value of this function y is 30 or 40 at the exact value x = 1 may de- 
pend on the size of the taxi driver (see Fig. 123). 
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end of t hours is given by n = 100 X 10 Find (a) how many 
bacteria there are at < = 0; (6) at < = 3; (c) how many hours will 
be required for the number of bacteria to double itself. 

(a) At < = 0 there are n = 100 X 10® = 100 bacteria; (b) at 
t = 3 there are n = 100 X 10-^*®. Now log n = log 100 + log 
10-729 = 2 + .729 log 10 = 2.729. Therefore, n = 536., ap- 
proximately. (c) n will be 200, as required, when t satisfies the 
equation 200 = 100 X lO ®"*^'. Hence log 200 = log 100 + 

301 

.243 t log 10 or 2.301 = 2 + .243 t. Hence t = = 1.24 hrs. 

approximately. 

Special terminology is often used in physical science to refer 
to special types of functions which occur often. For example, if 
y is a linear function of x of the special form y = cx where c is 
any constant whatever, then it is customary to say that y varies 
directly as x. The graph of this function is a straight line 
through the origin with slope c. If y = c/x where c is any con- 
stant whatever, it is customary to say that y varies inversely as 
X. Thus Boyle’s law for enclosed gases says that (at a given tem- 
perature) the pressure p varies inversely as the volume v; that is, 
p = c/v where c is a constant. The graph of this function is a 
branch of a hyperbola, since only positive numbers are used. 
Newton’s law of gravitation says that the gravitational force F 
exerted between any two particles whatever varies directly as the 
product of their masses mi and m 2 and inversely as the square of 
their distance d; that is, F = Gmim^lcF, where G is a constant. 
The constant G is known as the gravitational constant ; when the 
units employed are centimeters, grams and seconds then G •= 
6.66 X 10“« approximately. Note that if we ignore the decimal 
point (quite common practice among numerologists) then the 
gravitational constant is nothing more than the Number of the 
Beast (666) discussed in section 27. We leave this bit of informa- 
tion to any numerologist in good standing who wishes to make 
something of it. 

Remark. The function y = cx is a generalization of the multi- 
plication table. For if c is a natural number, say 2, and if x takes 
only natural numbers as its values, the values of y are the results 
found in the “two times” table. 
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In the next chapter, we shall indicate some ways in which func- 
tions may be studied. 

EXERCISES 

1. If y varies directly as x and \i y = 21 when x = 7, 

(a) express ?/ as a function of x. 

(b) find the value of y when x = 6. 

(c) how is y affected if x is tripled? 

2. If y varies inversely as x and if y = 4 when x = 3, 

(a) express ?/ as a function of x. 

{b) find the value of y when x = 6. 

(c) how is y affected if x is doubled? 

3. The maximum range of a projectile varies directly as the square of its 
initial velocity. If the maximum range is 15000 ft. when the initial velocity is 300 
ft. per sec. : 

(a) Write the range r as a function of the initial velocity v, 

(b) What is the ninge when v = 500 ft. per sec.? 

(c) What is when r = 60,000 ft.? 

4. Using Boyle^s law above, assume that an enclosed gas kept at constant 
temperature has a volume v of 600 cu. in. when the pressure is 24 pounds per sq. 
in. 

(a) Express p as a fun(;tion of v, 

(b) Find p when v = 720 cu. in. 

(c) Find V when p = 100 lbs. per sq. in. 

6. The weight of a body is essentially the gravitational force exerted on it by 
the earth. Hence, as a special case of Newton's law of gravitation above we de- 
duce that the weight le of a body varies inversely as the square of its distance d 
from the center of the earth. Assuming this to be true and taking the radius of 

the earth as 4000 miles how much would a girl weigh at a height of 100 miles 

above the surface of the earth, if she weighs 100 lbs. on the surface of the earth. 

6. Show that if y varies directly with x and if y = yi when x = Xi, and y ^ yi 

when X = X 2 , then That is, corresponding values of x and y are in pro- 

yi x’2 

portion. 

7. Show that if y varies inversely as x and if y = yi when x = Xi, and y = y^ 

when X = X 2 , then • 

2/2 ^1 

8. Using the same axes, draw the graphs of both y = x^ and y = 2^, between 
X = 0 and x = 5. 

9. Using the same axes, draw the graphs of both y = x"^ and y = 2”*, be- 
tween X = 0 and x = 5. 

10. The number n of bacteria in a culture at the end of t hours is given by 
n - 100 X 10 -^« 2 . 

(a) Find the number present at the start (^ = 0). 
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(b) How many were present at the end of 4 hours? 

(c) In how many hours will the number present be 300? 

11 . A star loses heat in such a way that its temperature ijy measured in degrees, 

at the end of x millions of years is given by y = 15000 X Find its 

temperature at the end of 10 million years.. 

12 . If the population P of a country, during a certain interval of time, is rep- 
resented approximately by the formula P = 4500000 X 10 ' wliere t is meas- 
ured in years, find the population after 7 years. 

13 . If radium decomposes so that the number y of milligrams remaining at the 
end of t centuries is given by ^ = 50 X 10” S 

(а) How many milligrams were there at tlie start (t — 0)? 

(б) How many milligrams were left at the end of 15 centuries? 


96. Graphical solution of equations. Let f(x) lie any function 
of X. If the value of the function l)e(!onie.s zero wluui 1 he number 
r is substituted for x, then r is said to 
be a root of the equation f(x) = 0. 

That is, by definition, a root of ihe 
equation /(a:) = 0 is a number r such 
that f(r) = 0.* If r is a real number 
and r is a root of the equation /(a:) = 0, 
then the graph of the function y = f(x) 
must have a point in common with the Fig. 124 

a;-axis at x = r. Therefore the real 

roots of an equation /(x) == 0 are the x-coordi nates of the points of 
intersection of the qurve y = f{x) with the x-axis (Fig. 124). Con- 
sequently the real roots of an equation may be estimated graph- 
ically. Note that imaginary roots cannot be found in this way 
since on our graph x and y range only over real numbers. 

Example 1 . The roots of the equation 4 x = 0 are x = 0, 
X = 1/2, and X = - 1/2. See Fig. 114, page 209. 



Example 2. Consider the equation x" - x^ - 5 x -f 5 = 0. 
Plotting the graph of the function y — x^ — — .5 x -f- .5 for 

integral values of x we find the table: 



* Note that the statement /(x) = 0 is a propositional function .since it contains the 
variable x, while the statement /(r) = 0 where r is a definite number or constant is a 
propasition. 
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From the graph (Fig. 125) we see that one root of the equation is 
1, while there is another root between — 2 and — 3 and a third 
between 2 and 3. We could guess at the value of the root between 
2 and 3, for example; but if we would like to get a closer estimate 
of this root we can locate it between successive tenths by plotting 
the graph (on a magnified scale, if desirable) for every tenth be- 
tween 2 and 3, obtaining the table 


X 

2 

2.1 

2.2 

2.3 

y 

- 1 

- 0.649 

- 0.192 

.377 


This shows (Fig. 126) that the root of the equation between 2 
and 3 is really between 2.2 and 2.3. If we wanted to approxi- 


1 / 



Fig. 125 



Fig. 126 


mate the root between successive 
hundredths we could now plot the 
curve between 2.2 and 2.3 (on a 
magnified scale, if desirable) using 


the values x = 2.21, 2.22, 2.23, 2.24 and so on until we discover 


between which two successive hundredths the curve crosses the 


a;-axis; and so on. 

The process of pinching or crowding the root between two suc- 
cessive units, successive tenths, successive hundredths, and so 
on, used in example 2, is a standard method of approximating the 
roots of any equation involving single-valued continuous func- 
tions. For if a single-valued function is continuous and its graph 
is below the x-axis at one value of x and above the x-axis at an- 
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other value of x, then the graph must cross the x-axis at least 
once somewhere between these two values of x. This method of 
hemming in the root, much as one runs down a base-runner caught 
between first and second base, is very useful although tedious. 
We have already used it in section 25 to approximate numbers 
like \/2, "^2, etc. Note that -\/2 is a root of the equation 
X* — 2 = 0 and -v^ is a root of the equation x® — 2 = 0, and so 
on. Slight improvements in technique can be made which save 
some time but we shall not go into them here. 

EXERCISES 

Solve the follovnng equations graphically: 

1. 4 X* - 8 X 4- 3 = 0. 2. 4 x’ - 13 X + f) = 0. 

3. x^ - 4 x2 + X + 6 = 0. 4. 4 .r * - 24 x’* + 27 x + 20 = 0. 

6. 2 x^ - 3 x2 - 9 X -I- 10 = 0. 

Locate the real roots of the following equations hetwem successive tenths: 

6. X* -f 3 X - 1 = 0. 7. x^ - 3 x'' - 2 X + t) = 0. 

8. X* — 4 X + 2 = 0. 9. x’ — 3 X 4- 11 = 0. 10. x'* — 4 x — 5 = 0. 

11. 2*4-3x-6 = 0. 12. 2*-84-4x = 0. 13. 3* -|- 5x - 10 = 0. 

97. Functions of several variables. It is frequently necessary 

to study functions of more than one independent variable. Thus 
the area of a rectangle is a function of its length x and width y, 
given by the formula A = xy. The perimeter of the rectangle is 
given by the formula P = 2 x + 2y. The volume of a rec- 
tangular box is a function of three independent variables, the 
length X, width y, and height z, given l)y the formula V = xyz. 
The surface area of the box is given by *S = 2 xi/ + 2 xz -4- 2 yz. 
The amount of money xl in a bank account on which interest is 
compounded annually is a function of 3 independent variables, 
the original principal P, the number n of years, and the rate r per 
cent at which interest is paid; this function is given by the for- 
mula A = P{1 + "The study of functions of more than 

one independent variable presents technical difficulties very soon, 
and we shall therefore confine ourselves, in our further study of func- 
tions, to functions of one independent variable. 

98. The application of functions in practical science. We have 
already indicated how widespread are the applications of func- 
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tions in science. We must again emphasize, however, the dis- 
tinction between pure and applied mathematics. For example, 
the distance «, measured in feet, through which a falling body 

falls in t seconds is given approximately by s = where the 

constant g is found experimentally to be about 32. (Note: g is 
the acceleration, measured in feet per second per second, due to 
gravity.) Now we may use this formula to predict that a body 
will fall 64 feet in 2 seconds, 144 feet in 3 seconds, and so on. 
But even if our arithmetical calculations based on this formula 
are flawless, we must not be misled into believing that our re- 
sults are perfectly accurate with respect to the physical facts. 
For the study of the function s = 16 belongs to pure mathe- 
matics while the question whether or not the given function fits 
the physical facts accurately is a question of applied mathe- 
matics. In fact, careful experimentation would show that g = 
32.2 would fit the facts more accurately than g = 32. Further 
experiment would show that the value g = 32.1724 is a still 
better approximation. In fact, the value g varies slightly de- 
pending on the latitude of the place on the earth where the body 
is falling and on the height above sea-level. Thus one should not 
confuse accuracy insofar as the purely logical perfection of pure 
mathematics is concerned with the accuracy with which the pure 
mathematics fits the concrete application. 

V <|96?he other hand, the accuracy of some of the formulas em- 
ployed in physical science is amazing. The most familiar of these 
spectacular achievements are probably those of astronomy, 
wherein eclipses, etc., are predicted at long range. One of the 
most dramatic triumphs of applied mathematics was the dis- 
covery of the planet Neptune by Leverrier and Adams, about 
1846. The planet Uranus had exhibited distressing unwillingness 
to move as the theory of gravitation said it should. It was sug- 
gested that the deviations might be due to the gravitational pull 
of some other body whose existence had not hitherto been sus- 
pected. Leverrier and Adams, independently of each other, per- 
formed the difficult mathematical task of calculating how large a 
body would have to be and how it would have to move in order to 
produce exactly the observed deviations in the orbit of Uranus. 
Leverrier wrote to an astronomer Galle telling him that this hy- 
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pothetical body should be found at a certain place at a certain 
time. Galle looked with his telescope and there it was ! Thus the 
discovery of the planet Neptune, which had never been seen be- 
fore that time, was made by purely mathematical prediction. 
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LIMITS AND THE CALCULUS 


99. Introduction. We have seen how important the study of 
varying quantities was in the physical science of the 17th century 
when the motions of planets, pendulums, cannon balls, sounds, 
etc., came to be of central interest. Both the physics of a chang- 
ing world and the study of problems connected with tangents to 

curves, which arose in the 
analytic geometry of Des- 
cartes and Fermat, led to the 
invention of the calculus. 
The invention of the (dif- 
ferential and integral) calcu- 
lus was accomplished by the 
mathematician and physicist 
Isaac Newton (1642-1727), 
most famous for his remark- 
able theory of gravitation, 
and Gottfried Wilhelm 
Leibniz (1646-1716), the 
mathematician and philos- 
opher. Needless to say, 
neither Newton nor Leibniz 
created the calculus out of 
thin air. Other people, Fer- 
mat, for example, had some 
of the ideas of the calculus 
before these two, and some 
of the problems involved had 
been attacked with partial 
success years earlier. Newton himself is said to have remarked 
“If I have seen a little farther than others it is because I have 
stood on the shoulders of giants.” The fact that progress is 

S88 
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seldom independent of the past is amply illustrated in the history 
of science. This in no way detracts from the gigantic contribu- 
tions of Newton and Leibniz. 

They developed and organ- 
ized the subject, making it 
one of the most powerful 
chapters of mathematics. 

The invention of the calculus 
initiated a period of exceed- 
ingly rapid development 
both in mathematics and in 
its applications to physics, 
astronomy, engineering, etc. 

In the latter half of the 17th 
century and the entire 18th 
century, much effort was dev- 
oted to the important task of 
developing further the ideas 
of Newton and Leibniz and 
their manifold applications 
in physical science. 

That the ideas of the cal- 
culus were “in the air” in the 
17th century is partly indi- 
cated by the fact that New- 
ton and Leibniz obtained 
their results independently of each other, although at the time 
each was accused of plagiarizing from the other. This contro- 
versy developed into one of the most heated feuds in the history 
of science (which is rich in disputes about priority) and helped 
to create an almost complete schism between British and German 
mathematicians. The unworthy kind of nationalism which dis- 
played itself in this and other such controversies is merely evi- 
dence that mathematicians are also human beings often subject 
to the same weaknesses as other mortals. What is more inspir- 
ing, however, is the fact that the thread of scientific progress has 
persisted through the ages and has been contributed to by many 
different civilizations, nationalities, races, and creeds, and has 
come to be one of the most precious parts of man’s heritage. 



Gottfried Wilhelm Leibniz 
1646-1716, German i 
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The entire calculus is based on the concept of function and the 
concept of “limit.” The notion of “limit” was, in fact, familiar 
to the ancient Greek philosophers and mathematicians. Indeed, 
some of them had some of the essential ideas of the calculus. But 
they failed to develop any usable technique in connection with 
their ideas and hence made little progress. The concept of limit 
may be based on the notion of “sequence” which we shall take 
up now. 


100. Sequences. By a sequence, (or an infinite sequence), of 

numbers we mean an unending succession of numbers X\, Xt, 
where the dots mean “and so on.” The sub- 
script n merely indicates the position of the number in the 
sequence. Thus Xi is the first term, x^ is the second term, x^ is 
the third term. The term Xn is called the nth term or the general 
term. A sequence may be defined by stating its general term. 

For example, the sequence whose general term is ^ is the se- 

Tt 

quence 1/2, 2/3, 3/4, 4/5, 5/6, • • •, — - 7 — r, The sequence 

Tt “p X 

whose general term is 1 — has for its first few terms the num- 

10 " 


bers .9, .99, .999, .9999, .99999, .999999, • • •. The sequence 

(- 1 )" 

whose general term is has for its first few terms the num- 

n 


bers - 1/1, 1/2, - 1/3, 1/4, - 1/5, 1/6, • • •. 

A sequence can be regarded as a single-valued function of n 
where the range of n is the set of all natural numbers; to each 
natural number n there corresponds a number x„, the nth term in 
the sequence. Thus the symbol x„ might have been written as 
x(n) to emphasize that it is a function of n. 


Remark. Infinite sequences may arise outside of what is usu- 
ally considered to be mathematics. For example, if a label on a 
can has on it a picture of the can, it gives rise to an infinite se- 
quence of pictures of the can. 


EXERCISES 

Write the first five terms of the sequence whose general or nth term is: 




2 . 1 / 2 ". 


3 . 


2 » 


2 « 


4 . 2 


1 

10 "' 
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6 . 


9 . 


(- D- 
2 » 



6 . 


(- 

10 » 


7 . 1/n. 


10 . 1 4 - 


(- 1 )" 

2 « 


8 . 3 + 


(- 1 )- 

n 


101. Limit of a sequence. Let us mark on a line the numbers 
of the sequence whose nth term is 2 — t.hat is, 1.9, 1.99, 
1.999, 1.9999, • • •. It is intuitively clear from Fig. 127 that as n 


1 

I 


Fig. 127 


1.9 


2 

.oL 

1.99 


increases indefinitely, the numbers 2 — become closer and 
closer to 2 ; furthermore it can be shown that 2 — becomes as 


close as we please to £ if n is taken great enough. Therefore, we say 
that 2 is the limit of the sequence. The latter condition is im- 
portant, for 2 — also gets closer and closer t(^|||^as n increases 
indefinitely but it does not get as close as we please to ^ since 
for any value of n the number 2 — y^ is more than 1 unit away 


fron^. In other words as n becomes large, the distance between 

2 and the numbers 2 — — becomes as small as we please. Now 

10 " 

the words small and large have only comparative, not absolute, 
meaning. Thus .001 is small compared with 1000000 but large 
compared to .00000000001 ; a hundred miles is a large distance to 
a lame man who has to walk it, but an insignificantly small dis- 
tance to an astronomer. The condition that the terms of the 
sequence get as close to 2 as you please can be formulated as a 
gajjae, as follows: if you choose a “small number” h, we can find a 
natural number N such that all the terms after the iVth are closer 
to 2 than the distance /i. Thus if you choose /i = .001 we can take 

iV = 3, and it is clear that every term after 2 — ^ is closer to 2 
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than the distance .001 (that is, lies between 2 — .001 and 2 + 
.001). If you choose h = .00001 the value N = Z will no longer 
do, but we can take iV = 5, say. That is, having chosen a “de- 
gree of closeness" h we can find a place in the sequence so that 
every term thereafter is closer to 2 than the preassigned amount 
h. This leads us to the formal definition of the limit of a sequence. 

* Definition. The number a will he called the limit of the se- 
quence Xi, X 2 , Xz, ' ' Xn, • ' ' provided that, given any positive 
number h, no matter how small, there exists a corresponding term of 
the sequence Xn such that every succeeding term Xm {m > N) lies 
between the numbers a — h and a -{■ h (that is, the distance \xm — a,\ 
of every Xm, with m > N, from a is less than the preassigned amount 
h). 

This definition may seem complicated at first because of the 
unfamiliar precise language in which it is couched, but the idea 
is really simple. Intuitively it means that the numbers Xn get to 
be as close as we please to a as n increases indefinitely. Let us see 
what it means in an example. 

Example. Prove that the sequence — 1, 1/2, — 1/3, 1/4, • • •, 
( — l)"/n, • • • has the limit 0. To do this we must show that given 
any positive number h, there exists a term of the sequence \/N 
such that every succeeding term \/m{m > N) lies between 0 — h 
and 0 + /i. This is clearly so. We have only to choose 1/A^ 
smaller than h (Fig. 128). Thus if we choose h = .001 we have 

o 

-I—- I I I ■ ■ L 

h . ^ 

Fig. 128 

only to take N = 10,000, since -|- 1/10000, — 1/10001, • • • are 
all nearer to 0 than the distance .001. If we choose h = .00001 
then N = 10,000 will not do, but we have only to take N == 
1,000,000, say, since 1/1000000, — 1/1000001, • • • are all nearer 
to 0 than the distance .00001. 

If the sequence Xi, Xz, Xz, • • •, x„, • • • has the limit a, we write 
X\, X 2 , Xa, • • •, x„, • • • a (read, approaches a) 

* The formal definition may be omitted without disturbing the continuity of the 
chapter. 
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or 

as n 1 , x„ — > 

a (read, as n increases indefinitely x« 
approaches a) 

or 

lim x„ = a, 

(read, the limit of x„ as n increases 


nt 

indefinitely is a) 

or simply 

lim Xn = a, 

(read, the limit of the sequence x„ is 


a.)* 


We say that a:„ tends to a or converges to a or approaches a as a 
limi t as n increases indefinitely. In this case we say the se- 
quence is convergent; otherwise divergent. Thus the sequences 

1,2, 3, 4, • •, n, ••• 

2, 4, 6, 8, • • •, 2n, • • • 

1, 4, 9, 16, • • •, • • • 

- 1 , 1 , - 1 , 1 , •••, (- 1 )", ••• 

— 1, 2, 3, 4, • • •, ( l)"w> 

are not convergent since there is clearly no number to which the 
terms of these sequences get as close as we please. Note that we 
may have lim Xn — a even though none of the numbers x„ in the 
sequence is equal to a. That is, the limit of a sequence need not he 
a term of the sequence. 

It is not always easy to prove that a sequence has a limit. 
However, in a more advanced course we would rest a great deal 
of work on this definition of limit. In fact, the entire subject of 
calculus may be based on it. Because of the technical difficulties, 
we shall here employ the idea of limit intuitively. 

EXERCISES 

1-10. What does the limit of each of the ten sequences given in the exercises 
in section 100 appear to be? What does this mean in terms of the definition of 
limit? 

Make up a sequence whose limit is: 

11. Five. 12. Three. 13. Zero. 14. Ten. 

102. Limit of a function. Consider a sequence of values of x 
approaching a as a limit: Xi, X 2 , X 3 , • • •, x„, • • • — a. Suppose 

* The notation lim x„ = a (read, the limit of as n becomes infinite is a) is also 

n— * CO 

widely used, but it often misleads the unwary student into believing that there is a 
peculiar number, called “infinity” and denoted by a lazy eight <» , which n approaches. 
This is, of course, not the case. 
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that every term of the sequence is in the range of the independ- 
ent variable x for a given function /(x); that is, /(x„) is defined. 
Then it may be that the sequence /(xi),/(x 2 ), • • •,/(x„), • • • con- 
verges to a limit L. If x/, X 2 ', Xz', • • • x„', • • • is another se- 
quence of values of x converging to a, it might be that the se- 
quence /(x/), fW), • ■ • • • does not converge at all, or 

possibly converges to a limit L' 9 ^ L. These things happen in 
the functions whose graphs are given in Figs. 129 and 130, respec- 



tively. But it may happen that, no matter what sequence of x’s 
we take converging to a, the corresponding values of the function 
will converge to the limit L. In this case, we say that /(x) ap- 
proaches the limit L as x approaches a. Precisely, we make the 
following definition.* 

Definition. If for every sequence Xi, Xz, xz, • • •, x„, • • • — > a 
{where each x„ 9 ^ a), all x„’s being in the range of the independent 
variable x, we have /(xi), f{xz), • • •, f{Xn), • • • L, then we say 
that L is the limit of f{x) as x approaches a. In symbols we 

write Urn f{x) = L, or f{x) L as x a. 
x-^a 

Intuitively, the statement lim /(x) = L means that the value 

x—*a 

of f{x) gets close to Las the value of x gets close to a. One reason for 
the parenthetical remark in the definition is that we do not re- 

♦ The formal definition may be omitted without disturbing the continuity of the 
chapter. 
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quire that the number a be in the range of the independent vari- 
able at all; that is, /(a) need not be defined. We want to discuss 
what happens as we approach a even if we cannot be at a. This 
is illustrated in the following example. 

^2 _ 9 

Example 1 . Letf(x) ;r. This function is defined for all 

X — o 

values of x except x = 3. (Why?) For any x 9 ^ 3, in fact, the 
value of f{x) is the same as for the 
(different) function y = x 3. 

^2 — Q 

Thus the graph of y = x is 

X — o 

the same as the straight line y = 

X + 3 except that the point (3,6) is 
removed, since our function is not 
defined for a: = 3. Nevertheless, 

a;2 _ 9 

lim exists and is 6. That is, 

a: -♦3 X — 6 

as X approaches 3, f{x) becomes as 
close as we please to 6. Thus we 
see that lim J{x) can exist even 

X a 

when /(a) does not. 

Notice that lim {x^ — 9) = 0 and lim (a; — 3)= 0; yet, 
2 — *3 a;-+3 




Fig. 132 


Example 2. Consider the func- 
tion defined as follows: 

for all a; 7 ^ 3 

for X - 3. 

This function is defined for all 
values of x. Its graph is given in 
Fig. 132. The point (3,6) is not 
in the graph while the isolated 
point (3,1) is in the graph. For 
this function we have /(3) = 1 
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while lim f(x) - 6. This situation obviously corresponds to the 
x->3 

“jump” in the graph at a; = 3. 

These are examples of discontinuous functions. They sug- 
gest the following definition. 

* Definition. A single-valued function f(x) is said to be con- 
tinuous at X = a if: (1) /(a) is defined; (2) lim f(x) exists; (3) 

X a 

limf(x) = f {a). If any of these three conditions fails to be satisfied 
X -*a 

the function is called discontinuous at x = a. 

The third condition says that the limit of the function as x 
approaches a is the same as the value of the function at x —a. 

In example 2, the function is discontinuous because condition 
(3) fails. In example 1, the function is discontinuous because 
condition (1) fails. The functions in Figs. 129 and 130 are discon- 
tinuous because condition (2) fails. 

Intuitively, a. function is discontinuous if there is a break of some 
kind in its graph. A continuous function has an unbroken graph. 

To prove that a given function is continuous is often difficult. 
But it can be proved that the functions studied in elementary 
mathematics and its applications are all continuous except pos- 
sibly for isolated values of x. Thus polynomials are continuous 
for all values of x; and rational functions are continuous for all 
values of x except those for which the denominator becomes zero. 
Assuming that these statements are correct we may use part (3) 
of our definition to find limits of continuous functions; for part 
(3) of the definition says that the limit of f(x) as x approaches a 
can be found by substituting a for x in f(x) as long as /(x) is 
known to be continuous. 

Example 3. lim (7 + 1000 x + 10000 x^) = 7. Notice that 

o; — ♦ 0 

the magnitude of the coefficients of our polynomial has no effect. 
We have the table : 


X 



.01 

.001 

.0001 

.00001 

B 

mm 







B 


* The formal definition may be omitted without disturbing the continuity of the 
chapter. 
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This table makes it intuitively clear that as a: — > 0,f(x) — + 7. But 
since we know that a polynomial is continuous for all values of x, 
we could obtain this limit by merely substituting x = 0 in the 
polynomial. 


EXERCISES 


Evaluate the following liinits: 


1. lim (x^ — 3). 

X -^2 

4. lim (2x + h). 

h ->0 


2. lim (3 a:" - 8 0-2 + 5). 

-r — > 3 

6. lim (3 + 2 hx + 

A —0 


Find the value of the expression lim^ 


fix + k)- fix) 


o r - 9 

3. hni — 

X — 3 a; + 5 

6. lim ih:^ + 3h). 

A —0 


where: 


7. fix)= x\ 
10. fix) = 5 ar’. 
13. fix)= l/x*. 


8. fix) = X®. 
11. fix)= \/x. 


9. fix) = 4a^ + 3x — 1. 
12. fix) = 3 - 2 X - 3 X*. 


103. Infinity; how certain functions vary. Consider the func- 
tion y = \/x (Fig. 133). It is not defined at a; = 0. We see that 
if X takes successively the sequence of values .1, .01, .001, .0001, 

• • •, 1/10”, • • • then/(a;) takes the values 10, 100, 1000, 10000, 

• • • , 10”, • • • . Similarly, if x takes 
the values —.1, —.01, —.001, •••, 

— 1/10”, • • • then/(x) takes the values 

- 10 , - 100 , - 1000 , •••, - 10 ”, 

• • • . Similarly it is easy to see that if 
xi, Xi, xa, • • • , x„, is any sequence of 
positive numbers approaching zero as 
a limit then the terms of the sequence 
/(xi), /(X2), /(Xj), • • *, /(x„), • • • be- 
come ultimately larger than any pre- 
assigned positive number, no matter 
how large; and if Xi, X2, xs, • • • , x„, • • • is any sequence of negative 
numbers approaching zero as a limit, then the terms of the 
sequence /(xi), /(xi), /(X3), • • •, /(x„), • • • become ultimately 
smaller than any preassigned negative number. In either case 
the absolute value |/(x„)l becomes greater than any preassigned 
positive number. This suggests the following definition. 



Fig. 133 
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* Definition. If for every sequence Xi, Xz, •••— »a 

(all Xn 9 ^ a) and any 'preassigned number H (no matter how large), 
there exists a corresponding term Xfj of the sequence such that for all 
succeeding terms Xm{m > N) we have 

(1) IfiXrn) I > H 

then we say that the absolute value of f(x) increases indefinitely 
as X approaches a. In symbols we write |/(a:) | | as a: — > a. 

Intuitively this means that the values of the function /(a;) get 
indefinitely large in absolute value as x gets near to a. 

This is often written in the form lim f{x)= oo (read, the limit 

X —>a 

of f(x) as x approaches a is infinity) or in the form/(x)->a3 as 
X a (read, f{x) becomes infinite as x approaches a). These 
symbols sometimes mislead the unwary student into thinking 
that there is a peculiar number, infinity, which is the limit of f{x) 
&s X a, or which is approached by f{x) as x approaches a. 

Therefore we prefer to write - 1 as x — > 0 instead of the usual 

X 

lim - = oo . It would be even more misleading to write ^ = oo , 
x-*ox 0 

although some books do write it.f Of course, they use this nota- 
tion to mean that - | as a; ^ 0 ; they do not mean that oo is a 

number which you obtain by dividing 1 by 0. As we have seen 
1/0 is a meaningless symbol; and furthermore the symbol is 
not a number at all. '‘Infinity,” in this sense, is merely a way of 
describing the manner in which certain functions vary. 

Remark. It is sometimes desirable to distinguish between the 
manner in which the function \/x varies as x 0 from the right 
and the behavior of the function as x — > 0 from the left. We 

The formal definition may be omitted without disturbing the continuity of the 
chapter. 

t Historically, the statement 1/0 = «> was actually taken literally. But we are 
now more familiar with the logical foundations of numbers than were many pioneers 
in the field. 




§104] 


TANGENTS 


S99 


write - f as X 0 from the right, and - [ as x — > 0 from the left 
X X 


(read - increases indefinitely as x approaches 0 from the right 


X 


and - decreases indefinitely as x approaches 0 from the left). 

X 

This is often written in the form >+cx) asx— >0 from the 


X 


right, and - 
X 


00 X —^0 from the left. 


EXERCISES 


(а) What can be said about the xoay in which the following functions vary as x 
approaches the indicated value? 

(б) Draw a graph of each function for vahtes of x near the value in question. 


I, 


2 


as X ■ 


2 . 


^ 0)2 + 5 a; 

3 . ^ — 

X — 2 

6 . \/x^ as x—^0. 


17 


as X ' 


2 . 


, 2 - 3 j 

6 . — l/x^ as X —> 0. 


104. Tangents. In high school, the tangent to a circle C at a 
given point P on C was defined as a line which meets the circle 



only at P. This definition is clearly unsuitable for other curves. 
For (Fig. 134), AB meets the curve only at A but is not what we 
would like to call a tangent ; while CD is what we would like to 
call a tangent at C but meets the curve again at D. It will not 
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do to say that a tangent at P is a line which does not “cross” the 
curve at P for GH and IJ do cross the curve and are what we 
would like to call tangents, while EF does not cross the curve 
but is not what we would like to call a tangent. If one thinks of a 
curve as being generated by a moving particle, then we would 
like a tangent at a given point on the curve to be a straight line 
with the same “direction” as that in which the particle is moving 

at that point. A definition of 
tangent corresponding to this 
intuitive idea, will involve the 
idea of limits. Let P be a 
point on our curve at which 
we would like to define a tan- 
gent (Fig. 135). Let Pi be a 
nearby point on the curve. 
Then PPi is a secant or chord. 
Now let Pi, P 2 , P 3 , • • • , Pn, • • • be a sequence of points on the curve, 
all different from P, buf approaching P as a limit.* Then we can 
conceive of the tangent PT at P as the “limiting position” of 
the sequence of secants PPi, PP 2 , PP 3 , • • •, PPn, • • •• Actually 
since “limiting position” has not been defined precisely, it will 
be more convenient to define the slope of the tangent at P. 
This is sufficient f because if we know the coordinates of P 
and the slope of PP we can write the equation of PP (see section 
79). Thus we shall define the slope of the tangent at P as the 
limit of the slopes of the secants PPn as Pn—* P (if this limit exists). 
Note that according to this definition, the “tangent” to a 
straight line at any point of the line is the line itself. This 
definition will be studied more closely in the next section. 

106. The derivative of a function. Consider the function 
y — f(^) at X = Xi. Let yi — f(xi). Take a nearby point (x2,t/2) 
on the curve (Fig. 136); y-i = fixf). The slope of the secant P1P2 

, yt — yi 

IS Let Xi — Xi be called Ax, read “delta x,” or the 

Xi — Xi 

* This means that the distances PPiy PP2, PP^y f PPm • * • approach zero as a 
limit. 

t Except for vertical tangents which will not be discussed here. 
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difference in x or the change in x or the increment in x or the 
increase in x. Similarly, let — yi be called Ay, or the change 
in y. (The symbol Ax is not to be understood as a number A 
multiplied by a number x; Ax stands for a single quantity which 

happens to have a first and second name, just as you have.) 

Ay 

Then the slope of the secant is -j- As Pi approaches Pi, Xi 


^ 0 ; 

-^ 0 . 

Ay 

Ax 


approaches Xi, and Ax - 
similarly yi -^yi and Ay - 

But it may happen that 

approaches a limit. (See ex- 
ample 1, section 102.) If this 
limit exists, it is called the 

slope of the tangent at (xi,j/i). 


Example. 
curve y = x^ 



Consider the 
See Fig. 137. 

Let us find the slope of the 

tangent at Xi = 3, yi = 9. Take a nearby value of x, say Xi = 
3 + Ax. Then for this value of x, t /2 == (3 + Ax)* = 9 + 
6 • Ax -b (Ax)*. Now Ay means, by definition, the difference be- 
tween this value yi and the value yi = 9. Thus 


y 



(1) Ay = 6 • Ax +(Ax)*. 

Dividing both sides of (1) by 
Ax, we find that the slope of 
the secant is 



Therefore as Ax — ^ 0 we find 
that the slope of the tangent 
at (3,9) is 




Ay 
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It might be worth while to make a table for this example which 
will make the idea clear : 


X\ 

X2 — 

Ax == 

yi 

2/2 = 

Ay 

Ay 


Xi + Ax 

X2 — Xi 


Hi + Ay = f{xi 4 Ax ) 


Ax 

3 

5 

2 

9 

25 

16 

8 

3 

4 

1 

9 

16 

7 

7 

3 

3.1 

.1 

9 

9.61 

.61 

6.1 

3 

3.01 

.01 

9 

9.0601 

.0601 

6.01 

3 

3.001 

.001 

9 

9.006001 

.006001 

6.001 


From this table it is intuitively clear that as Ax gets closer and 

Ay 

closer to zero, Ay also approaches zero, but — approaches 6. 

imiJu 

It is usually possible to evaluate the slope of the tangent for 
all values of x at once. Consider the example y = again. Take 
any point {x,y) on the curve. Take a nearby value of x; call it 

X + Ax. The ordinate of the 
point on the curve correspond- 
ing to this abscissa is (x + Ax)^; 
call it y 4- Ay. Thus 

(2) y + Ay = 
x^ ■+• 2x • Ax -f (Ax)2. 

But 

(3) y = x^. 

Hence, subtracting (3) from (2), 
we have 

(4) Ay = 2 X ■ Ax (Ax)®. 

Ay 

Therefore, dividing both sides of (4) by Ax, we have — = 

Ax 

2 X + Ax, which is the slope of the secant joining {x,y) and 
(x 4- Ax,y + Ay). Thus the slope of the tangent at {x,y) is 
Ay 

lim — = 2 X. This is true for any value of x. For example, 
Ax-»0 Ax 


y 
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for a: = 3, the slope of the tangent is 2 • 3 = 6, as we saw before. 
Notice that the slope of the tangent to the curve y = at the 
point whose abscissa is x is 2 x. This is a new function of x, called 
the derived function or derivative of the function x^. In general, we 
make the following definition. 


Definition. Consider the function y = fix). Let y Ay = 
fix + Ax) for any increment Ax; then Ay = fix Ax) — fix). 
Now, 

lim ^ 

is a new function of x iprovided this limit exists) called the deriva- 
tive or derived function of f(x). The derivative of the function 

y =z fix) is denoted by read “the derivative of y with respect to x,” 

dx 

or ^/(x), read “the derivative of fix) with respect to x,” or read 

“the derivative off with respect to x,” or fix), read “f prime of xf 
or “the derivative of fx),” or simply y', read “y prime” or “the 
derivative of y.” Briefly, 


dy Ay 

-f = lim - . 
dx ^x -♦ 0 Ax 


Ay 


Remark 1. We have as.sumed that the limit lim - exists. 

Ax 0 


Ay _ fi x + Ax) - f ix) 

Ax Ax 

is, for a fixed x, a function of the independent variable Ax. We 
have seen that the limit of a function may not exist. But it can 
be proved that for the functions studied in elementary mathe- 
matics and its applications this limit always does exist, except 
possibly for isolated values of x. 

Remark 2. The symbol ^ should not be thought of as the 

quotient of a quantity dy divided by a quantity dx. In partic- 
ular, we cannot regard dx as meaning lim (Ax) and dy as mean- 

Ax j 

ay 

ing lim {Ay), since each of these limits is clearly zero and ^ 
would then become 0/0 which is undefined. Misinterpretations 
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like this caused considerable trouble during the 17th and 18th 
centuries, since mathematicians, inspired by the tremendous 
success of the calculus in solving problems in both pure and ap- 
plied mathematics, devoted their energies to developing the 
powerful methods of the subject and did not straighten out its 
logical foundations until the 19th century. Bishop Berkeley, in 
the 18th century, scoffed at derivatives as quotients of “the 
ghosts of departed quantities.” This is reminiscent of the grin- 
ning Cheshire cat, in Lewis Carroll’s Alice in Wonderland, who 
disappeared gradually, beginning with the end of his tail and work- 
ing forward until nothing was left but the grin. However, it is not 
surprising, when viewed correctly, that two functions may each 
approach zero while their quotient approaches a value different 
from zero. For example, lim (6/i) = 0 and lim (3/i) = 0 but 


lim 

h-^o 



= 2. 


Berkeley wrote* that a person who can 


digest some of the concepts of the calculus “need not, methinks, 
be squeamish about any point in divinity.” Berkeley’s criticisms 
were not without foundation and helped to stimulate mathe- 
maticians to examine critically the logical foundations of the sub- 
ject. For example, Berkeley asked “whether certain maxims do 
not pass current among analysts which are shocking to good 
sense? And whether the common assumption, that a finite quan- 
tity divided by nothing is infinite, be not of this number?” Thus 
Berkeley justly balked at the expression “1/0 = <»” which was 
discussed in section 103. It was not until the 19th century that 
mathematicians began to avoid writing this misleading expres- 
sion. 

The process of finding the derivative of a given function is 
called differentiation. The study of derivatives is called the dif- 
ferential calculus. As we have already pointed out, the value of 
the derivative f{x) at x = Xi is the slope of the tangent to the curve 
y = f{x) at {xi,yi) where yi = /(xi). 


EXERCISES 

In each of the following exerciseSy (a) find the derivative of the given function; (b) 
find the slope of the tangent to the curve at the point where x = (c) write the equation 


* The Analyst^ London, 1734. 
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of the tangent to the curve at the point where x = id) plot the curve and the tangent 
line found in part (c); 

1. y = 3x^. 2. y = 2 1 *. 3. y = ^ x®. 

4. y = 3 a;® — 5 a; + 6. 6. y = 2 a:* + 5. 6, y — 3^. 

7. y = 2 X* - 3 X + 5. 8. y = 1/x. 9. y = 1/x*. 

10. y = 3 X. 11. y = 2 X + 3. 12. y = x - 2. 

13. y = X. 

14. Find the derivative of y = mx + p. Interpret graplncally. 

16. Find the derivative of y = rx^ + Ax + o. 


106. Instantaneous rate of change. We have seen in section 
93 that ii y = f{x) then the average rate of change of y with 
respect to x for the interval from Xi to x^ is the slope of the secant 
joining the points {xi,yi) and {xi,yi) of the curve y = f{x). This 


average rate of change is 


Ax' 


If y varied with x alia uniform rate 


then we might say that the rate of change at any instant is the 
same as the average rate for any interval, since all these average 
rates would be the same. But if y varies with x at a changing 
rate, what shall we mean by the rate of change of y with respect 
to X at a given value of x? For example, a falling body does not 
fall at a uniform speed but'falls faster and faster as it falls. If s is 
the distance through whic^ the body falls in t seconds then s is a 
function of t and the “speed” with which the body falls is the 
rate of change of s with respect to t. What shall we mean by the 
speed of a falling body at a given instant (value of t) ? Clearly 
the average speed for a very small interval of time beginning with 
the given instant will be very close to what we want to mean by 
the instantaneous speed at that instant. This suggests the fol- 
lowing definition. 


Definition. If y = f(x), the instantaneous rate of change of 

Av 

y with respect to x, at x = Xi, is Urn , or/'(xi) where f'{x) is 

Ax — 0 Ax 


the derivative V respect to x. 

Hence, an instantaneous rate corresponds graphically to the 
slope of a tangent, just as an average rate corresponds graph- 
ically to the slope of a secant. 
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Example. Consider the falling body problem. Here s = 16 
where s is the distance, measured in feet, through which the body 
falls in t seconds. What is the instantaneous speed of the falling 
body at the end of the first second? We have following table: 


t 

t At 

At 

,s 

s + A.s = 

16(( + 

As 

As , 

— = average speed 

for the interval 

from t to 

t + A^ 

1 

2 

1 

16 

()4 

48 

48 

1 

1.6 

.5 

16 

36 

20 

40 

1 

1.1 

.1 

16 

19.36 

3.36 

.33.6 

1 

1.01 

.01 

16 

16.3216 

.3216 

32.16 

1 

1.001 

.001 

16 

16.032016 

.032016 

.32.016 


This table indicates that the average speed approaches 32 ft. per 
sec. as a limit as At -> 0. This can be proved as follows. We 
have 

,s + As = 16(^ + Aty 

or s + As = 16 + 32 • f • A< + 16 {Aty. 

Then As = 32 < • Ai + 16 {Aty 

and the average speed for the interval At is 

^ = 32 « + 16 At. 

At 


Hence the instantaneous speed at the end of t seconds is 

As 


or 


ds 

dt 


lim ^ = 32 t 

At -*o At 

32 t ft. per sec. 


At f = 1, this speed is 32 ft. per sec. as suggested by the table. 

The idea of an instantaneous rate of change is very useful in 
physics. Thus if a rectilinear motion (that is, motion in a 
straight line) is specified by giving the distance s from the start- 

ds . 

ing point as a function of the time i, then ^ is the velocity v. The 
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rate of change of the velocity with respect to time, or ^ is called 

the acceleration. In the above example, y = 32 Hence, the 

dv 

acceleration of a falling body is which may be calculated as 

CLv 

follows : 

S2(t + At) = 32 f + 32 • At 
32 At 

32 

Av 

lim — = 32 ft. per sec. per sec. 

At -^0 At 

This is a constant and does not depend on the value of t; hence 
the acceleration of a falling body is 32 ft. per sec. per sec. at any 
instant. 

The problems of tangents and of instantaneous rates of change 
like velocity and acceleration were actually what led to the idea 
of the derivative of a function. Here again we see how the ab- 
stract idea of the derivative of a function may be applied to or 
interpreted in different concrete situations such as tangents in 
geometry or velocity and acceleration in physics. Newton was 
led to the invention of the differential calculus, or “method of 
fluxions” as he called it, because he was concerned with ideas like 
velocity and acceleration. Much of the importance and power of 
this calculus is due to the fact that it enables us to depart from 
static considerations and to study the dynamical problems of a 
changing, moving world. 


V -f Ay = 
Ay = 
Ay _ 

~At ~ 
dv _ 

dt 


EXERCISES 

1. If a projectile is thrown straight up from the ground with an initial velocity 
of 96 ft. per sec., its height h above the ground is given by /i = 96 < - 16 
where h is measured in feet and t in seconds, (a) What is the velocity at < = 1,2, 
3, 4? (6) What is the acceleration at these times? (c) Interpret the plus and 
minus signs in your answers. Draw a graph of this function from < = 0 to 
t = 6, plotting t on the horizontal axis and h on the vertical axis. Describe the 
motion of the projectile, (e) Is the graph of the motion a picture of the path of 
the projectile? 

2. The distance s feet a ball rolled in a straight line down an inclined plane at 

the end of t seconds is given by s = 6 (a) WTiat is its average speed for the 
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first two seconds? {b) What is its instantaneous speed at i = 2? (c) Find the 
acceleration at any instant. 

3 . A ball starts rolling up an inclined plane, moving in a straight line. Its 
distance from the starting point is given by s = 100 ^ — 10 where s is measured 
in feet and t in seconds, (a) Find expressions for the velocity and acceleration at 
any instant. (6) What is the velocity at ^ = 5? t = 10? t = 15? 

4 

4 . The volume of a spherical balloon is given by v = - where r is the radius 

o 

and IT = 3.14 • • •. Suppose the balloon is being blown up. Find the rate of 
change of the volume with respect to the radius. 

6 . Find the rate of change of the area of a circle with respect to the radius, re- 
calling that A = kt*. 

107. Differentiation of poljmomials. We have been differen- 
tiating each function considered by appealing directly to the 
definition of derivative. In this section we shall learn how to 
differentiate polynomials and certain other functions quickly. 
Consider the function 

(1) y = X” 

where n is a natural number greater than one. Then y Ay = 
(x -t" Ax) ”. By direct multiplication we find * that 
(x -b Ax)* = X* -f- 2 X • Ax -t-(Ax)* 

(x -f Ax)* = X* -f 3 X* • Ax -f 3 x(Ax)* -J-(Ax)* 

(x + Ax)* = x'* -f 4 x*Ax 6 x*(Ax)* + 4 x(Ax)* -}-(Ax)‘‘ 

(x +■ Ax)® = X® -f 5 x^Ax + 10 x*(Ax)* -j- 10 x*(Ax)* -f 

5 x(Ax)‘‘ -|-(Ax)® 

and so on. These experiments suggest that for any natural num- 
ber n > 1, 

(2) y + Ay =(x -f- Ax)” = x” -b nx"~*Ax -b terms involving 

Ax with an exponent of at least 2. 

This could be proved rigorously, but we shall take it for granted f 
here. Then subtracting (1) from (2), we obtain 

(3) Ay — 71x"~*Ax -b terms involving Ax with an 

exponent of at least 2. 

Hence, dividing both sides of (3) by Ax, we have 

Ay 

— = nx”~* + terms involving Ax with an exponent of at least 1. 
Ax 

* The student should verify the results of these multiplications, 
t See Appendix, section 173. 
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Thus 

lim ~ = nx 
Ax-*0 Ax 

This proves the following theorem. 


n~l 


Theorem 1. If y = x 
dy 

than one, then -^ = nx" 
dx 


", where n is any natural number greater 
that is, for n > 1 , 


(4) 


d_ 

dx 


{x ") = nx " 


We have already seen (see exercise 13, section 105) that the 
derivative of with respect to x is 1 . Hence (4) holds even for 
n = 1 since it says that the derivative of x* with respect to x is 
1 • x“ which is equal to 1. Hence /ormwla (4) is valid for all nat- 
ural numbers n. 


Theorem 2. Formula {If) is valid when n is any real number 
whatever, positive, negative or zero. 

We shall not prove this here. 

Example 1 . The derivative of x® with respect to x is 5 x* by 
(4). 

Example 2. Find the derivative of 1/x®. Now 1/x® = x“*. 

d 

By (4), the derivative of x~2 is — 2 x“*. Hence — (l/x**) = — 2/x®. 

Theorem 3. The derivative of a constant c with respect to x is 
zero. 

Proof, liy = c then y Ay = c and hence Ay - 0. There- 
fore ^ = 0 and lim ^ = 0. 

Ax Ax-*0 Ax 

Graphically, this means that the 
slope of the straight line y = c \s zero v 
(that is, the line is horizontal) since 

the tangent to any straight line is the ^ , 

line itself. 

We shall use the following the- 
orems without proof. 

Theorem 4. The derivative of a 
product of any constant c times any 


Fig. 139 
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function f(x) is equal to c times the derivative of f(x). That is, 
(5) 


Theorem 5. The derivative of the sum of any two functions f(x) 
and g{x) is equal to the sum of their derivatives. That is, 

(6) 

By using the above theorems, we can differentiate any poly- 
nomial and certain other functions as in the following examples. 

Example 3. Differentiate the polynomial 6 x® + 3 + 5. 

By Theorem 5, 

A(6*. + 3.» + 5)-^(6.>)+1(3.»)+1(5). 

By Theorem 4, ^(6 x®) = 6 • and ^(3 x®) = 3 • 

By Theorem 3, -^(5) = 0. Hence, 

ax 

^(6x. + 3x- + 5)=6.|w+3.^M+0 

= 6- 3x® + 3- 2x (by Theorem 1) 

= 18 X® ■+• 6 X. 


Example 4- Differentiate H — r. We have 

X® X® 



= 3(- 2)x-» + 4(- 3)X-^ 
= - 6 X-® - 12 x-4 = - ^ 

X® 


(by Theorem 5) 
(by Theorem 4) 


(by Theorem 2) 

12 

X*' 


EXERCISES 

Differentiate each of the following functions by means of Theorems 1-6 above: 
1. 4 x* + 6 a;*. 2. 6 x’ -f 2 - 3 x 1. 3. x» - 5 x. 

4. 2 X + 3. 6. 5 x< -I- 2 X* - 3 X* - 4 X - 6. 
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6 . 4 + 4 8 . 3a:* + 5 + -- 

9. 2 rc — 3 H — r- 
x^ 

In each of the following {a) find the slope of the tangent to the curve ai the indi- 
cated point; (b) write the equation of the tangent to the curve at the indicated point; 
(c) plot the curve and the tangent found in part (6); 

10. y == — S at the point for which x = 2. 

11 . y = at the point for which x = 1. 

12. y — Sit the point for which x = — 1 . 

13 . y = x^ — 2x + 3 at the point for which x = 1. 

14 . ?/ = 9 — x^ at the point for which x = 3. 

16 . ?/ = 9 — x2 at the point for which x = — 3. 

16 . y = 12/x at the point for which x = 2. 

17 . y = 12/x at the point for which x —2. 

18 . ?/ = 1 /x^ at the point for which x = 2. 

19 . y = l/x^ at the point for which x == ~2. 

20. For what value of x is the tangent to the (‘urve // = x^ — 4 x + 5 hori- 
zontal? Plot. 

21. For what values of x are the tangents to the curve y = - x^ -x^ - 6x + 2 
horizontal? Plot. 

22. (a) Differentiate x^. (b) Differentiate x\ (c) Differentiate x^ (d) Is it 

true that the derivative of the product of two functions is equal to the product of 
their derivatives? 

23. (a) Differentiate x^ (b) Differentiate x^. (c) Differentiate x^. (d) Is it 

true that the derivative of the quotient of two functions is equal to the quotient 
of their derivatives? 

24 . A falling body traverses s ft. in t seconds where s = 16 (a) Find the 

velocity and acceleration at any instant. (6) At ^ = 2. (c) At ( = 5. 

26. (a) How fast does the volume of a cube change with respect to its edge x? 
(6) What is the rate of change of its surface area with respect to its edge xf 

108. Maxima and minima. Consider the curve y = f{x) and 
let f{x) be the derivative of y with respect to x. Recall that 
/'(x) is the slope of the tangent at the point whose abscissa is 

X. Let us consider how y changes as x goes from left to right 

(increases). lif{x) is positive, clearly y is rising at that point; 
if fix) is negative, y is falling; if fix) = 0, the tangent is 
horizontal (Fig. 140). A value of x for which the tangent is 
horizontal is called a critical value. A point of the curve is 



312 


LIMITS AND THE CALCULUS 


[Ch. XI 



Fig. 140 


called a maximum if it is higher than any nearby point; mini- 
mum if it is lower than any nearby point. If (a, 6) is a maximum 
point, the function /(x) is said to have a maximum value at x = a. 

y If (a, 6) is a minimum point the func- 

tion f{x) is said to have a minimum 
value at X = a. In any “smooth” 
/ \ curve, it is intuitively clear that at 

any maximum or minimum point, 
— ^ — I the curve has a horizontal tangent. 

(It can be proved that this is so for 
^ all the functions studied in elemen- 

tary mathematics. This is not so for 
curves with “corners” like that in the accompanying Fig. 141.) 
But the converse is not true; there are points (Fig. 142) which 
have a horizontal tangent and which are neither maxima nor 
minima. It is easy to see that a function /(x) has a maximum at 
X = a if /'(x) is positive for a value of x slightly less than a and 
negative for a value of x slightly greater than a. Similarly, /(x) 
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has a minimum at a: = a, if f'(x) is negative for a value of x 
slightly to the left of a and positive for a value of x slightly to the 
right of a. Thus we have the following working rule for finding 
the maxima and minima of a function: 

1. Find the derivative /'(x) of the function. 

2. Find the critical values of x; that is, the values of x for 
which /'(a:)= 0. 

3. For each critical value z = a, evaluate /'(a;) for values of x 
slightly to the left and right of a. If f'(x) changes from positive 
to negative as we go from left to right, f(x) has a maximum at 
X — a. If f'{x) changes from negative to positive as we go from 
left to right, f(x) has a minimum at x = o. If f'(x) does not 
change sign as we go from left to right, f(x) has neither a maxi- 
mum nor a minimum at x = a. 

Example 1. Test the curve ^ = x* — 3 x^ — 9 x 4- 10 for 
maxima and minima. Differentiating, we obtain 

^ = fix) = 3 x2 - 6 X - 9. 

The critical values are obtained by solving the equation 3x® — 
6x — 9 = 0, orx* — 2x — 3 = 0, whose roots are x = 3 and 
X = — 1. We may conveniently tabulate our work as follows: 


X 

2 

3 

4 

- 2 

- 1 

0 


neg. 

0 

pos. 

pos. 

0 

neg. 

y = fix) 

f 

- 17 



1.5 



Hence at x = 3, the function y attains a minimum value of — 17 
and at X = — 1 a maximum value of 15. See Fig. 140. 

Example 2. Test the curve y = 3^ — 3 x^ + Zx+l for max- 
ima and minima. Differentiating, we obtain /'(x) =3x* — 
6x4-3. Thus the only critical value is the root of3x* — 6x4- 
3 = 0, or X* — 2 X 4- 1 = 0, or x = 1. We have 


X 

0 

1 

2 

II 

pos. 

0 

pos. 

y = fix) 

1 

2 

i 
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Hence the critical value x — 1 yields neither a maximum nor a 


minimum. See Fig. 142. 

V 



Remark. Note that a func- 
tion may attain higher values 
than it does at a maximum 
value and lower values than 
it does at a minimum. For 
example, the function in ex- 
ample 1 attains the value 620 
at X = 10; this is greater than 
the “maximum” value 15. 
These terms are used relative 
to sufficiently nearby points 
of the curve. Any peak in a 
mountain range is a maxi- 
mum point even though it is 
not the highest peak of all. 
In the usual technical langu- 
age, we are here finding “rela- 
tive maxima and minima” 
and minima.” 


EXERCISES 

Find the maxima and minima of the following curves atid plot: 


1. y = x^ — 6 X + 2. 

3. ^ = 4 a; — a:* + 3. 

6. y = 2 x^ — 9 x^ — 24 X — 12. 

7. 2/ = x’ — 6 X* + 12 a; — 8. 


2 . 7/ = 6 X — x^ + 2. 

4. 7/ = x^ + 4 X + 3. 


6. y = 


1 


1 


x2 - 2 X + 5. 


8. y = ix’ + ^-x2-2x + 3. 


109. Applied maxima and minima. Problems involving max- 
ima and minima are obviously among the most important practi- 
cal considerations that arise in applied mathematics. An engi- 
neer, manufacturer, or other practical worker tries to get the best 
effect with the least effort, or the most efficient result with the 
least cost. Such problems often amount mathematically to the 
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investigation of the maxima and minima of some function. From 
the conditions of the problem, we must first express the quantity 
in which we are interested as a function of one variable. 

Example 1. A rectangular area is to be enclosed by 40 feet of 
fence. What should the dimensions of the rectangle be if we 
want the greatest possible area to be enclosed? 

What is the maximum area? 

Clearly, we might have many rectangles, 2 by ® 

18, 3 by 17, 4 by 16, 4.5 by 15.5, etc. with dif- I 

ferent areas, all having the required perimeter, pio. 143 
40 ft. Let X and y be the length and width of 
any rectangle. Then 2 a; + 2 ?/ = 40 by hypothesis. Hence 
y = 20 — X. Now the area A of the rectangle is given by A = 
xy, or, A = a:(20 - x), or A = 20 x - x\ It is this particular 
function of x of which we want the maximum value. Hence we 

J A 

find — = 20 — 2 X. This derivative is zero only at x = 10. To 
dx 

dA 

the left of this critical value, say at x = 9, is positive and to 

the right, say at x = 11, it is negative. 
Hence x = 10 gives a maximum. Thus 
the rectangle 10 by 10 has the greatest 
possible area, namely 100 sq. ft. It will 
be instructive to plot the graph of this 
function A = 20 x — x* (Fig. 144) and 
to olxserve the graphical significance of 
the facts just discussed. 

Example 2. An open box is to be 
made from a square piece of cardboard 12 inches on each side by 
cutting out equal squares from the corners and folding up the 
sides. How long should the edge of the cut-out square be in 
order to obtain a box of maximum volume? What is the 
maximum volume? See Fig. 145. 

Let X be the length of the edge of the cut-out square. Then the 
volume of the box is given by V = x(12 — 2 x)* = 144 x — 
4g ^ 4 'j'his jg the function of which we want the maxi- 
mum value. We find = 144 — 96 x + 12 x^. The critical 


A 
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values of x are the roots of the equation 

144 - 96 X + 12 x* = 0, 
or 12 — 8 X + X* = 0, 

or (x — 6)(x — 2) = 0, 


The critical value x = 6 need 
value, there would be no box 



Differentiating, we obtain 

^ _ 

dt 


not be considered since, for this 
at all. The value x = 2 gives a 

maximum since for X = 1,-— is 

dx 

positive and for x = 3 it is nega- 
tive. The box 2 by 8 by 8 has 
the maximum volume 128 cu. in. 

Example 3. A projectile is 
thrown straight up from a height 
of 5 ft., at an initial velocity of 
128 ft. per sec. Its height above 
the ground after t seconds is 
given by = 5 + 128 t — 16 f*, 
where h is measured in ft. What 
is its maximum height and after 
how many seconds is it reached? 

S - 32 t. 


The only critical value is < = 4, which gives a maximum height 
of 261 ft. 


EXERCISES 

1 . A rectangular area is to be enclosed by 100 ft. of fence. Find the dimen- 
sions of the rectangle which will have the greatest area. What is the mayiTnnm 
area? 

2. An open box is to be made of a square piece of tin 18 inches on each side 
by cutting out equal squares from the comers and folding up the sides. How long 
should the side of the cut-out square be in order to g|^ a box with the greatest 
possible volume? Wliat is the maximum volume? 'A 

3 . A projectile is thrown straight up from the grouOT with an initial velocity 
of 96 ft. per sec. Its height after t seconds is given by A = 96 f — 16 1*, where h 
is measured in feet. After how many seconds does the projectile reach its maxi- 
mum height? What is the maximum height? 
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4 . Find the dimensions of the rectangle with the smallest perimeter which has 
an area of 169 sq. ft. (Hint: make use of negative exponents.) 

6 . A closed box having a volume of 64 cu. ft. is to have a square base. If the 
total area of the top, bottom, and 4 sides is to be minimum, find the dimensions 
of the box. 

6 . A closed box having a volume of 64 cu. ft. is to have a square base. If the 
material for the top and bottom costs 16 cents per sq. ft. and the material for the 
sides costs 2 cents per sq. ft., what should be the dimensions of the box in order 
to make the cost a minimum? 

1* A projectile is thrown straight up from a height of 6 ft. with an initial veloc- 
ity of 192 ft. per sec. Its height after t seconds is given by A == 6 + 192 ^ — 16 
where h is measured in feet. After how many seconds does the projectile reach 
its maximum height? What is the maximum height? 

8 . It is desired to fence off a rectangular field 3200 sq. yds. in area along the 
straight bank of a river. No fence is needed along the river bank. What dimen- 
sions should the field have if the amount of fencing used is to be a minimum? 

9 . A printed page is to contain 432 sq. cm. of actual printed matter. There is 
to be a margin 4 cm. wide along the sides and 3 cm. wide along the top and 
bottom. What should be the dimensions of the page if the amount of paper used 
is to be a minimum? 

10 . An open box with a square base is to be made from 400 sq. in. of material. 
Find the dimensions of the box with maximum volume. What is the maximum 
volume? 

11. An open box is to have a rectangular base twice as long as it is wide. If 
the box is to be made of 600 sq. in. of material, find the dimensions which will 
yield the maximum volume. What is the maximum volume? 

12 . If 400 people will attend a moving picture theater when the admission 
price is 30 cents and if the attendance decreases by 40 for each 10 cents added to 
the price, then what price of admission will yield the greatest gross receipts? 

13 . A telephone company can get 1000 subscribers at a monthly rate of $5.00 
each. It will get 100 more subscribers for each 10 cent decrease in the rate. 
What rate will yield the maximum gross monthly income and what will this in- 
come be? 

14 . For a box with square ends to be sent by parcel post, the sum of its length 
and girth (perimeter of a cross-section) must not exceed 84 inches. Find the di- 
mensions of the box with maximum volume that can be sent. What is the maxi- 
mum volume? 

110. The numbers e and tt. The study of derivatives, called 
the differential calculus, is based on the idea of limits as we have 
seen. This is not the only way that limits enter into mathe- 
matics. In fact, every irrational number may be considered as 
the limit of a sequence of rational numbers. Thus \/2 is the 
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limit of the sequence 1, 1.4, 1.41, 1.414, • • • and tt is the limit of 
the sequence 3, 3.1, 3.14, 3.141, 3.1415, 3.14159, • • •. 

An interesting and important irrational number called e arises 
from the compound interest law. If 1 dollar is invested at 100 % 
interest compounded annually for one year, the amount at the 
end of the year is clearly 2 dollars. If the interest is compounded 

semi-annually, the amount is given by A = 1^1 + 2 } ~ 


dollars. If it were compounded quarterly, the amount would be 


A = 



2.441 dollars approximately. Clearly the more 


often it is compounded, the greater the amount will be at the 
end of the year. How great can the amount become if we allow 
the interest to be compounded oftener and oftener, as every day 
or every minute or every tenth of a second? Intuition would 
probably lead us to expect a fortune, but the answer is, sur- 
prisingly enough, that the amount cannot surpass 2.72 dollars no 
matter how often the interest is compounded. This is so because 
(1 -f- 1 /n)" is the amount obtained by compounding the interest 
n times during the year and it can be proved that 

( 1 ) lim (1 -H 1/n)” = 2.71828 • • • . 

nt 


The number defined by ( 1 ) is called e and is used as the base of 
the so-called “natural” logarithms. We cannot prove (1) here 
but it can be made plausible by the following table: 


n 

1 

2 

4 

10 

100 

1000 


(1 + l/n)» 

2 

2.25 

2.4414 • ■ • 

2.5937 • • • 

2.7048 • • • 

2.7169 • • • 

1 



The irrational numbers e and w are perhaps the strangest mem- 
bers of number society. They enter into advanced mathematics 
in many curious and important ways. 

The number tt = 3.14159265 • • •, approximately, is familiar 
to you but you have probably never learned how it may be cal- 
culated. Notice that tt 7 ^ 22/7; the number 22/7 = 3.142 • • • 
and therefore gives the value of tt correctly only as far as the 
hundredths place. It is interesting to note that, as far as we 
know, Euclid never calculated ir. Euclid did prove the theorem 
that if A is the area of a circle of radius r and A ' is the area of a 
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circle of radius r' then A/r* = A' That is, the area of a 
circle divided by the square of the radius gives the same numer- 
ical result no matter how large or small a circle we take. This 
number A/r^ may be called x for short; hence we have the famil- 
iar formula A = for the area of any circle. Euclid, a pure 
mathematician, interested chiefly in the logical proof of his the- 
orems, never estimated the value of x. Various crude estimates 
had been made before but no method, so far as we know, was 
developed for obtaining this value, possibly because there was no 
great practical need for it. For example, the Old Testament’s 
estimate * of 3 for the value of x may have been good enough for 
the roughly circular ox-cartwheels of that era.f It would be 
hopelessly inadequate for the wheels of an automobile in which 
to ride comfortably on smooth roads. It remained for Archi- 
medes, a brilliant mathematician and physicist who lived in the 
century following Euclid, to develop such a method. It can be 
done in the following way. Take a circle of radius one; then x is 
exactly the area of the circle. Inscribe a square in the circle and 
circumscribe a square about it. Then it is easy to see (Fig. 146) 




that the area of the inscribed square is 2 and the area of the cir- 
cumscribed square is 4. Thus 2 < x < 4. This is a first approxima- 

* I Kin. 7:23. 

t The ancient artisan probably worked by trial and error, making no use of theo- 
retical computations. But modern industry could hardly do without a good approxi- 
mation to IT. 
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tion. Now we can double the number of sides. It is not hard to 
calculate by the methods of elementary geometry that the area of 
the circumscribed regular 8-gon is 3.3137 • • • , and the area of the 
inscribed regular 8-gon is 2.8284 • • • . Thus 2.8284 • • • < tt < 
3.3137 • • •. If we continue to increase the number of sides, we 
get the results in the following table: 


No, of sides 

Area of inscr. reg, 
pohjgon {approx,) 

Area of circum. reg. 
pohjgon {approx.) 

Approximation of 

T 

4 

2 

4 


8 

2.8284 

3.3137 


16 

3.0615 

3.1826 

3. + 

32 

3.1214 

3.1517 

3.1 + 

64 

3.1365 

3.1441 


128 

3.1403 

3.1422 

3.14 + 

256 

3.1413 

3.1418 

3.141 + 


As we increase the number of sides, the area of the inscribed (or 
circumscribed) regular polygon approaches the area of the circle 
as a limit. In fact, the area of the circle may be defined as the 
limit of the area of the inscribed regular n-gon as n increases in- 
definitely. By taking n large enough we can approximate w as 
closely as we please. Archimedes carried this kind of process far 

enough to ascertain that 3^ < tt < 3~, using a polygon of 96 

sides. Archimedes’ method is called the method of exhaustion, 
not because of what happens to its user, but because the growing 
inscribed regular polygon gradually exhausts the area of the cir- 
cle. This method resembles and, indeed, contains the germ of 
the modern subject called integral calculus, which we shall take 
up briefly in the next sections. The idea of approximating a 
curved area by means of polygonal areas will be found again in 
modern form when we discuss the definite integral in section 114. 

111. Anti-derivatives. If a function has a constant value for 
all values of x then its derivative is equal to zero. Conversely, it 
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is plausible and true that if the derivative of a function is zero 
for all values of x, then the function is a constant, although we 
shall not prove this here. Thus if two functions F{x) and G{x) 
have the same derivative at every value of x, (that is, F'{x) = 
G'{x) for every value of x) then their difference G(x) — F(x) = C, 
or G{x) — F{x)-\- C, where C is some constant, because the de- 
rivative of G(x) — F(x) is G'ix) — F'(x) = 0 by hypothesis. Con- 
versely, if G{x) = F(x) -f C where C is any constant, then we ob- 
tain G'(x) = F'ix) by differen- 


tiating both sides, since the de- 
rivative of C is zero. We have 
the following theorem. 

Theorem 1. If two functions 
F{x) and G{x) have the same de- 
rivative, then G(x) — F(x) -f C 
where C is some constant, and 
conversely. 



Geometrically, this means that P'ig, 148 


two curves y = F{x) and y = 

G{x) have parallel tangents for each value of x if and only if 
the ordinates of the two curves for each value of x have a con- 


stant difference (Fig. 148). 


Definition. If the derivative of F(x) isf{x) then F{x) is called 

an anti-derivative of f(x). 

By the above theorem, all the anti-derivatives oif{x) are given 
by the expression F{x) -h C w’here C may be any constant what- 
ever. Thus an anti-derivative of f{x) is not uniquely determined 
but if F(x) is any one of them, any other can be obtained by add- 
ing a suitable constant to F{x). The expression F(x) -h C, which 
represents all the anti-derivatives is called the indefinite integral 

olf{x) and is often written as J/w dx (read, the indefinite inte- 
gral of f(x) with respect to x) for a reason which will appear 
shortly. The process of finding the anti-derivatives of a function 
is called integrating the function. By definition, we have 

Jf(x) dx = F(x)-h C if and only if F'(x) = f(x). 

To integrate a polynomial is an easy matter if we recall the 
results of differentiation. For to ask for the indefinite integral of 
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fix) is to ask, “What functions have fix) as their derivative?” 

That is, by definition, f fix) dx = F(a:)+ C, where C is any con- 

a r 

stant, if and only if ■^Fix)= fix). For example J dx = 


X 


- + C since , , 
4 ax 


= 

fx\4 / 


X®. In general, if we differentiate 


X 


n+l 


n + 1 


we obtain -^ 4 - or x”, where n is any natural number; hence. 


( 1 ) 


/ 


n + l 
X" dx = 

d 


X 


n+l 


n+l 


+ C if n is any natural number. 


Similarly, since -j- ikx) = k, where A; is a constant, we have 

(2) / k dx = kx C. 

We shall also use the following two theorems without proof: 

(3) J[/(x)+ f7(x)] dx = J/w dx + jgix) dx, 

(4) fh!(x) dx — k jm dx, where k is any constant. 

By means of (1), (2), (3), and (4), we can integrate any poly- 
nomial, as in the example below. 

Integration (in this sense of finding the indefinite integral) 
and differentiation are inverse processes, much as multiplication 
and factoring are inverse processes. You recall that factoring 
was done essentially by remembering the results of multiplica- 
tion. 

Example. J '(4 x® + 3 x + 4) dx 

= J4x*dx+J3xdx + J*4 dx by (3) 

= 4jx* dx + 3jx dx + J*4 dx by (4) 

== 4 • 7 + Cl + 3 + C 2 + 4 X + Cs by (1) and (2) 
4 ^ 


= + 


3x2 


+ 4 X + C, 


denoting the sum of the constants Ci + C 2 + C 3 by the single 
letter C. To check, we may differentiate our answer, obtaining 
the function we integrated, just as we checked factoring by mul- 
tiplying the factors to obtain the original expression. 
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EXERCISES 

Find the indefinite mtegral of each of the following functions, and check: 

1. X + 3. 2. 3 x2 - X + 4. 3. 5. 4. Gx^ + 4 x + 1. 

6-9 — 6 X*. 6. ax* + 6x + c. 7. ax + 6. 8. 3 x — 2. 

9. 96 - 32 t. 

112. The constant of integration. The additive constant C 
which occurs in the indefinite integral may often be determined 
by the conditions of th(i prol)lem. 

Example 1. The slope 
of the tangent to a certain 
curve at any point {x,y) is 
equal to x/2. The curve 
passes through the point 
(2,4). Find the equation 
of the curve. 

Let y = F{x) be the 
equation of the curve. We 
have to find the function 
F{x). The first sentence 

tells us that F'{x) = 3- = 

ax 

x/2. Since the derivative 
of F{x) is x/2, F{x) is an 
anti-derivative of x/2. 

Hence, integrating, we ob- 
tain y = 3 4- C. The 

4 

second sentence tells us that at a: = 2, ?/ = 4. Hence 4 — —2"^ C 
or C = 3. Thus ^ 4- 3 is the equation of the curve (Fig. 

149). Other values of C would yield curves with parallel tan- 
gents, but not passing through the desired point. 

Example 2. It is found by experiment that if a projectile is 
thrown directly upward, its acceleration is — 32 ft. per sec. per 
sec. Let v denote the velocity of the projectile. By definition, 

dtv > • 

acceleration a = -j- or the rate of change of the velocity with 
at 
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respect to time. Hence — = — 32. Integrating we get v — 

dt 

— 32 < + C. Thus, at t = 0, i; = C or C is the initial velocity; 
call it Vo. Thus, 

(1) V = — 32 t -1- Vo, 

Now if h is the height of the projectile, v = ^ or the rate of 

change of the height with respect to time. Integrating (1) we 
get h = — 16 + vot + Co. Ai t — 0, h Co, or Co is the initial 

height ; call it ho. Hence 

(2) h = — 16 f -h Vot + ho 

gives the height as a function of t. For example, if a projectile is 
thrown straight up from a roof 30 ft. high with an initial velocity 
of 100 ft. per sec., then its height, measured in feet, at the end of 
t seconds is given by /?, = — 16 + 100 / + 30. Its velocity at 

the end of t seconds is given by v = — Z2t 100. 

EXERCISES 

Find the equation of the curve whose tangent has the slope: 

1 . 3 at all values of x and passes through the point (2,7). 

2 . m at all values of x and passes through the point (0,p). 

3 . 2 a: at all values of x and passes through the point (3,5). 

4. 3 + 2 a; + 3 at all values of x and passes through the point (0,1). 

6. 2 a: — 3 at all values of x and passes through the point (1,3). 

6. Find the function h = F{t) whose derivative with respect to ^ is 128 — 32 / 
and for which /i = 6 when t = 0. 

7. The acceleration of a falling body is 32 ft. per sec. per sec. With what 
velocity will a stone strike the ground if it is dropped from a roof 100 ft. high? 

8. If a stone is thrown straight down with an initial velocity of 60 ft. per sec., 
from a roof 100 ft. high, with what velocity will it strike the ground? 

9 . A projectile is thrown straight up from the edge of a roof 64 ft. high with 
an initial velocity of 48 ft. per sec. With what velocity will it strike the ground? 

113. The area tinder a curve. Consider the curve y = f(x) 
where f(x) is a continuous single-valued function. Suppose the 
curve lies above the x-axis, for simplicity. By the area under 
the curve between a and b we mean the area enclosed by the 
curve, the x-axis, and the vertical lines x = a and x = b. 
Thus MNCD is the area A under the curve y = f(x) between 
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xo and z (Fig. 150). Here A is 
a function of x. Let us find 
the rate of change of A with 

respect to x. Take a point E . 

with the coordinates (x + / 

Aa:,0). The change in area 

A A induced by this change Ax ^ 

in X is the area CKGED. ^ 

Note that CD = f{x) and , . ^ 

EG = f{x + Arc). Now the ; " 

area CKGED is more than q 

CFED = f(x) • Ax and less 

than HGED = f{x + Ax) • Fig. 150 

Ax. Hence it is equal to Ax 

multiplied by some value y bet ween y = f(x) and y Ay = 
f(x + Ax), such as the length of KL; that is, AA = 

y • Ax where y<y<y + Ay. Hence — ~ = y. As Ax —* 0, so 


/J(j,0) E(r*^x,0) 


Fig. 150 


y • Ax where y<y<y + Ay. Hence — ~ 

dA 

does Ay — > 0 and y —*y. Hence -j- = y, 
fore A = dx + C, 


TT \ 

Ho„.e -- - j,, or — = S(x). 


There- 


where C is some constant. 

Intuitively one may think of the area under the curve between 
X = a and x = 6 as being swept out by a vertical line-segment of 



varying length moving from the position 
X = a to X = 6. 

Example. Find the area under the parab- 
ola y = |X* -|- 1 between x = 1 and x = 3. 

We have A = x* + 1^ dx = ^ + x 

C. Nowatx = 1 , the area swept out is zero, 
since the “sweeping out” process is to start 

at X = 1. Hence 0 

— “ • Therefore A 
12 


= ~-bl + C'orC = 
X* tr 

" 12 + * “ l2’ 


Fig. 151 
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at x= 3, A = 27/12 + 3 - 13/12 = 50/12 = 25/6, which is 
the required area. 


EXERCISES 

Find the area under the curve: 

1. 2 / = 3 X + 4 from x = 1 to x = 4. Verify your answer by elementary 
geometry. 

2. y = 15 — 2x from x = 1 to x = 4. Verify your answer by elementary 
geometry. 

3. y = ^ X* from x = 1 to x = 4. 

4. y = X® — X + 10 from x = 2 to x = 5. 

6. y = 10 — x^ from x = 0 to x = 3. 

6. (a) y = 3x® + 2x from x = 0 to x = 2. 

(b) y = 4x’ + 3 from x = 0 to x = 2. 

114. The definite integral. The area A under a curve y = f(x) 
can be considered in another way. Consider the area under y = 

f{x) from X = a to x = b. 
Divide the interval from a to 6 
on the x-axis into n equal inter- 
vals of length Ax. Therefore, 
n • Ax = h — a. Let yi, y^, 
•••, be the values of y at the 
beginning of each of these 
small intervals respectively. 
Then the area of the "stair- 
case” (Fig. 152) is 

(S = 1/1 • Ax -f y 2 • Ax -f 
• • • + ?/„ • Ax. 

Now this sum approximates 
the area under the curve if Ax is small enough. In fact, if we 
make Ax smaller and smaller, allowing n to increase correspond- 
ingly, the sum S approaches the area A as a limit. Note that 

since Ax = -(6 — a), we must have Ax — » 0 when n increases 
n 

indefinitely. We may define the area A as 


V 
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A = lim ( 2/1 • Ax + ^2 • Ax + • • • + 2 /„ • Ax). 

Ax 
n T 

This limit of a sum is called the definite integral of /(x) from a 
to b, and is denoted symbolically by 



dx. 


The numbers a and b are called the limits of integration. The 
integral sign y* comes from the idea of the definite integral as the 
limit of a sum; the sign is nothing but an elongated S. 

The definite integral defined here has no a priori connection 
with the indefinite integral defined in section 111. But it is pos- 
sible to prove the following remarkable theorem known as the 
fundamental theorem of integral calculus: 

If F(x) is any anti-derivative of fix), then 


f/(x) dx = Fib)- Fia). 

*'0 

This theorem may be used conveniently to calculate areas un- 
der curves as in the following example already studied in section 
113. 

Example. Find the area under the parabola y = -x^ + \ be- 
tween X = 1 and X = 3. The .area de.sired is 
Now the indefinite integral J'(^^ 1^ dx = ^ "b 


x^ 


Hence the function Fix) = -- -b x is an anti-derivative of x^ -h 1. 
By the theorem above, 

x^ -f 1 ) dx = Fi3)- FiD = ^ + 3 + l)= 25/6. 


EXERCISES 

Do each of the exercises of section 113 again, this time using the fundamental 
theorem of integral calculus as in the above example. 

The idea of the definite integral as the limit of a sum of small 
quantities is the central idea of the integral calculus and is essen- 
tial in many connections. 
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For example, the length of a curve can be defined as the limit 
of the length of an inscribed broken line; that is, the limit of a 
sum of chords as the number of chords becomes larger and the 
length of each chord becomes smaller (Fig. 153). Note that one 

cannot lightly pass off the defini- 
tion of the length of a curve by 
saying that it is the “number of 
inches” in the curve. For to find 
the “number of inches” in a 
straight line we lay off a straight 
ruler along it; but no part of a 
curved line can be made to coin- 
cide exactly with a straight ruler. 
To speak of the length of a curved 
line as being the length of the 
straight line obtained by “bend- 
ing” it until it is straight is equally 
futile. For you would want to bend it without stretching or 
contracting, which means that you want to bend it so that 
its “length” is unchanged during the process. But this pre- 
supposes that “length” has already been defined, and would 
therefore be a circular definition. 

Similarly, the volume of a curved 
solid may be defined as the limit of 
a sum of the volumes of thin slices as the 
number of slices becomes larger and each 
slice thinner (Fig. 154). These and many 
other geometrical and physical concepts 
may be defined as definite integrals 
and studied by means of the integral 
calculus. 

116. Infinite series. The idea of limit enters elementary 
mathematics in another important way. Suppose we were to 
write the expression 

( 1 ) + + 

^ ' 2 4 ^ 8 16 ^ 2" ^ 

where the three dots at the end indicate that the expression goes 

on forever. Such an expression is called an infinite series. What 






§1151 


INFINITE SERIES 


329 


can this possibly mean? Surely it cannot mean that we are ex- 
pected to spend the rest of our lives adding the successive terms 
to the partial sums already obtained. For, having thus misspent 
our lives we should obviously have to leave the task unfinished 
and curse our descendants with the burden of continuing; this 
little example might prove to be the ruin of the human race. 
What we do mean by the expression (1) is the following. Let s„ 
be the sum of the first n terms, where n is any natural number. 
Thus 

-1 1.1 3 1.1.1 7 1,1_l1 

“>- 2 '*’ ”2 + 4 “ 4 '®* “2 + 4 + 8 " 8- *‘”2 + 4 + 8 

1 15 2 " — 1 

-f — = — , • • • ; in general, we could prove that s„ = — 

10 10 jL 

If the sequence Si, S 2 , • • • has a limit S we call S the sum 


0 i I J 1 

Fig. 155 


of the infinite .series (1). In this example lim s„ = 1 and hence 

nt 

we write 

I4.I4.I + ... + -4- ... =1. 

2 4 8 ^2" 

The meaning of this statement involves the idea of limit. No 
matter how large a natural number n we take, the sum s„ of the 
first n terms is never equal to 1, but as n increases indefinitely, 
Sn approaches 1 as a limit. In general, given an infinite series 

Ui + U2 + • • • + Un + • • • 

we say that the series has the sum S if the sequence of the partial 
sums 


81 — Oi 

§2 = fll 4" 02 

S 3 = fli 4* U 2 “I” Us 


Sn = Ul + • * • + Un 
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approaches S asa limit. If this happens the series is said to con- 
verge; if not, it is said to diverge. 

Infinite series are of the greatest practical value in mathe- 
matics and its applications. For example, if one wishes to cal- 
culate a good approximate value for a function which is difficult 
to compute directly, it is often possible to express the function as 
an infinite series and to approximate it by taking the sum of the 
first few terms. If a better approximation is desired, one can 
take the sum of a few more terms. This method is actually em- 
ployed by mathematicians in the construction of tables, for ex- 
ample, of log X. Thus it can be shown that 


(2) log.2-l-i + i-i + i + 




n 


(3) 

and 

(4) 


1 


+ 


1 


e= 2 -I- — 4- ^ 4- 

^2^3-2 4-3-2 ' 5-4-3-2 

1 


+ 


6 • 5 • 4 • 3 • 2 


+ 


4 4 4 4 4 4 

3 5 7 9 11 ^13 


One can in fact decide how many terms one has to take to make 
the approximation accurate to the desired number of decimal 
places. Series (4) approaches its limit tt so slowly that one would 
have to take a great many terms to get even the first few places 
of IT. It is consequently virtually useless for the purpose of com- 
puting IT. A better expression for this purpose is 


(5) 



1 


+ 


1 


5=* 5-5'- 

* + 


7 

1 




3 • 239» 5 • 239^ 


- + 



Besides the use of infinite series in the construction of tables of 
various sorts, they are of the greatest value to engineers, and 
others, in a great variety of practical situations. Their value in 
the development of pure mathematics is also immense. 

The idea of limits disturbed the ancients, although a good logi- 
cal treatment of them is of very recent date. For example, Zeno 
(5th century b.c.) argued as follows. If a man has to reach a 



§1151 


INFINITE SERIES 


331 


point a mile away, he cannot do it. For he first has to traverse 
the first half mile; then he would have to traverse the next quar- 
ter of a mile; then the next eighth of a mile, and so on. Thus he 
has to traverse an infinite succession of intervals. Zeno argued 
that to perform an infinite succession of acts should take an in- 
finite length of time and therefore the man can never reach his 
goal. This “paradox” of Zeno has been the subject of much 
vague discussion. It is really not a paradox at all; one must 
simply realize that the “sum” of an infinite number of terms may 
very well be finite. In fact, if it takes the man 1 hour to walk a 
mile, he will walk the first half mile in a half hour, and so on. 

Therefore it will take him ^ + '■ ^ours 

to walk a mile. Despite the fact that this is an infinite series, the 
sum is one hour. 

The same mathematical situation was presented by Zeno in 
the form of the “paradox” of Achilles and the tortoise. Achilles, 
who could run 10 yards in 1 second, was to run a race with a tor- 
toise, who could run only 5 yards in 1 second, but the tortoise 
was to have a handicap of 10 yards. Zeno asserted that Achilles 
could never catch the tortoise for the following reasons. By the 
time Achilles had run the 10 yards from his starting point Ai to 
the point Ti where the tortoise started, the tortoise would have 
run ahead 5 yards to T 2 ; by the time Achilles had run the 5 yards 

to Ti the tortoise would no longer be there, having run on the 2^ 

yards to T 3 ; and so on. Here again we have an infinite series, for 

Achilles requires 1 second to go from Ai to Ti, ^ second to go from 


Ti to Ti, 


1 

4 


second to go from Ti to Tz, and so on. 


Hence the 



Fig. 156 


time required by Achilles to catch the tortoise is the sum of the 
infinite series 

1 4 - - 4 - - + • • • 4- • • • which is 2 seconds. 

^'2^4 2 ”''* 
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It should be said, in justice to Zeno, that he did not really be- 
lieve anything so contrary to experience as the assertion that 
Achilles could not catch the tortoise. In fact, it is a simple 
problem in elementary algebra to find out how long it would take 
for Achilles to catch the tortoise. We leave this as an exercise 
for the student (see exercise 18 section 41). What Zeno was con- 
cerned about was locating the catch in his argument. 

EXERCISES 

1. Using the first five terms of series (2) calculate a four-place decimal ap- 
proximation for log, 2. 

2. Obtain a four-place decimal approximation for e from series (3) using (a) 
the first 4 terms; (6) the first five terms; (c) the first six terms. 

3. Obtain a four-place decimal approximation for ir from (5) using the first 
two terms in each bracket; (b) the first three terms in each bracket. 

116. Conclusion. Our discussion of calculus has been very 
sketchy and largely intuitive because of the technical difficulty of 
discussing the subject logically. A strictly logical treatment is 
given in more advanced courses. Our purpose here was to intro- 
duce you to its most elementary ideas and to give you some hint 
of its practical importance and its power in applications to ge- 
ometry and physics. The far reaching effects of the calculus in 
astronomy, physics, engineering, etc., can not be overempha- 
sized. The calculus initiated a new era and may be said to mark 
a turning point in the history of mathematics and its applica- 
tions. 
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Chapter XII 

TRIGONOMETRIC FUNCTIONS 


117. Introduction. The word “trigonometry” means the 
study of the measurement of triangles. The student will doubt- 
less recall that much of his high school course in plane geometry 
was devoted to the study of triangles. Why is the triangle given 
so much attention? It is easy to see that the triangle is the sim- 

plest possible figure, bounded by straight line seg- 

V ^ ments, which is capable of enclosing an area; that is, 
\ the triangle is the simplest possible polygon. This 

would explain why it is studied early in geometry. 
/ But more important than its simplicity is the fact 

that every polygon can be split up into triangles by 
Fig. 157 drawing suitable diagonals (Fig. 157). That is, the 
triangles are fundamental building blocks out of 
which we can make any polygon whatever. Or, to put it another 
way, we can measure any polygonal figure by splitting it into 
triangles and measuring each triangle. Therefore the study of 
surveying polygonal plots of land, etc., is reduced to the study of 
the triangle. 

An important class of functions, called the trigonometric func- 
tions, arises from the study of the measurement of triangles. 
Among their numerous applications, some of which will be men- 
tioned below, is the remarkable achievement of the measurement 
of inaccessible distances, such as the heights of mountains, the 
distance from the earth to the moon, or the distance from a can- 
non to an enemy supply base ; all of these are distances which it is 
either impossible or inadvisable to measure directly by the appli- 
cation of a tape measure. Their most elementary aspects go 
back to ancient times but many of their most interesting phases 
are of recent origin. We shall discuss both the elementary appli- 
cations to surveying and the measurement of inaccessible dis- 
tances, and the more advanced applications to modern science. 

334 
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118. Angular measure. Consider a line (extending indefi- 
nitely in both directions as opposed to a line-segment which has 
a definite length). Any point P on the line divides it into two 
parts, one on each “side” of the point. The set of all points on 


Fig. 158 

one side of the point P is called a ray. Thus P divides the line 
into two rays, PQ and PQ' (Fig. 158). The point P is called the 
vertex of each of these rays. The word “ray” is obviously sug- 
gested by light rays emanating from a source P. An angle is the 
figure consisting of (or, the set of points on) two rays having the 
same vertex (Fig. 159). We wish to associate 
with each angle a number called the measure 
of the angle. Intuitively, we want the meas- 
ure of an angle to describe the smallest amount p 

of rotation by which we can turn from the 
direction of one ray to the direction of the 
other. Perhaps the most obvious unit with which to measure 
the amount of rotation is a complete revolution; that is, the 
smallest actual rotation which brings you back to your initial 
direction (Fig. 160). But this unit is so large that it is cumber- 
some. It is more usual to choose as the unit 

of angular measure the degree, which may be 

defined as one 360th of a complete revolution. 

Fig. 160 Thus we associate with each angle a definite 
number called the measure of the angle, namely the smallest 
number of degrees required to rotate from the direction of one 
ray of the angle to the direction of the other ray. For example, 
the angle in Fig. 161 has a measure of 90° or 1/4 of a complete 
revolution. The measure of an angle is a single-valued function 
of the angle, for to each angle there corresponds a unique number 
called its measure. This function ranges between 
0° and 180° only. 

One sixtieth of a degree is called a minute, 

and one sixtieth of a minute is called a second. 1 ► 

The symbol 5° 3' 4" means 5 degrees, 3 minutes, fig. 161 
and 4 seconds. 
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The sexagesimal or degree system of angular measure may 
have been used as far back as the time of the Babylonians (about 
two thousand years b.c. or perhaps earlier). It is sometimes said 
that they divided the circle into 360 equal parts because their 
year was taken as 360 days, but this is not certain. They prob- 
ably knew that a chord equal in length to 
the radius could be laid off around the circle 
six times, thus inscribing a regular hexagon 
(Fig. 162), and they may have divided the 
central angle C into 60 equal parts because 
their notation for numbers was based on 60. 

Another unit of angular measure was 
introduced in modern times for theoretical 
reasons (see Remark 2, section 121). If an 
arc equal in length to the radius is laid off 
along the circumference of a circle, the angle formed at the 
center by the radii drawn to the extremities of this arc is uniquely 
determined; that is, if we did the same thing with any other 
circle, we would get an equal angle (angle 0 = angle O' in Fig. 
163). The smallest rotation by which we can turn from the 
direction of one ray of this 
angle to the direction of the 
other ray is called a radian. 

Measuring an angle accord- 
ing to the number of radians 
it contains is very convenient 
for certain purposes. Since 
the circumference of a circle 
is given by C = 27 rr, the 
length of a semi-circular arc 

is rr where r is the radius of the circle and t = 3.14159265 • • *. 
Therefore an angular measure of 180° is equal to an angular 
measure of v radians; or 



(1) 180° = TT radians. 

Dividing both sides of (1) by 180 we get 

1° = 7r/180 radians = .01745 • • • radians; 
dividing both sides of (1) instead by tt we get 

1 radian =(180/x)° = 57.295 • • •°. 
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This enables us to convert an angular naeasure from degrees to 
radians and conversely; just as the knowledge that 1 ft. = 1/3 
yd. and 1 yd. = 3 ft. enables us to convert a measure of length 
from feet to yards and conversely. It is customary to use the 
symbol ° for degrees and to use no symbol at all when radians are 
meant. Thus an angular measure of 3° means 3 degrees while an 
angular measure of 3 means 3 radians. 

It is customary to speak of an “angle” of 3® or an “angle” of 
3 (radians) instead of an angle whose measure is 3° or 3. This ab- 
breviated manner of speaking does no harm. Of course, the 
measure of an angle is only one of many functions that can be 
associated with an angle. 

EXERCISES 

Find ike number of radians in an angle of: 

1. 90°. 2 . 45°. 3 . 60°. 4 . 30°. 6 . 10°. 6 . 2°. 

Find the number of degrees in an angle of: 

7. T radians. 8. ir/2. 9. t/6. 10. ir/18. 11. 1.5. 

12 . 3. 13 . .5. 

119. Similar triangles. Two 

triangles ABC and A'B'C are 
called similar if their angles are 
respectively equal, that is, if 
A = A', B = B', and C = C'. 

Denoting the length of the side 
opposite angle A by a, and so on 
as in Fig. 164, we must recall the 
following important theorems of 
elementary geometry. 

Theorem 1. If triangles ABC and A'B'C' are similar then 
a a' b _ b' a _ a' 
b^ b'’c^ c"c~ ?■ 

Theorem 2. The sum of the angles of any triangle is 180°. 

Corollary. If two angles of one triangle are respectively equal 
to two angles of another triangle, then the triangles are similar. 

(Why?) _ _ - 

Theorem 1 can be used to measure inaccessible distances. For 
example, the height of a vertical greased pole may be obtained 
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as follows. Place a short stick perpendicular to the ground. 
Measure it, its shadow, and the shadow of the pole. Thus (Fig. 
165) BC, AB, and A'B', are known quantities. But since nearby 
sun’s rays are parallel, for all practical purposes, angle A = angle 

A' and the triangles 


c' 



ABA' B' 

Fig. 16.5 


are therefore similar. 
(Why?) Hence = 

For example, if the stick 
BC were 5 ft. long, the 
.stick’s shadow AB were 


3 ft. long, and the pole’s 
.shadow A'B' were 30 ft. 


long, then the length 
B'C of the pole would 

be I • 30 = 50 ft. Notice 
that we have not had to 


climb the greased pole 
with a tape measure. This method was probably u.sed liy Thales 
(about 600 B.C.), one of the earliest great Greek mathematicians, 
to calculate the height of an Egyptian pyramid, with the aid of 
his walking stick, to the consternation of the Egyptian priests. 


Exercise. If a 5 ft. pole, at right angles to the ground, casts a 3 ft. shadow at 
the time when the shadow of an apartment house is 48 ft. long, how high is the 
house? 


120. The trigonometric functions of acute angles. An angle 
whose measure is greater than 0° but less than 90° is called acute. 
Consider a right triangle ABC with the right angle at C, lettered 
in the standard way, as in Fig. 166. Side c is called the hypote- 
nuse, a is called opposite to A and adjacent to 5, b is called oppo- 
site to B and adjacent to A. Any ratio of the lengths of two sides 
of the triangle, for example a/c, is a number which is completely 
determined by angle A alone and is independent of the size of the 
triangle. That is, if we took a larger or smaller right triangle 
A'B'C' with A = A' then a'/c' = a/c since these triangles 
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would be similar. Thus the number a/c is a function of the 
angle A; it is called the sine of A. Similarly any other ratio of 
two of the sides depends only on the measure of angle A. There 
are six possible ratios that can be formed from the three sides of 
a right triangle. We give each of them a name by adopting the 
following definitions. 


B 



Definitions. 

sin A = a/c = opp./hyp. esc A — c/ a = hyp./opp. 

cos A = b/c = adj./hyp. sec A = c/b = hyp./adj. 

tan A = a/b = opp./adj. cot A —bja — adj./opp. 

The abbreviations stand for sine, cosine, tangent, cosecant, se- 
cant, cotangent, of A, respectively. These queerly named func- 
tions of angle A are called trigonometric functions 
or trigonometric ratios. The origin of the names 
of the trigonometric functions will be discussed in 
section 125. 

Example 1. Consider an isosceles right tri- 
angle whose leg is one unit long. From the 
Pythagorean theorem we find that = 1- -|- P 
or P = 2; hence the hypotenuse is ecpial to 

^ 1 1 \/2 1.414 • •• _ 

V2. Thus sin “ :72 ” V2 ■ V2 ' ^ “ " 2 

.707 • • • approximately,* while tan 45° = 1 . If we took a differ- 

* The process by which we obtained \/2/2 from l/\/2 is called rationalizing the 
denominator. It was done for the purpose of obtaining a decimal expression, since it is 
easier to divide 1.414 • • • by 2 than to divide 1 by 1.414 ••• . hor most purposes other 
than decimal evaluation, there is no reason to regard v/2/2 as being “simpler"’ than 
l/\/2. In what follows, we shall seldom rationalize denominators. 





340 


TRIGONOMETRIC FUNCTIONS 


[Ch. XII 


ent right triangle whose leg was 10 units long, the hypotenuse 
would have been 10\/2 and we would obtain the same values for 
sin 45°, etc. (Why?) 

Example Consider the equilateral triangle ABD whose side 
is 2 units long, bisected as in Fig. 168. Triangle ABC is called a 
30°-60®-90° triangle. Clearly .4 C = 1 and from the Pythagorean 
theorem we find that 1* + a* = 2^ or = 3; hence a = BC = 
•\/3; hence sin 60° = 's/3/2 = 1.732 • • • /2 = .866 • • • approxi- 
mately, sin 30° = 1/2 = .500, etc. 

^ Two different acute angles can- 

A not have equal trigonometric 

functions. For suppose sin A = 
sin A'; that is a/c = a'/c'. Then 
it follows from a theorem of 
geometry that the two right tri- 
angles are similar and hence 
A = A'. Thus an acute angle is 
uniquely determined if the value of 
" i c ^ one of its trigonometric functions 

Fig. 168 is given. In particular, given one 

trigonometric function of an 
acute angle, we can find the other five. 


Example 3. Given the acute angle A with sin A = 5/13, find 
cos A (Fig. 169). 

Since sin A = 5/13 we may place the angle A in a right triangle 
with 0 = 5 and c = 13. Then 5^ -1- 5* = 13^ or ¥ = 169 — 25 = 
144. Hence b = 12. Therefore cos A = 12/13. 


If two trigonometric functions 
are such that the name of one 
can be obtained from the name of 
the other by prefixing or omit- 
ting the prefix “co-,” we shall call 
them co-functions. For example, 
sine and cosine are co-functions. 
Let A and B be two comple- 


B 



A 6 = 12 C 

Fig. 169 


mentary angles (that is, A B = 90°) in a right triangle 


(Fig. 166). Since the side opposite A is adjacent to B, and vice 
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versa, we have sin A = a/c = cos cos A = b/c = sin By and 
so on. In general, we have the following theorem. 

Theorem. Any trigonometric function of an acute angle is 
equal to the co-function of its complement 

Writing B as 90° ~ A, this may be written as sin A = cos 
(90° — A), tan A = cot (90° — A), and so on. 

EXERCISES 

Find the values of the six trigonometric functions of an angle^ in a right triangle^ 
uhose: 

1 . opposite side is 3 and hypotenuse 5. 

2 . adjacent side is 5 and hypotenuse 13. 

3 . adjacent side is 12 and opposite 5. 

4 . adjacent side is 3 and opposite 4. 

6. adjacent side is 5 and opposite 4. 

6. adjacent side is 3 and hypotenuse 4. 

7 . adjacent side is 4 and opposite \/ 3. 

Find the values of the six trigonometric functions of: 

8 . 45°. 9 . 30°. 10 . 60°. 

Find the number of degrees in the acute angle A if: 

11 . sin A = l/\/2. 12 . tan A =\/3. 13 . cos A = 1/2. 

14 . tan A = 1. 16. cos A ==\/3/2. 16 . sin A = -s/3/2. 


Find all the trigonometric functions of the acute angle A given that: 


17 . 

sin A 

= (3/10. 

18 . 

sin 

A 

= 3/4. 

19 . 

COS 

A = 

,5/1.- 

20 . 

sin A 

= 5/13. 

21 . 

cos 

A 

= 3/4. 

22 . 

tan 

A = 

4/5. 

23 . 

tan A 

= 4/3. 

24 . 

cos 

A 

= .5/12. 

26 . 

tan 

A = 

5/3. 

26 . 

CSC A 

= 5/3. 

27 . 

sec 

A 

= 10/8. 

28 . 

cot 

A = 

.5/(3. 

29 . 

sin A 

= .8. 

30 . 

cos 

A 

= .7. 

31 . 

tan 

A = 

1.2. 

32 . 

CSC A 

= 1.3. 

33 . 

sec 

A 

= 1.4. 

34 . 

cot 

A = 

1..5. 


36 . If A and B are complementary angles and sin A = 1/3, find (a) (^os B; 
(b) cos A ; (c) sin B. 

36 . If A and B are complementary angles, and sin A = 3/5, find all the trig- 
onometric functions of both A and B. 

37 . If sin 27° = .454, find cos 63°. 

38 . If cot 41° = 1.15, find tan 49°. 

39 . If sec 44° = 1.39, find esc 46°. 
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121. Applications. Suppose we observe that the shadow cast 
by a pole is 30 ft. long at the instant when the angle of elevation 
of the sun (that is, the angle made by the sun’s rays and the hori- 
zontal ground) is 38° (Fig. 170). How can we tell the height h of 
the pole? Clearly 

/i/30 = tan 38° 

so that if we knew the value of tan 38° we could get = 30 • tan 
38° without more ado. Thales obtained the value of this ratio 



Fig. 170 


from his walking stick and its shadow 
(section 119). But we would need no 
walking stick at all if we had a table 
giving the values of the trigonometric 
functions (or ratios) for various angles. 
Thus we see the utility of having a table 
of the trigonometric functions for acute 
angles. Such a table is found at the end 
of the book. From it we find that tan 


38° = .7813. Hence, h = 23.44 ft. 

One of the most important elementary applications of the 
trigonometric functions is to .such problems of indirect measure- 
ment. Other applications are contained in the examples and 


exercises. 


In reading the tables it must be understood that the headings 
at the top go with the angles at the left, while the headings at the 
bottom go with the angles at the right. This compact arrange- 
ment of the table is made possible 


by the theorem of section 120 on 
co-functions. For a glance at the 
table will show that sin 60°, for 
example, is located in the same 
place as cos 30°. This can be 
done because sin 60° = cos 30°, 
since 30° and 60° are complemen- 
tary. Hence the trigonometric 
functions of angles of 1, 2, • • •, 



89 degrees can be arranged in 45 


Fig. 171 


lines instead of 89 lines. Note 


that the line in the table giving the functions of 0° and 90° 
must be regarded as senseless at the moment because we have 
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not yet defined the trigonometric functions of angles, like 0° 
and 90°, which are not acute. These will be defined in section 


124. 



Example 1. Find the distance BC across the river in Fig. 171 
if AC = 100 ft. and A = 38° by direct observation.* 

We are given the side adjacent to angle A and must find the 

turn it through 90°. An 
assistant finds a place A 
directly in the line of 
sight of the turned tran- 
sit and marks the spot. 

Then AC is measured. 

Marking C we move the 

transit to A, point it toward B, and turn it until we sight C 
then read off the angle A from the transit. 


A transit 


Example 2. If a 30 ft. ladder is leaned against a window sill 20 
ft. high, what angle will the ladder make with the ground? 

We are given the side opposite angle A and the hypotenuse 
(Fig. 173). Therefore we are concerned with the sine of angle A. 
Clearly sin A = 20/30 = .6667. From the table we find that 
the nearest value to .6667 in the sine column is .6691, which is 
sin 42°. Hence we take A = 42° as an approximate answer. 

• In practice, angles are measured by means of a transit, which is really nothing 
more than a glorified protractor with a spy-glass to aid the vision. A transit mounted 
on a tripod may be seen on any empty lot just before a building goes up. 
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Example 3. If a projectile is fired at an angle A from the level 
of the ground its horizontal distance x and its height y at the end 
of t seconds are given by (Fig. 174) 

(1) X = Vot cos A 

(2) y = Vot sin A — 16 f 

where Vo is the initial velocity and distances are measured in feet. 
Suppose A = 30°, vo = 160 ft. per sec. Find the horizontal 

distance from the starting point to the 
point where the projectile will strike the 
ground. 

Clearly we want the value of x for 
which y = 0. Now from (2), y — 0 

where t{vo sin il — 16 <) = 0 or at f = 0 
and at f = (?;o sin A)/16. The first solu- 
tion t = 0 corresponds to the starting 
point. The second solution is t = 
160(.5) /16 = 5. Hence the projectile strikes the ground at the 
end of 5 seconds. From (1) this means that the distance 
X = 160-5(.866) = 692.8 ft. approximately. 

Remark 1. If more accurate approximations are desired we 
can use interpolation, or more extensive tables, or both. 



Remark 2. How are the tables constructed? A rough table 
could be made by direct methods. For example, to get cos 40° 
we might construct an angle of 
40° with a protractor as ac- 
curately as we could; then we 
could form a right triangle, 
measure the adjacent side and 
hypotenuse as closely as possible 
and divide one by the other. 

However, such a method would 
hardly be satisfactory except for Fig. 174 

rough work, for we could never 

be sure as to how accurate our results were; that is, we would 
never know how many decimal places in our results were really 
correct. A better method, which is actually used, is based on the 
following theorem, proved by the calculus. If x is the number 
of radians in the angle, then cos x is given by the infinite series 
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COS X 



4 • 3 • 2 


x^ 

5 • 4 • 3 • 2 

8-7-6-5-4-3-2 


Now 40® = .7 radians approximately. Hence cos 40® = 

, _ w , _C7V (.r)® , 

COS .7 1 2'^4-3®2 6-5-4-3-2'^ 


Taking the first three terms of this series we get cos 40° = .765 
approximately, which is correct as far as the hundredths place, 
as we see from the table. Similar infinite series for the other 
trigonometric functions may be found in text-books on the cal- 
culus. By this method we are able to calculate the trigonometric 
functions as accurately as we wish by taking enough terms of the 
infinite series. At each stage we can tell how large an error is 
committed by our approximation. Even with these modern 
methods, the labor involved in the calculation of tables is great, 
but the labor saved by having the tables is inestimable. 

In the exercises in this chapter, angles should be found correct to 
the nearest degree and lengths correct to the nearest tenth. 


EXERCISES 

1. Find the height of a pole whose (horizontal) shadow is 85 ft. long when the 
angle of elevation of the sun is 51°. 

2. Find the length of the shadow of a pole 85 ft. high when the angle of eleva- 
tion of the sun is 51°. 

3 . A wire 50 ft. long is stretched from the top of a 35 ft. pole to the ground. 
What angle does the wire make with the pole? 

4 . A wire 50 ft. long is stretched from the top of a pole to the ground making 
an angle of 52° with the pole. How high is the pole? 

6. A wire is to be stretched from the top of a 50 ft. pole to the ground making 
an angle of 48° with the ground. How long should the wire be? 

6. A wire is stretched from the top of a pole to a point on the ground 50 ft. 
from the base of the pole. If the angle between the wire and the ground is 60° 
what is the height of the pole? 

7. From the top of a lighthouse 100 ft. high the angle of depression * (Fig. 
175) of a boat B is found to be 23°. How far from the foot F of the lighthouse is 
the boat? 

• The angle between the line of sight and the horizontal. 
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8 . Draw, with a protractor, an angle of 35° on graph paper. By measurement 
and long division, estimate the values of the trigonometric functions of 35°. 
Compare with the table. 

9 . A projectile is fired at an angle of 42° with the horizontal at an initial veloc- 
ity of 144 ft. per sec. Using the formulas (1) and 
(2) of example 3 above, find : (a) the distance of 
the point where the projectile strikes the ground 
from the starting point; (b) the maximum height 
reached by the projectile. (Hint: use the method 
of section 109 for part (6).) 

10 . A man drives 500 ft. up a road whose in- 
clination is 30°. How high above his starting level is he? 



11 . From a point opposite the middle of a battleship known to be 500 ft. long, 


turned broadside, the angle subtended * 
by the ship is 6°. How far away is the 
battleship? 

12 . If the radius of the earth is 3960 
miles, find the radius of the 42nd parallel 
(of latitude) (Fig. 176). 

13 . Using the result of exercise 12, find 
the circumference of the 42nd parallel. 
How many miles do we cover if we trav- 
erse 36° of longitude along the 42nd par- 
allel? 

14 . An observer in an airplane 3000 ft. 
directly above a cannon finds that the 
angle of depression of an enemy supply 



Fkj. 176 


base is 32°. Find the horizontal distance between the cannon and the supply 


base. 


c 



Earth 


Fig. 177 

* The angle subtended by an object at a point F is the angle between the lines of 
sight from P to the extremities of the object, as viewed from P. 
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16. If the radius of the earth is 3960 miles and angle A (Fig. 177) is found to l)e 
57'3'', find the distance between the center of the earth and the center of the 
moon. Suppose that sin 57'3" = .01659. 

16. An airplane is 1 mile above the ocean. 

How far away from it is the furthest visible 
point on the ocean (Fig. 178)? Suppose that 
the radius of the earth is 3960 miles. 

17. Find the angle of elevation of the sun if a 
pole 50 ft. long casts a horizontal shadow 22 ft. 
long. 

122. Vectors. Many phy.sical quan- 
tities involve not only magnitude but 
direction as well. For example, to say 
that a force of 30 lbs. is applied to an 
object does not specify the force com- 
pletely; we need to know the direction in which the force is being 
applied. Velocities are also not completely described unless the 
direction is given. Such quantities, speaking loosely, are called 
vectors. A vector is conveniently represented by an arrow 
whose length corresponds to the magnitude and which points in 
the proper direction. Thus a force of 3 lbs. applied in an easterly 
direction is represented graphically by an arrow 3 units long 
pointing east. 

It is a well known result of experimental physics that if two 
forces AC and AB making an angle with each other are applied 
simultaneously, the resultant force is described wi^ respect to 
both its magnitude and direction, by the diagonal AD of a paral- 
lelogram as in Fig. 179. This is called the parallelogram law for 
the composition of forces. Velocities also may be represented as 
vectors as may many other phy.sical quantities. Vectors, like 
other parts of pure mathematics, may be applied to (and 
hence serve to unify) many different concrete physical interpre- 
tations. 

The two given vectors are called 
components, and the diagonal vec- 
tor is called the resultant. We 
shall confine ourselves in this sec- 
tion to components which are at 
right angles to each other. 




Fig. 179 
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Example 1 . A body is acted upon simultaneously by a force 
of 50 lbs. due north, and a force of 120 lbs. due east. Find the 
magnitude and direction of the resultant force. See Fig. 180. 

By the Pythagorean theorem, {ADY = 50^ + 120^; hence 

AD = 130. Clearly tan X = 50/120 = 
.4167. From the table of tangents we 
find X = 23° approximately. Hence the 
resultant force is one of 130 lbs. acting 
in a direction 23° north of east. 

Example 2. A boat pointed east 
travels at the rate of 24 miles per hour 
under its own power and a wind blows it 
north at the rate of 10 miles per hour. Find the magnitude and 
direction of the velocity of the boat. See Fig. 181. 

The resultant of the two given components is a velocity of 26 
miles per hour, and cot x = 2.4. From the table we find a; = 23° 
approximately. Hence the boat moves 
in a direction 23° north of east, with a 
speed of 26 miles per hour. 

Example 3. A body weighing 100 
lbs. is on a plane inclined at an angle of 
30° to the horizontal. What force must 
be applied to the body to keep it from sliding down the plane? 
Friction is to be neglected. See Fig. 182. 

The weight of the body means that the force of gravity acting 

on it is 100 lbs. directed down- 
ward. We regard BG as the re- 
sultant of the two perpendicular 
« forces BZ) and BJ?. Clearly BZ)/ 100 
= cos 60° or BD = 50. Hence the 
force pushing the body downhill is 
50 lbs. in the direction BD. Thus 
we must apply a force of 50 lbs. in the opposite direction DB. 

EXERCISES 

In all the following exercises, friction is to be neglected. 

1. A body is acted upon by a force of 75 lbs., due east, and a force of 100 lbs., 
due north. Find the magnitude and direction of the resultant force. 


B 




B D 
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2. A river flows at the rate of 3 miles per hour. A man who rows at the rate of 
4 miles per hour in still water sets out directly across the stream. Find the magni- 
tude and direction of his actual velocity. 

3. A block weighing 200 lbs. is on a plane inclined at 45® to the horizontal. 
Find the magnitude and direction of the force needed to keep it from sliding 
downhill. 

4 . An airplane pointed due east is flying at the rate of 150 miles per hour. A 
wind blowing due south, blows it south at the rate of 30 miles per hour. Find the 
magnitude and direction of its actual velocity. 

6. An airplane takes off at an angle of 5° while moving at the rate of 80 miles 
per hour. How fast is it rising? How fast is it moving forward (that is, hori- 
zontally)? 

6. A man walks north across a railway car at the rate of 2 miles per hour while 
the car proceeds east at the rate of 10 miles per hour. What is the direction and 
magnitude of his motion with respect to the surface of the earth? 

7. What force is required to drag a 2000 lb. automobile up a ramp inclined 25® 
from the horizontal? 

8. What is the largest weight which a man can keep from sliding down a ramp 
inclined 30° from the horizontal if he can exert a pull of 150 lbs.? 

9. A weight of 200 lbs. is to be kept from sliding down a ramp by a man whose 
maximum pull is 125 lbs. What is the largest possible angle at which the ramp 
may he inclined to the horizontal? 

123. Directed angular measure. One of the inconvenient fea- 
tures of our angular measures is that we cannot freely add or sub- 
tract them. For example, we cannot say that an angle whose 
measure is 100° plus an angle whose measure is 110° gives an 
angle whose measure is 210°, .since no angular 
measure can be greater than 180° by our \ 
definition. Similarly we cannot subtract an yaf 

angular measure of 110° from an angular \ , 

measure of 100° to get one of — 10° since \J 
“negative” angular measures have not been 
defined. However, for many purposes it is Fio. 183 

convenient to extend the notion of angular 
measure to allow for directed angular measures of any positive or 
negative number of degrees like — 960° or -|- 750°, just as it is 
convenient to use directed numbers for coordinates. To do this 
we agree that counter-clockwise rotation shall be regarded as 
positive and clockwise as negative. If we imagine the rotation 
beginning at one ray of an angle and ending at the other we shall 
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call the first ray the initial ray and the other the terminal ray. 
Having decided which of the two rays of an angle is to be its 
initial ray, we shall mean by a directed angular measure of the 
given angle, with the given initial ray, the (directed) number of 
degrees in any rotation starting at the initial ray and ending at 
the terminal ray of the angle. The directed angular measure of 

an angle is still a function of the angle, 
with specified initial ray, but it is no 
longer a single-valued function, since the 
same angle may have different directed 
angular measures. For example, an angle, 
with specified initial ray, having a directed 
angular measure of 30°, also has the 
directed angular measures 390°, 750°, 

— 330°, — 690°, and so on, since rotating through 360° any num- 
ber of times in either direction yields the same terminal ray. In 
fact, if an angle {with specified initial ray) has a directed angular 
measure of x degrees, it also has all the directed angular measures 
given by x n-360 degrees where n is any integer, positive, nega- 
tive, or zero. It is customary to speak of an angle of 390° or 

— 330° instead of a directed 
angular measure of 390° or 

— 330°. In the figure a 
curved arrow is used to in- 
dicate the amount and di- 
rection of the rotation. 

Since all these directed 
angular measures correspond 
to the same angle, you may 
wonder why we bother to 
distinguish among them. 

But if you recall that our 
directed angular measure corresponds to the intuitive notion of 
rotation, you will see that there is a very practical distinction 
between 4- 750° and — 690° ; if your car is parked near the edge 
of a cliff, you will be seriously concerned with the question of 
which of these rotations your wheels will make. 
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EXERCISES 

Name 5 other directed aiigidar measures, three positive and two negative, possessed 
by an angle with the directed angular measure: 

1. + 10®. 2. - 10®. 3. 60®. 4. 150®. 6. 210°. 6. 300®. 

124. Trigonometric functions of any angle. Our previous def- 
initions of the trigonometric functions in terms of the sides of a 
right triangle are clearly in- 
applicable to any angle other 
than an acute one; for an 
angle of 120°, say, cannot be 
put inside a right triangle. 

We shall now define the trig- 
onometric functions of any 
angle (that is, any directed 
angular measure). 

Definition. Suppose any 
angle {with specified initial 
ray) has been given. Intro- 
duce an ordinary rectangular 
coordinate system into the plane 
with the origin at the vertex of angle A and the initial ray of angle A 
as the positive ray of the x-axis. Choose any point P whatever on 
the terminal ray of angle A, and let {x,y) he the coordinates of P and 
d its distance from the origin (Fig. 186). Then we define 



Fio. 186 


y 


n 

I 


0 


III 


IV 


sin A = y/d = ordinate / distance 
cos A = xfd = abscissa/ distance 
tan A = y/x = ordinate / abscissa 
CSC A = d/y = distance / ordinate 
sec A = d/x = distance / abscissa 
cot A = x/y = abscissa/ ordinate. 

These quantities are really 
functions of the angle A alone. 
In particular, they do not depend 
on our choice of the point P; for 
if we chose a different point 
P'{x',y') on the terminal ray of 


Fig. 187 
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A at a distance d' from the origin, it is clear that x' and y' would 
have the same signs as x and y respectively and, because of 
similar triangles, the ratios y'/d', x'/d', y' jx' , etc., would be equal 
respectively to the ratios y/d, x/d, y/x, etc. Distance is always 
positive. 

Clearly any trigonometric function of an angle of A° is equal to 

the same trigonometric function of 
y any angle of A n-360 degrees 

cohere n is any integer, since all 
P(-^aK these angles have the same ter- 

minalray. For example, sin 30° = 
V; A sin 390° = sin (- 330°). 

''''' 'q * After the coordinate system has 

been introduced, the plane is di- 
vided into four quadrants, which 
are always numbered as in Fig. 
187. An angle is said to be "in” 
Fig. 188 the quadrant in which its terminal 

ray lies. For positive acute angles, 
our new definitions yield the same results as those of section 120, 
since x and y are both positive for any point in the first quadrant, 
and consequently are nothing more than the lengths of the sides 
adjacent and opposite to A, respectively. Therefore, no conflict 
arises between our old and new definitions. Our new definitions 
may be called "generalizations” of the old ones since they agree 
with the old ones for all angles to which the old ones may be 
applied (that is, acute angles) y 

but are applicable to a wider 
class of angles. 


Example 1 . Find the cosine 
of the angle whose terminal ray 
passes through the point 
P(~ 3,4). See Fig. 188. 

The distance d = PO is 
clearly 5 since, by the Pythag- 
orean theorem, d® = x* -f j/* = 
(- 3)® -H 4® = 25. Thus 
cos A = — 3/5. 


- 1 ) 


Fig. 189 
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Example 2. Find the trigonometric functions of 210°. 
Clearly if we choose a point P on the terminal ray whose 
distance from 0 is 2 units, the coordinates of P are ( — \/3, — 1) 
since BPO is a 30°-60°-90° triangle. Hence (Fig. 189) 
sin 210° = - 1/2 CSC 210° = - 2 

cos 210° = -v%/2 sec 210° = -_2/\/3 

tan 210° = l/\/3 cot 210° =\/3. 

y 

Example 3. Find the trigo- 
nometric functions of 90°. Choose 
a point P on the terminal ray with 
coordinates (0,1). The distance d 
is then 1. Hence (Fig. 190) 

sin 90° = 1 CSC 90° = 1 

cos 90° = 0 sec 90° does 

tan 90° does not exist 

not exist cot 90° = 0. 

Fig. 190 

EXERCISES 

Find the trigonometric functions of an angle whose terminal ray contains the 
'point: 

1. (3,4). 2. (-3,4). 3. (-3,-4). 4. (3,-4). 6. (4,-3). 

6. (0,- 1). 7. (1,0). 8. (- 1,0). 9. (5,12). 10. (- 12,5). 

Find the trigonometric functions of the following angles: 

11. 30^ 12. 150°. 13. 240°. 14. 330°. 16. 510°. 

16. - 60°. 17. - 120°. 18. - 240°. 19. - 300°. 20. - 420°. 

21. 45°. 22. 135°. 23. 225°. 24. 315°. 26. 765°. 

26. 180°. 27. 270°. 28. 360°. 29. 0°. 

In which of the quadrants may angle A terminate if: 

30. sin ^ > 0. 31. cos .4 < 0. 32. tan 4 > 0. 

33. CSC 4 < 0. 34. sec 4 > 0. 36. cot 4 < 0. 

Find all the trigonometric functions of angle A if: 

36. sin 4 = 3/4 and the terminal ray of 4 is in quadrant I. 

37. sin 4 = 3/4 and the terminal ray of 4 is not in quadrant I. 

38. cos 4 = 5/12 and the terminal ray of 4 is not in quadrant I. 

39. tan 4 — 3/5 and the terminal ray of 4 is not in quadrant I. 

40. tan 4 = — 3/5 and the terminal ray of 4 is not in quadrant II. 
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126. The line-values and the names of the trigonometric 
functions. In the preceding section we agreed to call the ratio 
y/d by the name “sine of Needless to say, if we had wished 
to, we could have called it the “abracadabra of A.” A student 
who is tempted to ask “How do we know that y/d is the sine of 



(c) (d) 


Fig. 191 

A?” is in the same class as the Gushing Lady who came up to a 
well-known astronomer after a public lecture, as gushing ladies 
do, to tell him how clear his talk was and how much she enjoyed 
it. She concluded by saying, “I understood how you found out 
the distances of the stars and all that, but there was one thing I 
didn’t grasp. How did you ever find out their names?” 

The choice of the names of the trigonometric functions is, log- 
ically, an arbitrary matter. But there does remain the historical 
or psychological question, “Why did we happen to choose these 
particular names rather than others?” Some light will be thrown 
on this question by examining the following geometric interpre- 
tation of the trigonometric functions. 

Consider a circle of radius one unit with center at the origin, 
and let the positive ray of the x-axis lie along the initial ray of 
angle A, as in the preceding section. Then (Fig. 191) draw tan- 
gents to the circle at Q and U. Let S be the point where the 
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terminal ray of angle A meets the circle. Drop a perpendicular 
from S to the a:-axis meeting the a;-axis at R. Produce the line 
OS until it meets the horizontal tangent line at V and the vertical 
tangent line at T. Let us agree that horizontal line-segments are 
to be counted positively or negatively according as they extend 
to the right or left of the ^-axis; and that vertical line segments 
are to be counted positively or negatively 
according as they extend up or down from 
the x-axis. Segments which have been 
obtained by producing the terminal ray 
backwards through 0 will be counted 
negatively. They are dotted in Fig. 191. 

Now let us consider the trigonometric 
functions of A. 

Clearly OU = OQ = OS = 1. Taking Fkj, 192 

account of our agreements as to signs, 

tan A = UT/OU = UT. That is, the tangent of A is repre- 
sented by the segment cut off by the terminal ray of A (produced 
if necessary) on the vertical tangent line. 

In the same way, we have cot A = QV/OQ = QV. That is, 
the cotangent of A is represented by the segment cut off by the 
terminal ray of A (produced if necessary) on the horizontal tan- 
gent line. It is, of course, the tangent of the complement of A. 

Similarly sec A = OT/OU = OT. The name secant may have 
been suggested by the fact that the segment 02^ ”cuts” the 
circle; the word “secant” comes from a Latin word which means 
“cutting.” 

Likewise, esc A = OV /OQ = OV. This is, of course, the 
secant of the complement of A. 

The names of the four functions considered so far have had 
fairly plausible geometric motivation. The ca.se of sine and co- 
sine is not so eas^y explained. If we can explain the origin of the 
name “sine,” then “cosine” is simply the sine of the complement. 
Clearly, on Fig. 191, we have sin A = RS/OS = RS and 
cos A = OR /OS = OR. But this scarcely explains the word sine, 
which comes from the Latin “sinus,” meaning fold, cavity, or 
bay. The fact is that the word sinus is due to a mistranslation, 
although historians are not agreed as to just what mistranslation 
was committed. Note (Fig. 192) that the sine of A is RS which 
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is half the chord SS'. The ancients, however, were accustomed 
to use the entire chord SS' as the sine instead of the half-chord 
RS. Now, one plausible explanation of the origin of the word 
sinus is that the Hindu word for sine meant “bowstring,” an idea 
clearly suggested by the figure of the chord SS' together with 

the arc SUS'; but because of 
similarity in sound, Arab trans- 
lators confused their word for 
bowstring with a word meaning 
fold or bay, from which Latin 
translators got the word sinus. 

126. Reduction formulas. Since 
the table gives the values of the 
trigonometric functions for acute 
angles only, how can we look up 
the sine of 160°, say? Clearly we 
have somehow to express the trig- 
onometric functions of any angle 
in terms of the trigonometric functions of an acute angle (that 
is, an angle between 0° and 90°). 

Case I. If A terminates in quadrant I, there is an angular 
measure between 0° and 90° which can be looked up having the 
same terminal ray and therefore 
the same trigonometric functions. 

For example, sin 380° = sin 20° 
which can be looked up. Hence 
sin 380° = .3420. 

Case II. If A terminates in 
quadrant II, 180° — A terminates 
in quadrant I. For example, if 
A = 160°, 180° - A = 20°. 

Choose a point (x,y) on the ter- 
minal ray of A at a distance d 
from the origin. Choose a point 
{x',y’) on the terminal ray of 
180° — A such that its distance from the origin is d' = d. Then 
clearly (Fig. 193), y = y' and x = — x'. Hence, 




Fig. 193 
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sin A =yld = y'/d' = sin (180° - A) 
cos A = x/d = — x'/d' = — cos (180° — A) 

tan A = y/x = — y'/x' = — tan (180° — A) 

CSC A = d/y = d'/y' = esc (180° — A) 
sec A — d/x — — d'/x' = — sec (180° — A) 

cot A = xfy = — x'/y' = — cot (180° — A). 


For example, sin 160° = sin 20°, 
cos 160° = — cos 20°, etc., and 
the functions of 20° can be looked 
up in the table. Hence sin 160° = 
.3420, cos 160° = - .9397, tan 
160° = - .3640, CSC 160° = 2.924, 
etc. 

Case III. If A terminates in 
quadrant III, then A — 180° ter- 
minates in quadrant I. Choose 
points (x,y) and ix',y') on the 
terminal ray of A and A — 180°, 
respectively, such that d = d' (Fig. 
194). Then x = — x', y = — y'. 
Hence 


y 



sin A = y/d = — y'/d' = — sin {A 

cos A = x/d = — x'/d' = — cos (A 

tanA = y/x = — y'/ — x' — y'/x' 
CSC A = d/y = — d'/y' = — esc (A 

sec A = d/x = — d'/x' = — sec (A 

cot A = x/y = — x' / — y' = x' /y' 


180°) 

180°) 

tan (A — 180°) 
180°) 

180°) 

cot (A - 180°). 


For example, sin 200° = — sin 20°, tan 200° = tan 20°. Hence, 
sin 200° = - .3420, cos 200° = - .9397, tan 200° = .3640, 
CSC 200° = — 2.924, etc. 

Case IV. If A terminates in quadrant IV then — A terminates 
in quadrant I. Choose points ix,y) and {x' ,y') on the terminal 
rays of A and — A respectively such that d = d' (Fig. 195). 
Then x = x',y = — y'. Hence 
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sin A = yid = — y'/d' = - sin (- ^) 

cos A = x/d = x'/d' = cos (— A) 

tan A = y/x = — y'/x' = — tan (— A) 

CSC A = d/y = — d' jy' = — esc (— ^) 

sec A = djx = d' lx' = sec (— A) 

cot A = x/y = — x'/y' = — cot (— A). 

For example, if A = - 20° then - A = 20°. Thus sin (- 20°) = 
— sin 20°, cos ( — 20°) = cos 20°. Hence, sin ( — 20°) = — .3420, 
cos (- 20°)= .9397. 

The formulas obtained in this section are called reduction 
formulas because, by means of them, the problem of finding the 
trigonometric functions of any angle is reduced to the problem of 
finding the trigonometric functions of an angle between 0° and 
90°, which may be looked up in the table, and prefixing the 
proper sign. That is, they enable us to get along with a table 
giving the values of the trigonometric functions for acute angles 
only. 

EXERCISES 

Find, iising the reduction formulas and the tables, the values of the trigonometric 
functions of: 

1. 170°. 2. 190°. 3. - 10°. 4. 350°. 6. 530°. 

6. - 730°. 7. 375°. 8. 156°. 9. 217°. 10. 310°. 

11. - 165° 12. - 305°. 

13. Make a table giving the values of the trigonometric functions for 0°, 1.5°, 
30°, 45°, 60°, • • •, 360° (all angles 15° apart up to 360°). 

Find angle A if: 

14. sin A = .3420, A not in quadrant I. 

16. cos 4 = — .8387, A between 0° and 180°. 

16. sin A — 1 / 2 , xi not in quadrant 1. 

17. cos A = — 1 / 2 , A between 0° and 180°. 

18. sin A == .6018, A not in quadrant I. 

19. cos 4 = — .8391, A between 0° and 180°. 

20. sin A = V3/2, A not in quadrant I. 

21. cos A = — \/3/2, A between 0° and 180°. 

22. cos A = — -v/ 2 / 2 , A between 0° and 180°. 

23. cos A = — .3420, A between 0° and 180°. 

24. tan A = 1, A not in quadrant I. 
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127. The solution of oblique triangles. To find the height of 
a pole BC (Fig. 196), we have only to measure off any convenient 
distance AC from the foot of the pole, measure the angle A and 
write BC/AC = tan A. For example, if AC = 100 ft. and A = 
38° then BC = AC tan A 
= 100(.7813) = 78.13 ft. 

But to find the height h of a 
mountain we cannot proceed 
in the same way. To apply 
this method we should have 
to measure the distance AC /i 



(Fig. 197). But any attempt 19(5 

to measure directly the dis- 
tance AC will obviously be sabotaged by the mountain. To cir- 
cumvent the mountain’s irritating obstructionist tactics, we pro- 
ceed as follows. Measure angle A ; suppo.se it is 30°. Move from 
A toward the mountain any (;onvenient di.stance, say 1000 ft.,* 
to D (Fig. 198). Measure angle BDC ; suppose it is 70°. Clearly, 
if we only knew the distance a = BD we would be able to find 

h from the relation h/a — 
/>’ sin 70°. In the next section 

we shall develop a way of 
finding a from what we al- 
I \h\ ready know about the ob- 
/ j \ lique t triangle ABD. 
y |-! \ Note that in triangle ABD 

^ ^ we know two angles and the 

Fig. 197 included side, since 4 .A = 

30°, AD = 1000 ft., and 
4 ADJ5 is clearly 110° since it is supplementary to i^BDC. Now 
this is enough to determine or fix or specify the size and shape of 
the triangle completely, since, if any other triangle has two angles 
and the included side equal to 30°, 1 10°, and 1000 ft. respectively, 
the second triangle must be congruent to the given triangle ABD. 
Since the size and shape of the triangle are determined by the 
data, we may reasonably expect to find the remaining sides and 
angles of triangle ABD. 

* The plain from A to D is assumed to be horizontal, as is usually the case — in text 
books. 

t An oblique triangle is one which is not a right triangle. 
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In general, whenever we know enough about the sides and 
angles of a triangle to guarantee that any other triangle having 
the given measurements must be congruent to it, we shall expect 
to be able to compute the remaining sides and angles. From ele- 
mentary geometry, we recall 
the following theorems about 
the congruence of triangles. 

Two triangles are con- 
gruent if : 

(1) two angles and the in- 
cluded side of one are equal 
respectively to two angles and 
the included side of the other ; 

(2) two sides and the in- 
cluded angle of one are equal respectively to two sides and the 
included angle of the other; 

(3) three sides of one are equal respectively to three sides of the 
other. 

Note that (1) can be modified to read “any two angles and one 
side” since if two angles of one triangle are equal to two angles of 
another triangle, then the third angles are equal. This is so be- 
cause the sum of the angles of any triangle is 180°. 

Hence we shall expect to be able to calculate the remaining 
sides and angles of any triangle when we are given : 

Case /. any two angles and a side; 

Case II. two sides and the included angle; 

Case III. three sides. 

To solve a triangle means to find the remaining sides and an- 
gles when some of them are known. In the next section we shall 
dispose of Case I and in the following section Cases II and III. 

Exercise. The height h of the mountain in our illustrative example can be 
found by using two equations and two unknowns, without the easier method of 
the next section. Do it. (Hint: h is one unknown; let k = DC be the other. 
Use triangles BCD and ABC, Fig. 198, to get two equations.) 

128. The law of sines. Consider any oblique triangle ABC. 
From B draw a perpendicular BD to AC. Either BD falls within 


B 



Fig. 198 
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the triangle ABC or not (Fig. 199).* We shall treat each case 
separately. 

Case (a). From right triangle ABD (Fig. 199a) we obtain 
h/c = sin A or 

(1) h = c sin A. 




M V 


Fig. 199 

From right triangle BDC we obtain h/a = sin C or 

(2) h = a .sin C. 

From (1) and (2) we have 

a sin C = c sin A. 

Dividing both sides by sin A sin C, we obtain 

a c 

(3) ^ — T = -T— 

^ ^ sin sm C 

Case (b). From right triangle BDC (Fig. 1996) we obtain 
h/a - sin C or h = a sin C as before. From right triangle BDA 
we have h/c = sin (180° — A). But sin (180° — A) = sin A. 
Hence h/c = sin A or h = c sin A as before. As in Case (a) we 
obtain equation (3). 

By dropping perpendiculars from A Xo BC instead of from B 
to AC we would obtain in the same fashion the equation 

6 _ c 

sin B sin C 

From (3) and (4) we have the following theorem, known as the 

law of sines. 

* The perpendicular BD cannot fall exactly along one side of the triangle ABC since 
ABC is oblique by hyjKithesis. 
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Theorem. In any triangle, 

a _ 6 _ c 

sin A sin B sin C‘ 

Or, any side divided by the sine of the opposite angle is equal to any 
other side divided by the sine of its opposite angle. 

Remark. We have proved the theorem for oblique triangles. 
The reader can verify at once that it remains true even if one of 
the angles is 90°, recalling the fact that sin 90° = 1. 

Exercise. Complete the proof in all its details. 

By means of the law of sines we can solve a triangle given two 
angles and one side. 


Example 1. Given triangle ABC with A = 40°, B = 80°, and 
a = 10 ft. Then C = 60°. To find 6 we write 6/sin 15 = a/sin 
or 


10 


or 


6 = 


sin 80° sin 40 
10 sin 80° 10(.9848) 


15.3 ft. approx. 


sin 40° .6428 

To find c we would use similarly the relation c/sin C = a/sin A. 


Example 2. Let us now complete the problem of finding the 
height of the mountain begun in section 127 (Fig. 198). Clearly 
angle ABD = 40°. By the law of sines we have, from triangle 
ABD, 


Hence 


g ^ 1000 
sin 30° sin 40°' 

1000 sin 30° 1000(.5000) 

sin 40° ~ .6428 

= 777.8 ft. approx. 


Having found a we obtain from the right triangle BCD (Fig. 
198) the relation 6/777.8 = sin 70° or 


h = 777.8 sin 70° = 777.8(.9397) 

= 731 ft. approx. 
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EXERCISES 

Solve the triangle ABC^ given that: 

1. A ^ 42°, B -73°, c = 15 ft. 

2. B = 53°, C = 62°, c = 32 ft. 

3 . A - 103°, C = 48°, a = 25 ft. 

4 . A = 26°, B - 132°, c = 20 ft. 

6. To measure the length AB of a projected bridge across a canyon, a distaiu'c 
of 100 yards is measured from A to a point C and the angles BAG and ACB are 
found to be 82° and 43° respectively. Find AB. 

6. To measure the distance from a cannon C to an enemy fortification F, a 
distance of 1000 yards is measured from C to a point P, and the angles FCP and 
CPF are found to be 77° and 62°, respectively. Find CF. 

7 . From two observation points A and 5, 5000 ft. apart, on a straight road 
an airplane C is seen directly over the road. If, at a given instant the angle of 
elevation of the airplane at A is 73°, and the angle of elevation of the airplane at 
B is 67°, find: (a) the distance of the airplane from A; {h) the distance of the air- 
plane from B; (c) the airplane^s altitude. 

8. A ship S is observed from two points A and B on a straight beach, 1000 ft. 
apart. If A^SAB = 82° and A^SBA — 73°, find: {a) the distance SA; (b) the 
distance SB; (c) the distance of the ship from the shore. 

9. To measure the height of a mountain, its angle of elevation from a point A 
on a level plain is found to be 34°. Proceeding toward the mountain, a distance 
AB — 1000 ft. is measured off. At B the angle of elevation of the mountain is 
found to be 58°. Find the height of the mountain. 

10 . Outline a method for finding the height of a tower located on the opposite 
bank of a river, without crossing the river. Invent your own numbers and solve. 

129. The law of cosines. Consider the oblique triangle ABC. 
Draw the line BD perpendicular to AC. I^ither BD falls within 
the triangle ABC or not (Fig. 200). (Since ABC is oblique BD 


B 



(a) (b) 

Fig. 200 
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cannot fall along one side of triangle ABC.) We shall treat each 
case separately. 

Case (a). From right triangle ABD (Fig. 200a) we have c* = 
or 

( 1 ) — x^. 

From right triangle BDC we have =(b — z)^ + or 

( 2 ) = a? -{h - x)\ 

From (1) and (2) we obtain 

—(b — x)^ = (? — z^, 
or 

a^ — 6^ + 2 — x^, 

or 

(3) — 2 bz. 

From right triangle ABD, we have xje — cos A, or 

(4) X = c cos A. 

Substituting (4) in (3), we have 

(5) a^ = 6^ 4- — 2 6c cos A. 

Case (6). From right triangle BDA (Fig. 2006), we have c‘ = 
+ xS or 

(6) — X*. 

From right triangle BDC we have = 6^ +(6 + x)* or 

(7) 6^ = a* — (6 + x)^. 

Hence, 

a* — (6 + x)^ = c^ — x^, 

or 

— ¥ — 2 bz — z^ = — x^, 

or 

(8) a2 = 62 4- c* + 2 6x. 

From right triangle BDA, we have x/c = cos (180° — A) or 
z — c cos (180° — A). But cos (180° — A) = — cos A. Hence, 

(9) X = — ccos A. 

Substituting (9) in (8) we obtain (5) as before. 

By dropping perpendiculars from A and C, respectively, we 
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would get the remaining formulas in the following theorem, 
known as the law of cosines. 

Theorem. In any triangle ABC, we have 

a^ — ¥ — 2 be cos A, 

6^ = ^ ac cos B, 

¥ = a^ — 2 ab cos C. 

Or, the square of any side is equal to the sum of the squares of the 
other two sides minus twice their product times the cosine of the angle 
included between them. 

Remark, We have proved the theorem for oblique triangles. 
But it is true for right triangles as well. For example, if in the 
last equation angle C were 90° we would have c* = + &* — 2 a6 

cos 90°. But cos 90° = 0. Hence, c"^ = a? ¥, which is nothing 
but the Pythagorean theorem. Therefore, the law of cosines may 
be said to be a generalization of the Pythagorean theorem, since 
it includes the Pythagorean theorem as a special case. 

We may use the law of cosines to solve a triangle given three sides 
or given two sides and the included angle, as follows. 

Example 1. Given triangle ABC with a = 3, 6 = 5, c = 7. 
Let us find angle C. We have 

¥ = -\- ¥ — 2 ab cos C. 

72 = 32 + 52 - 2 • 3 • 5 cos C, 

49 = 34 - 30 cos C, 
cos C = - 1/2 = - .5000. 

C = 120°. 

Using the other formulas in our theorem similarly we would 
find angles B and A. 

Example 2. Given triangle ABC with c = 5, b = 3, and A = 
120°. Let us find a. We have, 

= ¥ + ¥ — 2bc cos A , 

or o2 = 32 + 5* - 2 • 3 • 5 cos 120° 

= 34 - 30(- 1/2)= 49. 

Therefore, a = 7. Now that we know all three sides the remain- 
ing angles may be found by the method of example 1. 


Hence 

or 

or 

Hence, 
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EXERCISES 

Sobe the triangle ABC, given that: 


1 . 

a = 20, 

6 = 12, c = 28. 

6 . 

a = 42, 

c = 37, 

B = 79°. 

2 . 

a = 35, 

5 = 27, c = 24. 

6 . 

a = 15, 

6 = 26, 

C = 112°. 

3 . 

a = 15, 

6 = 9, C = 120°. 

7 . 

6 = 12, 

c = 17, 

A = 123°, 

4 . 

h = 20, 

c = 15, A = 67°. 

8 . 

a = 38, 

c = 25, 

B = 105°, 


9 . A triangular plot of ground is 215 ft., 185 ft., and 125 ft., respectively, on 
its three sides. Find the three angles included between its sides. Find its area. 

10 . To find the length AB of a, proposed tunnel through a mountain from point 
A to point B, a point C is found from which A and B are both visible. If AC = 
500 ft., BC = 350 ft. and A^ACB = 73°, find AB. 

11 . To find the distance CT from a cannon C to a target T, invisible from C, an 
observer is stationed at a place P visible from both C and T. If TP = 2000 yds., 
CP = 1500 yds., and A^CPT = 84°, find CT. 

12. A force of 12 lbs. and a force of 17 lbs. act on a body simultaneously. If the 
angle between their directions is 30°, find: (a) the magnitude of the resultant 
force; (6) the angle the resultant makes with each component. 

13 . Two forces of 30 lbs. and 50 lbs., respectively, have an included angle of 
60°. Find the magnitude of the resultant force, and the angle it makes with each 
component. 

14 . A boat moves across a river in a direction 40° north of east with a speed of 
10 miles per hour. The current of the river runs due East with a speed of 5 miles 
per hour. Find the speed of the boat in still water. 

16 . The distance from a boat B to two 
iwints A and C on the sliore are known to be 
500 yds. and 400 yds., respectively. If angle 
ABC is 53°, find the distance AC. 

16 . To find the distance between two in- 
accessible points A and B, we select two 
observation points C and D, 100 yds. apart, 
(Fig. 201) and measure angles p, q, r, s, t.* 
Suppose p = 33°, q = 42°, r = 75°, s = 37°, 
I — 78°. Find AB. (Hint: From triangle 
BCD we can find BC. From triangle ACD 
we can find AC. Then from triangle ABC we can find AB.) 



130. The graphs of the trigonometric ftmctions. Periodicity. 

With the help of section 126, we can draw the graph of the func- 
tion y = sin X, say, where x is the number of degrees. From the 

♦ If ^4 , C, D are in the same plane r = p + 9- But our method is applicable even 
if they arc not in the same plane. 
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table, we can plot the point {x,y) where ?/ = sin x for every angle 
0°, 15°, 45°, 60°, 75°, 90°, (Fig. 202). By means of the reduction 
formulas (see exercise 13, section 126) we can plot the points for 
all angles 15° apart from 90° to 360° in Fig. 203. Since sin x = 
sin (x + n • 360°), where n 
is any integer, the curve 
merely repeats itself in 
every interval of 360°. 

The fact that sin x has 
the same value at intervals 
of 360° is expressed by say- 
ing that the function?/ = sin 
X is periodic (with period 
360°). Periodic functions 
are extremely important in 
a large variety of physical 
applications. In fact, the 
earliest scientific observations made by the human ra(!e were 
doubtless certain periodic phenomena like the alternation of day 
and night, the cycle of the seasons, the recurrent phases of the 
moon, the recurrent patterns of stars in the sky, etc. Similarly, 
many modern scientific phenomena are periodic in character, like 


y 



Graph of y = sin x. 
Fig. 203 



sound waves, the vibrations of a violin string, the oscillation of a 
pendulum, etc. The graph of sin x suggests wave motion, and in 
fact the trigonometric functions (which are the simplest of all 
periodic functions) are very useful in the description of such 
periodic phenomena. 

The achievements of indirect measurement are quite remark- 
able, although they may seem pale beside such wonders as radio. 
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television, etc. However, the student should remember that he 
now understands the more ancient miracles of trigonometrical in- 
direct measurement, whereas he is doubtless merely familiar with 
the conveniences of the more modern miracles. The elementary 
applications of the trigonometric functions to the measurement 



Photograph of a sound from a violin. An approximate equation of this graph is 
y = 151 sin a: — 67 cos * + 24 sin 2 a; + 55 cos 2 x + 27 sin 3 a: + 5 cos 3 x. 

Fig. 204 


of inaccessible distances discussed in this chapter are interesting 
and important, but many of the most important and interesting 
applications of the trigonometric functions of more advanced 
character are due to the periodicity of these functions. Any 
book on the advanced physics of sound, light, mechanics, electro- 
magnetics, etc., will be found to make frequent use of the trigo- 
nometric functions. 


EXERCISES 

Plot between 0° and 360^ {using 15^ intervals) the graph of each of the following. 
Choose different units on the x and y axes in some convenient manner, 

1. 2/ =» cos X. 2. 2/ = tan x. 3. y = 2 cos x. 4. 2/ = cos 2 x. 
6. 2 / = 2 cos X + cos 2 x, (Hint: Use the tabulations of exercises 3 and 4.) 

6. 2 / *= sin 2 a: + 2 sin x. 
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Chapter Xlli 

PROBABILITY AND STATISTICS 


131. Introduction. It is difficult to give a precise definition of 
statistics. Speaking loosely, statistics is concerned with coming 
to general conclusions, whose truth is more or less probable, con- 
cerning large classes of phenomena, by means of the study of 
large numbers of observations. It is therefore of the greatest im- 
portance in connection with the 
inductive logic of experimental 
methods. The use of statistical 
inference pervades the social and 
biological as well as the physical 
sciences. The insurance busi- 
ness, as well as other commer- 
cial affairs, makes essential use 
of statistics. The subject is 
based on the study of prob- 
ability. The mathematical the- 
ory of probability had its begin- 
ning in correspondence between 
Fermat and Blaise Pascal (1623— 

1662) concerning certain ques- 
tions about games of chance 
which were put to the puritani- 
cal Pascal by an aristocratic 
acquaintance with a penchant 
for gambling. Pascal, inciden- 
tally, was a child prodigy who displayed phenomenal talent in 
mathematics and, by the age of 16, had done work of such calibre 
that Descartes is said to have refused to believe it was done by 
one so young. Pascal made noteworthy contributions to many 
branches of mathematics. 



Blaise Pascal 
1623-1662, French 
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132. Probability. In everyday speech, the word “probable” 
is used in a very vague sense. For example, we say “it will prob- 
ably rain tomorrow,” “the Yankees will probably win the world 
series,” “A probably murdered B,” “the patient will probably 
recover.” ^^at meaning can be attached to the word “prob- 
ability”? 

Some philosophers have maintained that probability is merely 
a measure of belief. But such a subjective matter could hardly 
be of great scientific value. Since different people are notoriously 
capable of believing opposite statements with equal firmness, 
whose belief are we to measure? In fact, the same person may 
very well believe opposite statements at different times. Clearly, 
a more objective meaning must be given to the word probability 
if we are to build up a useful mathematical theory about it. 

Example 1. Consider the tossing of a coin. There are only 
two ways it can fall; head or tail. We consider either of these 
possibilities equally likely. We say that the probability of ob- 
taining a head is 1/2. 

This suggests the following definition. 

Definition. If a certain event can occur in a total number t of 
alternative ways, all of which are regarded as equally likely, and a 
certain number s of these ways are considered successful or favorable, 
then the number s/t is called the probability of success. 

In example 1, s = 1, and t — 2. 

Example 2. Suppose a bag contains 10 balls of which 3 are 
red, 4 yellow, 2 blue, and 1 green. The probability of drawing 
a red ball from the bag is 3/10, the probability of drawing a yel- 
low ball is 4/10, the probability of drawing a blue ball is 2/10, 
and the probability of drawing a green ball is 1/10. 

If the event can happen only in the way which is regarded as 
successful, then s = t and the probability of success is 1. In ex- 
ample 2, the probability of drawing a colored ball is 1. If the 
event can never happen in the successful way, then s = 0 and the 
probability of success is 0/< = 0. In example 2, the probability 
of drawing a white ball is zero. Hence a probability of 1 indi- 
cates certainty and a probability of 0 indicates impossibility. 
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The probability of any event will be a number between zero and 
one, inclusive. 

Notice that the assumption that all the possibilities are equally 
likely is important. We might be tempted to say, in example 2, 
that the probability of drawing a green ball is 1/2 because there 
are only two possibilities, namely drawing a green ball, and not 
drawing a green ball, of which one is favorable. But this would 
be wrong because these two possibilities are not regarded as 
equally likely. The correct answer is 1/10. 

Example 3. Suppose 3 coins are tossed. What is the prob- 
ability that we will get exactly two heads? 

Now there are eight possibilities, namely: HHH ; HHT, HTH, 
THH; HTT, THT, TTH; TTT. Of these 8, there are three 
which are successful. Hence the probability is 3/8. 

Consider the statement that in tossing a single coin the prob- 
ability of a head is 1/2. If we knew precisely the size, shape and 
distribution of weight of the coin and the magnitude and direc- 
tion of the force applied to the coin in the act of tossing it, and 
all the other pertinent physical conditions, we could predict, by 
the theorems of mechanics, how the coin would move and hence 
whether it would fall head or tail. Therefore, it is sometimes 
argued that probability is based entirely on ignorance. While it 
is hard to believe that the extensive practical applications of 
probability are all based on ignorance, the above argument is 
not to be laughed off too easily. It has some partial truth in it, 
although it is essentially due to confusion about the meaning of 
probability. The confusion arises partly from the mistaken no- 
tion that probability tells us something about a particular event. 
The statement that the probability of a head is 1/2 tells us noth- 
ing about any particular toss. It is usually interpreted to mean 
that if we toss a coin a “sufficiently large” number of times, the 
event “heads” would occur about half the times; furthermore, we 
assume that the more often we toss it, the closer the ratio of heads 
to total number of tosses will be to 1/2. In mathematical lan- 
guage, we assume that if /(n) is the number of favorable events 
(heads) actually occurring in n trials (tosses) then the “relative 
frequency” f(n)/n approaches the probability s/t (1/2) as a 
limit as n increases indefinitely. In symbols we assume that 
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probability is interpreted as relative frequency. For example we 
might find the following results by experimenting with a coin: 


n 

10 

20 

50 

100 

1000 

10,000 

100,000 


fin) 

4 

13 

23 

52 

493 

5,023 

50,117 


f(n)/n 

.4 

.65 

.46 

.52 

.493 

.5023 

.50117 



However, we might very well find entirely different results ex- 
perimentally. For instance, we would certainly find a different 
relative frequency of heads if our coin were weighted so as to fall 
heads more easily. This is why we said we assume that the rela- 
tive frequency will approach 1/2 as a limit as the number n of 
trials increases indefinitely. In practice, this assumption can 
never be put to the test of experience, except approximately, 
since we do not live long enough to let the number of trials in- 
crease indefinitely. 

A great deal of the confusion concerning the theory of prob- 
ability is due to simple failure to distinguish between the theory 
of probability as a branch of pure mathematics (that is, an ab- 
stract mathematical science) and the theqry of probability as a 
branch of applied mathematics (that is, a concrete interpretation 
or application of the abstract mathematical science). We must 
recall that pure mathematics is not concerned with truth but 
asserts only that certain theorems follow logically from certain 
assumptions; while in applied mathematics we are concerned 
about the truth of our assumptions but we can seldom be certain 
about it. Now, as a branch of pure mathematics (that is, a de- 
ductive science), the theory of probability may be based * on the 
following assumptions (among others) : 

1. The alternative possibilities are equally likely. 

2. The relative frequency of success will approach the prob- 
ability (as defined above) as a limit as the number of trials 
increases indefinitely. 

* Many different points of view have been taken toward the foundations of proba- 
bility. 
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When we apply the resulting abstract mathematical science to 
reality in a definite concrete situation, like that of an actual coin, 
we cannot be absolutely sure that these assumptions are actually 
satisfied. We have then a concrete interpretation or scientific 
theory whose actual truth can be verified at best in an approxi- 
mate sense. As long as the experimental results are concordant 
with our. theoretical predictions we have a good theory. The 
results of the theory have been borne out by experiment with 
remarkable success when applied properly. Compare Chapter 
II, sections 8 and 9. 

In the following exercises, the student has only to determine 
the total number t of possibilities and then the number s of favor- 
able possibilities. This is usually a matter of simple arithmetic. 
The following principle will be found helpful. 

If one event can occur in h different ways, and if, no matter in 
which of these h ways the first event occurs, a second event can occur 
in k different ways, then the two events can occur together in h ■ k 
different ways. On the other hand, either the first or the second event 
(but not both) can occur inh k ways. 

Example 4 . In one box are 3 tickets marked a, b, c. In a sec- 
ond box are four tickets marked 1, 2, 3, 4. (a) We are to pick one 
ticket from each box. How many different pairs of symbols, 
each pair consisting of one letter and one number, can we pick? 
(b) If we are to pick one ticket from either box, how many pos- 
sible choices are there? 

(a) Clearly, we can pick a letter in 3 ways. No matter which 
letter we pick, we can pick any one of the 4 numbers. Hence, 
there are 3 • 4 or 12 possible pairs; al, a2, o3, a4, 61, 62, 63, 64, 
cl, c2, c3, c4. (6) There are 3 + 4 or 7 possible choices if we are 
to pick just one ticket. 

Example 5. Three coins are tossed. In how many ways can 
they fall? The first coin can fall in two ways, head or tail. No 
matter which way this first event occurs, the second coin can 
then fall in two ways. No matter how these first two events 
occur, the third coin can then fall in 2 ways. Hence there are 
2 • 2 • 2 or 8 possibilities. They were listed explicitly in example 
3, above. 
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For further work on a priori probability, see Appendix, 
sections 171-174. 


EXERCISES 

1. Toss an actual coin 100 times and record the number of heads obtained in 
10, 20, 30, • • • , 100 tosses. 

2. What is the probability of throwing a “six” with a single die? 

3. What is the probability of throwing a total of “two” with a pair of dice? 

4. What is the probability of throwing a total of “three” with a pair of dice? 
A total of “four”? .A total of “seven”? Which is more probable, a total of 
“three” or a total of “seven”? 

6. What is the probability of obtaining exactly one head in tossing two coins 
simultaneously? At least one head? Exactly two heads? No heads? 

6. Actually toss two coins 100 times and record the relative frequencies of 0, 
1 2 heads. 

7. What is the probability of obtaining exactly 1 head in tossing three coins? 
Two heads? Three heads? No heads? At least one head? At least two heads? 

8. What is the probability of obtaining exactly 0, 1, 2, 3, 4 heads in tossing 4 
coins? At least one head? At least two heads? At least three heads? 

9. What is the probability of picking a diamond from a pack of 52 ordinary 
playing cards? An ace? The ace of spades? 

133. Statistical probability. Probability as defined in section 
132 is usually called a priori probability, because with this defini- 
tion we deduce that the probability of obtaining heads in tossing 
a single coin, for example, is 1/2 from our hypotheses without ac- 
tually experimenting by tossing the coin. A priori probability is 
of the greatest importance in both theoretical and practical work. 
However, one can expect to work out the a priori probability only 
in examples like those of the preceding section where one has suf- 
ficient data to determine the probability without experiment. It 
would hardly do for such things as life-expectancy in insurance. 
There is no a priori way in which one can say that a man, 40 
years of age, in certain circumstances, has an 89/100 chance of 
reaching the age of 50. For such matters, we take relative fre- 
quency as the definition of probability. That is we would collect 
data about a large number of men 40 years of age in similar cir- 
cumstances and actually count the number who reach the age of 
50. The total number n is the number of “trials” and the num- 
ber /(n) who live to the age of 50 is the number of “successes.” 
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The ratio f{n)/n is called the statistical probability of success. 
Statistical probability is understood to be relative to some body 
of knowledge. With more data, the statistical probability might 
change. We could build up the theory of probability by taking 

lim"^^ as the definition of the “true” probability, assuming that 
nT ^ 

this limit exists. Then the successive statistical probabilities 
/(n)/n as n increases are taken as approximations to the “true” 
probability. But in practical work we can never ascertain the 
value of this limit, since we are necessarily forced to use a finite 
value of n. If we make more trials so that the total number of 
trials is w' (> n), then/(n')/w' may be considered a better ap- 
proximation of the “true” probability than/(w)/n. This is, in 
fact, what is done in connection with life-expectancy tables in in- 
surance and other statistical data. When more trials are made or 
more data gathered the statistical probability, of life-expectancy 
for example, is changed if necessary. Statistical probability is 
called also a posteriori, empirical or experimental probability. 

It would be foolish to suppose that statistical probability is 
independent of assumptions because it is based on actual obser- 
vation. We are still assuming among other things that the se- 
quence /(I) /I, /(2)/2,/(3)/3, • • •,/(n)/n, • • • approaches a limit 
as n increases indefinitely and that for a given “sufficiently large” 
value of n (whatever that may be) the fraction /(n)/n is really a 
good approximation of this limit. 

While we can never be sure that our assumptions are really 
true in a concrete situation, nevertheless the theory of probabil- 
ity has been found to work very well in at least an approximate 
sense. The situation is quite the same as in the case of Euclidean 
geometry or Newtonian mechanics, or any other (applied) scien- 
tific theory (see Chapter II, sections 8 and 9). We are simply 
faced again with the recurring distinction between pure mathe- 
matics and its application to reality. The ultimate test of the 
applicability of a theory to reality is whether or not it works. 
The theory of probability has been found to be of tremendous 
value in such diverse subjects as physical chemistry, statistical 
mechanics, heredity, biometrics, econometrics, the social sciences 
in general, the theory of gases, insurance, games of chance, ex- 
perimental method in general, etc. 
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Example. Out of 100,000 ten year old children, about 70,000 
reach the age of 50 and about 58,000 reach the age of 60. On the 
basis of these data, we would say that the probability that (a) a 
ten year old will live to the age of 50 is 70/ 100 ; (5) the probability 
that a ten year old will reach the age of 60 is 58/100; and (c) the 
probability that a 50 year old will reach the age of 60 is 58,000/ 
70,000 or nearly 83/100. Needless to say, the assertion that a 
50 year old has, on the basis of these data, an 83% chance of 
reaching the age of 60 means absolutely nothing to any particular 
50 year old since it takes no account of his health or other circum- 
stances. But the statement has a fairly reliable meaning for large 
groups, as may be seen from the soundness of the insurance busi- 
ness which is based upon just such principles of statistical proba- 
bility. 


EXERCISES 

1 . Of 100,000 ten year olds, it is found that 74,000 reach the age of 45 and 
65,000 reach the age of 55. Find the probability, on the basis of these data, that 
(a) a ten year old will reach the age of 45 ; (6) a ten year old will reach 55 ; (c) a 45 
year old will reach 55. ‘ 

134. Statistics. While we could go a little further into the 
study of probability and statistics here,* we could not go very 
far without a more intensive study of certain technical parts of 
mathematics. In fact, many mistaken conclusions are drawn 
from statistical data by people whose mathematical training is 
insufficient. It is not because they make mistakes in calculation 
but because they often do not understand the mathematical (log- 
ical) basis for the formulas they use. If all the people who pub- 
lish statements in newspapers and magazines, beginning with the 
words “Statistics prove . . .” were laid end to end, there would 
probably be far less pseudo-scientihc superstition among edu- 
cated laymen. Abuses of this kind have led to the well known 
classification of lies into 3 kinds: lies, worse lies, and statistics. 
This classification does not refer to statistics properly used. Al- 
though we cannot develop the theory of statistics logically in 
such a non-technical book as this, we can discuss some of its 
simpler ideas and point out some of the more glaring, cruder, 

* See Appendix, sections 171-174. 
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elementary follies that are often committed. This we shall do in 
the remainder of the chapter. 

136. Accuracy. Many people who ought to know better make 
the mistake of thinking that a statistical report has a high degree 
of accuracy if its results are carried out to a great many decimal 
places. To see how ridiculous this notion is, let us consider the 
following experiment. Take a large tub of water and place seven 
empty pails on the floor, being careful to roll up the rug first. 
Now spill the water from the tub into the seven pails, giving each 
pail an equal share as nearly as you can. Suppose now you say 
that each pail contains roughly 1/7 of a tub of water. This does 
not look very accurate. If, however, you divide 1 by 7 and get 
.142857 • • • of a tub your report looks like a masterpiece of scien- 
tific accuracy, carried out to 6 decimal places. However, you 
could just as well have carried out the division of 1 by 7 to 18 
decimal places, obtaining .142857142857142857 • • • of a tub 
without improving the actual accuracy at all. You really know 
no more than you did when you said roughly 1/7 of a tub. 
Genuine accuracy depends on the accuracy of your data. Thus 
in a table of logarithms or trigonometric functions, more decimal 
places really give more accuracy, but this is because of the source 
of the additional decimal places. The value of tt is another 
example. The true value is tt = 3.14159265 •••. Taking more 
decimal places gives greater accuracy. But if you take tt == 22/7, 
roughly, you may get a decimal expression 3.14285 • • • by di- 
vision. Now if you take more than the first two decimal places 
from the latter expression, your increase in accuracy will be 
illusory because only the first two decimal places are correct. In 
fact, you will really be departing further and fimther from the 
true value given above. The italicized statement above was 
not appreciated by the visitor to the museum who said, “This 
fossil is 5,000,003 years old because when I was here 3 years ago 
the guide told me it was 5,000,000 years old.” Nor is it under- 
stood by the trigonometry student who insists that the height of 
a mountain is 5,253.67952 ft. 

136. Index numbers. In making comparisons with respect to 
qualitative considerations, it is often convenient to sharpen 
vague comparisons by using numerical indices of some sort. Now 
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numbers are used sometimes as direct measurements of quantita- 
tive characteristics and sometimes merely as identification labels 
or names; but in the case of qualitative comparisons they are 
usually used to indicate the relative order of the objects studied 
with respect to the given quality. Thus the intelligence quotient 
(I.Q.) of a person is essentially his score on a certain test. Simi- 
larly economists use various numerical scores or indices. Now in 
the interpretation of these scores, it must be remembered that we 
can usually use them only in so far as they place our specimens in 
an order. Thus if three people get I.Q.’s of 150, 100, and 75 re- 
spectively, we say that (as far as this test is concerned) the first is 
more intelligent than the second who is more intelligent than the 
third. But it is silly to say that the first is twice as intelligent as 
the third on the ground that 150 = 2-75. Similarly, to take an 
extremely simple case, if we arrange a class of boys according to 
size beginning with the smallest and assign to each one an index 
number indicating his place in line, we could not conclude that 
the boy with index number 20 is twice as tall as the boy with 
index number 10 merely because 20 = 2 • 10. 

137. Correlation. Suppose we were to find that the marks of 
100 students in intermediate algebra and trigonometry are as in 
the adjoining table. We might get the impression that there is 

some connection or relation be- 
tween the algebra marks Xi, 

Xz, • • • of these students and 
their trigonometry marks yi, yz, 
t/ 3 , • • • . Thus, we observe that, 
by and large, most of those who 
did well in algebra did well in 
trigonometry and most of those 
who did poorly in algebra did 
poorly in trigonometry. Of 
course the conclusion that a 
student’s mark in trigonometry 
will be much like his mark in 
algebra is not justified if we ap- 
ply it to some particular stu- 
dent. But it does seem as 


Student 

X — mark 
in int. alg. 

7j — mark 
in trig. 

1. Ames 

Xx = 60 

yi = 50 

2. Brown 

X2 = 85 

Vi = 85 

3. Camp 

Xs = 90 

2/8 = 95 

4. Davis 

X4 = 60 

2/4 = 60 

5. Ellis 

X6 == 60 

2/6 = 55 

6. Fischer 

X6 = 75 

2/6 = 65 

7. Green 

x^ = 75 

2/7 = 85 

8. Harris 

Xi = 70 

2/8 = 60 

9. Irving 

Xi — 70 

2/9 = 75 

10. Jones 

Xio = 80 

2/10 = 90 

11. Kirk 

Xn = 80 

2/n = 50 

12. Lewis 

Xi2 = 60 

2/12 = 90 
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though there is some approximate relationship between the 
values of the variable x and the values of the variable y. It is 
clear from the table that y is not a single-valued function of x, for 
the same value of x has associated with it many values of y. 
For example, the first, fourth, fifth and twelfth students all 
have a; = 60 but they have different values of y. However, 
it does seem as though, in general, most of the values of y 
may be fairly well ap- 
proximated by a single- 
valued function of x. Let 
us see what this means by 
plotting on a graph the 
points whose coordinates 
are (xi,yi), {X 2 ,y<i), (xz,y3), 

• • • . This gives us what is 
often called a scatter dia- 
gram (Fig. 205). The.se 
points are roughly clus- 
tered about a straight line 
(drawn on Fig. 205) al- 
though there are some stray points which are quite far from the 
line. Thus we would say that the values of y are fairly well ap- 
proximated by a linear function of x; in technical terms, we say 
that the variable y has a high degree of simple correlation with 
the variable x. The case where the values of y are fairly well ap- 
proximated by a linear function of x is also called linear correla- 
tion and it is possible to set up a certain expression called the 

coefficient of correlation 
which measures how closely 
the scatter diagram approxi- 
mates a linear function. This 
coefficient is so constructed 
that it is positive if the y’s 
generally increase as the x's 
increase (as in Fig. 205) and 
negative if the y’s generally 
decrease as the x’s increase 
(as in Fig. 206). If all the y’s 
really lay along a straight 



Fig. 206 
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line the correlation would be perfect. There are other types of 
correlation than the usual simple or linear type. The idea is that 
if the values of the variable y are, in general, fairly well approxi- 
mated by a single-valued function of x, then y is said to be highly 
correlated with x. Thus Fig. 207 illustrates a scatter-diagram ex- 
hibiting a high degree of 
correlation which is not 
of the linear type. We 
shall make no attempt 
to give a precise defini- 
tion of correlation or of 
any of the coefficients of 
correlation in general use. 
We shall leave the idea of 
j. correlation on an intui- 
tive level and hope that 
the sketchy, non-tech- 
nical explanation given 
here conveys the idea to the reader, at least roughly. 

When two variables have a high degree of correlation, we 
might be inclined to suspect some genuine relationship between 
them. Thus in the case above, we might suspect that poor work 
in intermediate algebra often causes poor work in trigonometry. 
Such a conclusion must not be rashly drawn. A high degree of 
correlation may, indeed, be indicative of such a causal relation- 
ship, if supported by other evidence, but can never justify such a 
conclusion by itself. We might find that the annual numbers of 
births in Chicago have a high correlation with the corresponding 
annual numbers of storks observed in Central Asia, but we 
should be cautious about asserting that the high correlation im- 
plies a causal relationship. In the absence of additional evidence, 
such a correlation might well be accidental. To cite a somewhat 
different example, we might observe a high correlation between 
the daily numbers of people at nearby beach resorts and the cor- 
responding daily numbers of people taking boat rides on the 
Hudson River. It would not be correct to say that, because these 
variables have a high correlation, one causes the other. Other 
evidence might indicate that both of these variables are depend- 
ent upon the weather. However, a high correlation may indi- 
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cate the possibility of some causal relationship between the two 
variables, and it is often used for that purpose. But the causal 
relationship cannot be inferred from the correlation alone. For 
example, if we measure the lengths of an iron bar at various tem- 
peratures we might find that the length increases and decreases 
with the temperature. This might lead us to suspect that a 
change in temperature will cause a change in the length of the 
bar. Such methods are very much used in economics, biology, 
education, medicine, etc., and are very valuable tools in induc- 
tive reasoning by means of what is called the method of concom- 
itant variation. But caution is necessary in drawing conclusions 
from statistical correlation. It is also possible to study correla- 
tion involving more than two variables. 

138. Sampling. Often statistical information abo\it large 
numbers of people, say the population of the United States, is ob- 
tained by gathering data from a “random sample” or “typical 
cross-section” of the population. Naturally, the greatest care 
must be taken to insure that the sample shall really be “random” 
or “typical” and not biased in some direction pertinent to the in- 
vestigation in hand. Thus a poll on the desirability of Sunday 
Blue Laws might conceivably yield biased and different results if 
the sample of people questioned were chosen largely from the 
crowds emerging from the churches on Sunday or from the 
crowds emerging from a ball game on Sunday. A really “typical” 
sample should include the same proportion of people holding var- 
ious views as is found in the entire population ; that is, it should 
be truly representative. It is not easy to decide how to obtain a 
random sample. The technique used by a certain commercial 
organization engaged in such polls is roughly to choose a small 
number of people in such a way that the proportion of Republi- 
cans, Democrats and other political parties, the proportion of 
urban and rural residents, the proportion of old and young, the 
proportion of white and colored, the proportion of workers in var- 
ious fields, the proportion of those living in various geographical 
divisions, and so on, are the same as in the entire population as 
revealed by the census. This method has enabled them to make 
very good predictions. The possibility must be borne in mind, 
however, that a sample which has shown itself to be typical or 
representative on one question, may by chance be unrepresenta- 
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tive on another. Even with the most careful methods of sam- 
pling, conclusions cannot be regarded as certain. In any case, 
any such conclusions must be interpreted in the light of how the 
sample was chosen. It is worth noting that large numbers of in- 
dividuals are not a necessity in obtaining a good sample. One 
individual may be sufficient if it is a truly representative individ- 
ual. For example, a chemist is .satisfied that a reaction will al- 
ways take place under given conditions after having performed 
the experiment once, if he is fairly sure his samples have been 
typical or representative of the substances involved. 

139. Averages. In dealing with large collections of numbers 
(measurements or statistical data of any kind) it is often hu- 
manly impo.ssible to draw quantitative conclusions about the 
group as a whole from the entire collection of individual numbers 
as they stand, simply because there are too many of them. 
Therefore, we would like somehow to describe the general quanti- 
tative characteristics of the entire group, at least in certain re- 
spects, by means of a few numbers. Two kinds of numbers are 
often used for this purpose. One kind, called averages, are for the 
purpose of describing the “central tendency” of the collection. 
Thus the collection of numbers 40, 45, 48, 50, 50, 50, 50, 50, 52, 
55, 60 has the “average” 50; that is, 50 is the value about which 
the entire collection “centers.” Another kind of numbers, called 
measures of dispersion, are for the purpose of describing how the 
numbers of the collection deviate from some average or central 
value. The collection of numbers 10, 30, 40, 50, 50, 50, 50, 50, 
60, 70, 90, has the average 50 just as in the example above; but 
the numbers of this collection are dispersed very differently 
about this central value. We shall not discuss measures of dis- 
persion in great detail here but shall examine more closely some 
of the measures which are often used as “averages.” There are 
many such measures and we shall use different names for them to 
avoid the indefiniteness that usually accompanies the word “av- 
erage.” 

The arithmetic mean of a set of n numbers Xi, x^, Xs, ■ • - , Xn is 
their sum divided by their number; that is, 

Xl Xz • • • -h Xn 

n 
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Example 1. If a student gets marks of 70, 80, 90, 100 during 
the term, his “average” (arithmetic mean) is 85. Note that the 
arithmetic mean need not be one of his marks. 

Example 2. A factory owner pays the following salaries: 


Position 

No. of men 

Weekly salary 

manager 

1 

$200 

foremen 

2 

40 

skilled workers 

10 

:io 

unskilled workers 

1 

20 

apprentices 

1 

10 


Clearly, the arithmetic mean of the numbers in the salary scale 

. .U • U. . 200 + 40 + 30 + 20 + 10 . 

at the right, namely — = 00 would give 


5 


a false impression of working conditions. Even the owner would 
doubtless be unwilling to say that the “average” salary paid in 
his factory is $60 per week. He might, however, say that the 
“average” salary is 

1 • 200 + 2 • 40 + 10 • 30 + 11 • 20 + 1 • 10 

'25 


32.40 


or $32.40 per week. This is called the weighted arithmetic mean 
since each number in the salary scale is weighted a(;cording to its 
importance, the importance being measured by the number of 
people receiving that salary. 


Example 3. A student receives a mark of 90 in a 5-credit 
course, 85 in a 4-credit course, and 65 in a 1-credit course. If his 
“average” were computed by the arithmetic mean, it would be 
(90 -|- 85 -|- 65)/3 = 80. But the student might be considered 
to have just cause for complaint. If the number of credits may 
be taken as indicating the relative importance of the courses, it 
would be fairer to use the weighted arithmetic mean which would 
give an average of 

5 • 90 -b 4 • 85 -h 1 • 65 , 


10 
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Arithmetic means have the property that they give great im- 
portance to extremely large or extremely small numbers. Thus, 
in example 2, if the owner announced that the average salary was 
the weighted arithmetic mean $32.40 per week, the labor union 
might object because the extremely large salary paid to the man- 
ager (who happened to be the owner’s son-in-law) exerted an un- 
due influence on the result. If the manager’s salary is left out, 
the average (weighted arithmetic mean) salary is $25.42 per 
week. 

In taking measurements in a laboratory experiment, it is nat- 
ural to suppose that extremely wrong measurements do not 
occur. Thus if a scientist takes a measurement a large number 
of times, obtaining only slightly different results each time, it is 
usual to regard the arithmetic mean of the various readings as 
the “most probable” value of the measurement. A great deal of 
useful statistical theory is based on this assumption. 

The mode is the number, in a collection of numbers, which oc- 
curs most frequently, if such a number exists. In example 2, the 
modal salary is $20. The mode has the property that it is not 
influenced by isolated extreme values, like the manager’s salary. 
But it has certain defects. For instance, the frequency with 
which various numbers occur may be the same or very much the 
same, so that the mode becomes meaningless or useless. For ex- 
ample, if a student gets marks of 90, 90, 80, 80, 75, 75, 65, 65, the 
frequency of each mark is 2 and there is no modal mark. Sup- 
pose a second student has marks of 100, 99, 98, 90, 90, 85, 85, 85, 
65, 65, 65, 65. The modal value is 65 but it is hardly representa- 
tive of the student’s work. In fact, if the marks were classified 
by intervals of 10 the student’s marks would have the following 
frequencies 


interval 

100-90 

89-80 

79-70 

69-60 

frequency 

5 

3 

0 

4 


and the modal interval would be 100-90. If we used intervals of 
5, however, we would have 


interval 

100-95 

94-90 

89-85 

84-80 

79-75 

74-70 

69-65 

frequency 

3 

2 

3 

0 

0 

0 

4 
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and the modal interval would be 69-65. Statements about “the 
average man” usually refer to the modal man. 

If a collection of numbers is arranged in order of magnitude the 
term in the middle position is called the median, if such a number 
exists. If the number of numbers in the collection is odd, the 
median always exists. If the number of numbers in the collec- 
tion is even, there are two middle terms and we usually call the 
arithmetic mean of these two terms the median. Thus in the 
case of the first student just referred to, the median mark is 77.5. 
The second student has a median mark of 85. In example 2, the 
median salary is $30. All the various types of “averages” yield, in 
example 2, entirely different results. It is possible that if the em- 
ployer were announcing the “average” salary he would use the 
largest value while the labor union would announce the smallest 
value. Therefore statements about “averages” must be care- 
fully interpreted in the light of how the “average” was calculated 
and whether the type of average used was appropriate to the 
given situation. 

Remark. There are other useful expressions which may be 
called averages. Suppose an investment dwindkw in value to 
20% of the original value dui ing the first year, and then dwindles 
during the second year to 80% of the value it had at the begin- 
ning of the second year. What steady rate of decrease would 
yield the same resulting value at the end of two years? If r is the 

, , ^ 20 80 2 _ 1600 
steady rate, we would have r • r — lOO ^ ~ lOOOO 

Hence r = = 40%. This is called the geomet- 

nence y /o 

ric mean of the two given rates. In^eneral, the geometric mean 
of two given quantities a and h is ■%/ ah. The geometric mean of n 
given quantities Xi, x^, • • • , x„ is X 1 X 2 • • * x„. 

• The collection of numbers 10, 30, 40, 50, 50, 50, 50, 60, 70, 
90 has the arithmetic mean 50. The collection of numbers 40, 
45, 48, 49, 50, 50, 51, 52, 55, 60 also has the arithmetic mean 50. 
In fact the median and mode for each of these collections is also 
50. Hence both exhibit the same “central tendency.” That is, 
both collections center about the number 50. But clearly the 
numbers of the first collection are dispersed about the number 50 
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in quite a different manner from that in which those of the second 
collection are dispersed about the number 50. To describe such 
differences we use various “measures of dispersion” of which we 
shall mention only one here. Each number in the collection dif- 
fers from the arithmetic mean by some amount, called its devia- 
tion from the mean. The deviations from the mean of the num- 
bers in the first collection above are 40, 20, 10, 0, 0, 0, 0, 10, 20, 
40. The arithmetic mean of these deviations is called the average 
(or mean) deviation from the mean. In this case it is 14. In the 
second collection above, the deviations from the mean are 10, 5, 
2, 1, 0, 0, 1, 2, 5, 10. The average (mean) deviation from the 
mean in this case is 3.6. This indicates that the numbers in the 
second collection are not as widely dispersed about the mean 
value as those of the first collection. 

EXERCISES 

1 . A student’s marks in 10 subjects are 95, 90, 85, 85, 85, 78, 77, 73, 72, 60. 

(а) What is the arithmetic mean of his marks? 

(б) What is tlie median mark? 

(c) The modal mark? 

(d) Using the intervals 95-100, 90-94, 85-89, • • • , 60-64, what is the 
modal interval? 

(e) Using the intervals 90-100, 80-89, 70-79, 60-69, what is the modal 
interval? 

(f) If the first 5 marks are in major subjects counting 3 credits each and 
the last 5 are in minor subjects counting 1 credit each, find the 
weighted arithmetic mean, taking the number of credits as the meas- 
ure of relative importance. 

ig) Find the average (mean) deviation from the mean. 

2 . The .salaries in a certain firm are as follows: 


Position 

No, of men 

Weekly salary 

foremen 

3 

50 

skilled workers 

20 

40 

unskilled workers 

19 

30 

apprentices 

8 

10 


Find (n) the modal salary; (6) the median salary; (c) the arithmetic mean of the 
salaries in the right hand column; (d) the weighted arithmetic mean, the impor- 
tance or weight of each salary being tsiken as the numlier of men receiving it. 
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3 . A stiulent’s marks in 10 siil:)jocts are 08, 00, 03, 07, 85, 87, 88, ()7, 70, (>5. 
Using these data, answer the same questions as in exercise 1. 

140. Normal frequency distributions. If we toss 3 coins there 
are 4 possible results: no heads, one head, two heads, or three 
heads. The a priori probability of these results would be 1/8, 
3/8, 3/8, 1/8, respectively. These are the expected relative fre- 
quencies with which these results would occ\ir if we made a large 
number of actual trials. We could represent this theoretical rela- 



tive frequency distribution by a “step graph” as in Fig. 208. If 
we toss 4 coins, the a priori probabilities of 0, 1, 2, 3, 4 heads arc^ 
respectively 1/10, 4/10, 0/10, 4/10, 1/10. These theoretical 
frequencies would yield a step graph like that in Fig. 209. If we 
toss 0 coins, we get a step graph like that in Fig. 210. As the 
number of coins increases and the width of each rectangle in the 
step graph and the unit on the vertical axis are decreased 
accordingly (Fig. 211), the step graph approaches a smooth (airve 
having the general .shape of a bell (Fig. 212). It can be proved 
that this curve has an equation of the form y = where c 

and h are constants and e is the number 2.71828 • • • discus.se(l in 
.section 110. This is the so-called normal probability curve or 
normal frequency distribution. If we make a measurement in 
the laboratory a large -number n of times and we assume (among 
other things) that the arithmetic mean of our readings is the 
most probable value, it can be shown that the frequency distri- 
bution of our errors will approach a curve of this .shape as n 
increases, and that the area under the curve for a small interval 
Ax will be proportional to the probability p that an error will 
be in that interval; that is, the area of this strip divided by the 
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total area under the curve will be j>. We cannot go into the 
details of this curve here except to say that the theorem that a 
frequency distribution will have approximately that shape is 
based on many assumptions. It is assumed that the number 
of cases is very large. It is assumed also that all deviations are 
due to chance and not to some special one-sided cause. It is 
silly to attempt to force any set of frequencies to fit this bell 
curve if they do not do so by themselves. For example, to 
arrange the marks of a class of thirty students so as to conform 
with the relative frequencies of a bell curve is sheer absurdity. 
Even if a “very large” number of measurements do not fit a bell 
curve we have no justification for trying to force them to fit the 
curve. For example, if a school desires to give 10% of its 
students a failing grade, 10% a grade of A, and so on, conforming 
with a bell curve, it certainly may do so; but it should be realized 
that this amounts to an arl)itrary plac^ement of levels of attain- 
ment for the various gi'ades in such a position as will yield 
the desired frequencu's. It is not correct to say that this pro- 
cedure is “logically justified” by the mathematical theory of 
statistics unless one is sure that the concrete situation we 
are dealing with actually satisfies all the assumptions on which 
this part of the theory of statistics is based. A frequency distri- 
bution may well look (piite different from the so-called “normal” 
bell curve. 


EXERCISES 

1. Toss 4 coins 100 times ami compare tlie actual relative frequencies of 0, 1, 
2, 3, 4 lieads witli the theoretical frequencies given in section 140. Make a step 
graph like that of Fig. 209 for the actually observed relative frequencies. 

2 . What would be the theoretical r(!lative frequencies (a priori probabilities) 
for 0, 1 , 2, .'1, 4, f) heads in tossing f) coins simultaneously? Make a step-graph for 



Fig. 211 


Fig. 212 
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these probabilities. Actually toss 5 coins 100 times. Make a step-graph for the 
observed relative frequencies. 


3 . A certain regiment has as a requirement 
for membership the stipulation that one must be 
at least 6 ft. tall. If a frequency curve is made 
for the heights of the members of this regiment, 
the curve looks not like a bell-curve but like that 
of Fig. 213. Why? 

4 . A college requires for entrance an average 
mark of 80% for 4 years of high school. Would 
a frequenc^y curve of the high school averages of 
its entering class be more likely to look like a 
bell-curve or like the curve of Fig. 213? Why? 

141. Curve-fitting. Suppose a defi- 
nite number of observations are tabu- 
lated which relate two variables x and 
y. It is often desirable to approximate 
the functional relationship given by 
the table by some simple function like 



6^ 6 r' G'2" 6^5^^ 

Fi(i. 213 


y ~ f(x) where /(x) is a polynomial, say. That is, plotting the 


points (x,y) given by the table, we want a curve y = f{x) that 



Fig. 214 

approximately fits those points. Now, it is intuitively obvious 
that many different polynomials may approximate the plotted 
points (Fig. 214). Thus we might choose a straight line, ioa, Fig. 
214), for the sake of simplicity, as the graph of the fund ion to bi; 
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\ised as an approximation to the plotted points. But a curve of 
degree two {bb, Fig. 214), three (cc, Fig. 214), or more might fit 
even better. In fact, even if we decide that a curve of some 
definite degree is to be used, there may be many of these which 
fit the plotted points very well. Thus fitting a curve to a finite 
number of observations should be accompanied by suitable cau- 
tion and reservations, especially if the resulting curve or function 
is to be used for interpolation or extrapolation (prediction). 
(Compare sections 94 and 137.) Various devices are studied in 
statistical theory, such as the “method of least squares,” which 
are designed to minimize the error committed in fitting a curve 
of definite type to such data; that is, to choose that one of all 
curves of a definitely chosen degree which fits the data “best.” 
But the logical basis for such methods, as in the rest of statistics, 
has to be understood before the methods can be used intelligently. 
The ultimate test of the value of a fitted curve for the purposes of 
prediction is the test of experience. Just as in the case of 
a scientific theory, as long as the curve works well, we may use it; 
but, if it ceases to w'ork, it must be abandoned or modified. 

142. Conclusion. It must not be inferred from this chapter 
that the theory of statistics is worthless. It is, when properly 
used, an extremely important and useful branch of mathematics. 
It is of great value as an aid to the inductive reasoning used in 
experimental sciences, whether physical, chemical, biological, or 
social. Its value in insurance, and such commercial affairs, is 
obvious. What we have meant to point out is that statistical 
methods are easily misused, especially in the hands of people 
w’hose understanding of the mathematical (logical) foundations 
of the subject is not sufficient to enable them to interpret the 
results of their calculations properly. For this reason, our belief 
in statements beginning with “Statistics prove . . ..” must be 
conditioned by our knowledge of the reliability of the person who 
makes the statement, or still better, by first hand examination of 
the facts. 


EXERCISES 

1. Tlie imnibcr of i)eoj)lc on relief in a eertain town has inereiuse<l steatiily in 
the past few years. Does this mean that business lias been steadily getting worse 
in that town? 
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2 . The ratio of j)e<)ple on relief to the total ix)pulation in a certain town has 
increased steadily in the past few years. Does this mean that business has been 
steadily getting worse in that town? Can you suggest another explanation? 

3 . The ratio of people convicted of crimes to the total population in a certain 
town has shown a marked rise in the past 50 years. Does this mean that there is 
more crime than formerly? Can you suggest another explanation? 

4 . A newspaper editorial says that business has been improving for the past 
few years because the annual increases in the number of unemployed have been 
steadily growing smaller. Criticize. 

6. The number of people receiving treatments for neuroses has increased rap- 
idly in the past ten years. Does this mean that there are more neurotics now than 
formerly? Discuss. 
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Chapter XIV 


NATURAL NUMBERS AND MATHEMATICAL 

INDUCTION 


143. Postulates for the natural niunbers. In Chapter V, we 
showed that algebra could be considered as an abstract mathe- 
matical science based on certain postulates, some of which were 
stated in section 28, in which “number” was an undefined term. 
In Chapters III and IV, we indicated how the various kinds of 
numbers could be defined and studied on the basis of the natural 
numbers alone. Thus in sections 12 and 13, we assumed that we 
knew what was meant by “natural number” and assumed such 
things as the addition tables and the associative, commutative 
and distributive laws, which we regarded as being derived from 
experience, and in section IG we defined fractions in terms of 
natural numbers. Now in any abstract logical system we are 
necessarily for(!ed to base everything on unproved postulates and 
undefined terms. Thus, we might convert our work in Chapters 
III and IV into an abstract mathematical science by taking 
“natural number” as an undefined term and taking as postulates 
essentially what we assumed there. But such a treatment would 
not seem elegant to a mathematician. For both aesthetic and 
logical reasons, we would like to assume as little as possible. In 
Chapter III we assumed many things that we could have proved. 
For example, we could have proved as theorems the addition and 
multiplication tables if we had begun with the postulates given 
in the present section, which are due to G. Peano (1858-1932, 
Italian). This would push the foundation of our algebra still 
further back to a more primitive level (more primitive ip a logi- 
cal sense, more sophisticated in a psychological sense). 

Ijet us recall that the choice of undefined terms and unproved 
postulates, on which we base our abstract mathematical science, 
is largely suggested by experience. Now our experience with 
counting suggests that every natural number has a successor, 
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that is, the next natural number in order of magnitude. For ex- 
ample, the successor of 3 would be 4. (Note that we could not 
say this for all fractions; for example, there is no next fraction in 
order of magnitude after 1/2.) Thus Peano begins his abstract 
mathematical science by taking as undefined terms the terms 
"natural number,” "successor,” and "1.” He then bases the 
whole system on five postulates or assumptions. The first two 
are: 

Pi. 1 is a natural number. 

P,. Ifx is any natural number, there is, corresponding to it, 
another natural number called the successor of x, denoted by x'. 

Using these two postulates alone we can proceed as follows. 
By Pi, 1 is a natural number. By F 2 , 1 must have a successor 1 '. 
Call 1' by the name 2. Now 2 is a natural number, and by P 2 , it 
must have a successor 2'. Call 2' by the name 3. And so on. 

Notice that these postulates have other concrete interpreta- 
tions besides the one we are thinking of. For example, suppose 
we let the undefined terms "natural number” and "successor of 
mean "person” and "mother of,” respectively, and let 1 mean 
"yourself.” Then Pi .says "you are a person.” P 2 .says "if x is 
any person, there is, corresponding to that person, another per- 
son called the mother of x.” * 

The next of Peano’s postulates is: 

P 3 . 1 is not the successor of any natural number. 

This means intuitively that 1 is the first of the natural num- 
bers. The next axiom is: 

Pi. If x' — y' then x y. 

Intuitively this means that if two natural numbers are known 
to have the same successor, they must be equal to each other. Or, 
to put it another way, two different natural numbers cannot have 
the same successor. Or, two different natural numbers must 
have different successors. Note that this postulate is not satis- 
fied by the mother-person interpretation above ; for two different 
persons may have the same mother. The last axiom, called the 
axiom of mathematical induction requires very careful reading: 

Pj. If S is any set of natural numbers which is known to have 
the following two properties, 

* A somewhat stated version of the familiar Mother’s Day slogan : “Everybody has 
a mother.’’ 
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(1) The natural number 1 is in the set S, 

(2) If any natural number k is in the set S, then the successor 
k' of k must also be in the set S, 

then all natural numbers are in the set S. 

This postulate seems very plausible. For if 1 is in »Si then hy- 
pothesis (2) says that 1' or 2 is in S. Then, since 2 is in S, (2) 
says that 2' or 3 is in S. And so on. The reason that we have to 
take Pi as an assumption is precisely because of the words “and 
so on.” We can’t very well go on so, for very long, because life is 
too short and the succession of natural numbers goes on forever. 
Thus if we kept on with the argument we just started we might, 
in 3 score and 10 years, get to the point of saying that since 
2,345,678,901 is in S, (2) says that 2,345,678,901 ' or 2,345,678,902 
is in S. But still we could not assert that all natural numbers are 
in S. However, this assertion does seem plausible ; hence we take 
it as our assumption 

The postulate Ps may be understood intuitively by the follow- 
ing analogy. Consider an endless single file of tin soldiers be- 



Condition (5) not satisfied 
Fig. 215 


ginning somewhere and continuing forever. Suppose we want 
to make sure that all these soldiers fall. It wouldn’t do to knock 
down the first soldier, and then knock down the second, and so 
on, because we could in this way dispose of only a finite (limited) 
number of soldiers and this is an endless file of soldiers. How- 
ever, we would be sure they would all fall if we could be sure of 
two things: 

(а) the first soldier is knocked down; 

(б) the soldiers are so spaced that, if any soldier falls, he auto- 
matically knocks over the next soldier (his successor). 

Condition (a) corresponds to (1) in Ps and condition (h) to (2) 
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in Ps- In the case of the tin soldiers, let S be the set of all tin 
soldiers who must fall. Hence P5 may be paraphrased to read : if 

is a set of tin soldiers which is known to have the properties : 

(1) the first soldier is in the set S, 

(2) if any soldier is in the set S then his successor (the next 
soldier) must also be in the set S, 

then all the soldiers are in the set S. 

If we were to base our study of natural numbers on Peano’s 
postulates alone, we would have to define what we mean by addi- 
tion and multiplication, since nothing is said about these opera- 
tions in the postulates and they were not taken as undefined 
terms. Thus we might define /b -f- 1 = k', the successor of k; 
A: -|- 2 = (/: -f- 1)', the successor oi k + 1; k S ={k 2)', the 

successor of A; -f- 2; and so on, where k is any natural number. 
We would have to prove then, as theorems, that 2 -f 2 = 4, and 
the rest of the addition table. For example, we could prove 

2 -(- 2 = 4 as follows. By the definition of addition suggested 
above, 2 -f- 2 = (2 -|- 1)', the successor of 2 -f 1. But 2 -f 1 = 
2' = 3. Hence, by substitution, 2 -|- 2 = 3' = 4. Similarly 

3 -f 2 = (3 4- 1)' =(3')' = 4' = 5. And so on. We would have 
to prove, also, the associative, commutative, and <listributive 
laws, etc., all of which we a.ssumed in Chapter III. This can be 
done, but we shall not attempt it here. 

Peano’s postulates are essentially an abstract formulation of 
the process of counting. 

We shall now turn to an important use of Pr>, the postulate of 
mathematical induction, which was considered to be perhaps the 
most basic axiom of mathematics in the opinion of Henri Poin- 
care (1854-1912), one of the greatest of modern mathematicians. 

144. Mathematical induction. Notice that F5 provides us 
with a criterion for deciding whether a given set S of natural 
numbers contains all natural numbers. If we can somehow prove 
that the given set S actually has the properties (1) and (2) of P5, 
then the axiom asserts that S contains all natural numbers. This 
criterion may be used to prove theorems like the following. The 
method of proof is called mathematical induction. 

Example 1 . Prove that if n is any natural number whatever, 
the formula 
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U) 2 + 4 + 6 + 8 + • • • + 2 n = w(» + 1) 

is correct. 

First let us see what the theorem asserts. On the left we have 
the sum of the first n even numbers. The first even number is 
2 ■ 1 ; the second even number is 2 • 2 ; the third even number is 
2 • 3 ; the fourth even number is 2 • 4 ; the nth even number is 2 n. 
The theorem then asserts that the sum of the first n even num- 
bers is exactly n(n -f 1) no matter what natural number n is. 
For example, it asserts that the sum of the first 50 even numbers 
is 50 • 51 = 2550. Hence, the theorem makes an infinite number 
of assertions, one assertion corresponding to each value of n. 

For example, the theorem says that: 

for n = 1, 2 = 1(1 + 1); 

for n = 2, 2 -f 4 = 2(2 -f 1); 

forn = 3, 2 -I- 4 -t- 6 = 3(3 + 1); 

fora = 4, 2-j-4-l-0 + 8 = 4(4 + 1 ) : 

forn = 5, 2 + 4 + 0 + 8 + 10 = 5(5 -h 1) ; 

and so on. The five statements above can be verified directly 
by arithmetic. But saying “and so on” is begging the question, 
or simply assuming that things do go on as we wish. We cannot 
prove that this formula works for all natural numbers n by merely 
going on to verify it for one natural number after another be- 
cause neither we nor our posterity can live to finish the job. In- 
stead of futilely going on with our direct verification of the for- 
mula for particular values of n, we use axiom as follows. 

Let S he the set of all those natural numbers for which the theorem 
is true. We have already verified by direct arithmetical calcula- 
tion that 1 is in the set S; this is condition (1) of P5. That is, 
the formula is true for the value a = 1. Let us now prove that 
condition (2) of P5 is satisfied. Condition (2) says that if k is a 
natural number for which (A) is true (that is, if k is in S) then 
A: -f- 1 is also a natural number for which the theorem is true 
(that is, A; -1- 1 is in /S). We must prove the following theorem. 

Hypothesis. 2-1-4-1-6-t- ••• -f2A: = k{k + 1) 

Conclusion. 2-f4-f6-|- ••• -f2A:-f 2(/e -f 1) 

= {k-\- \){k + \ +\) 

— {k 4" 1)(A’ “I" 2) =' -j- 3 A: -1-2. 
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The hypothesis is what the formula asserts for the value n == k; 
it is obtained by substituting w == in the proposed formula 
(^). The conclusion is what the formula asserts for the value 
w = A: + 1 ; it is obtained by substituting n = A: + 1 in the pro- 
posed formula (^4.). We have to show that if the hypothesis is a 
true statement then so must the conclusion be a true statement. 
That is, it is the formula (A) which is on trial. We have to show 
that if (A) tells the truth for n = k, then it also tells the truth 
when rt = A; + 1. 

Proof, By hypothesis, 

2-l“4'4"6”|~ ••• -|-2A’ = A;(A:-t“l). 

The left side is the sum of the first k terms of the sequence of 
even numbers. But the left side of the conclusion is the sum of 
the first A: -f 1 terms of the sequence of even numbers. It is this 
latter sum about which we must prove something. Hence, it is 
natural to add to both sides of our hypothesis the {k + l)th or 
next term of the sequence; that is, the {k -f- l)th even number 
2(A: -f- 1). We may add 2{k + 1) to both sides, since if equals 
are added to equals the results are equal. Thus, we obtain 

2”|“4-|-6-l- ••• -|-2A;-t- 2{k -f- 1 ) = 

k(k -f* l)~f" 2(A’ -f- 1) = k"^ k ~f" 2, 

which is precisely the right side of our conclusion. This is what 
we had to prove. 

Since we have verified conditions (1) and (2) of Hf,, i< follows 
that all natural numbers are in th(^ set S of natural numbers for 
which the formula (A) is true. That is, formula {A) is true for 
all natural numbers rt. 

The work may be arranged conveniently as in the following 
example. 

Example 2. Prove that 3 + G-f-9-|-12-j- ••• -(-3n = 
- for any natural number n. 


Proof. Let S be the set of natural numbers for which the 
theorem is true. 

Part I. The set (S contains 1, because for n = 1, the theorem 

3 • 1(1 4- 1) ,, , • n • . 

asserts that .3 = ^ = .3, which is true. 
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Part II. If the set S contains any natural number k, then it 
also contains A: + 1. 

3 j^(}^ _|_ 1 ) 

Hypothesis. 3 + 6 + 9 + 12+ ••• + 3A; = ^ 

Conclusion. 3 + 6 + 9 + 12 + ••• + 3A; + 3(A; + 1) = 

3(A- + 1)(A- +! + !)_ 3(A: + 1)(A; + 2) 

2 ' 2 

_ ^A;2_+ 9 A- + 6 

Proof. By hypothesis, 3 + 6 + 9 + 12 + ••• + 3A: = 

^ ±JJ . We may add the (k + l)th term, S{k + 1), to both 

z 

sides, since if equals are added to equals the results are equal. 
Thus we obtain 


3 + 6 + 9 + 12 + 

31 ( 4 ^ + 3 (*; + 1 ) 


+ 3 A: + 3(A: + 1) 


3A'(/c + l)+2'3(A; + l) 3A:^ + 9A’ + 6 


which is the same as the right side of our conclusion. This proves 
the proposition of Part II. 

Since we have verified the conditions (1) and (2) of Pi, it fol- 
lows from Pi that all natural numbers are in the set S of natural 
numbers for which the theorem is true. 


Remark 1. It is necessary to verify both conditions (1) and (2). 
From the example of the tin soldiers it is intuitively clear that 
both conditions are necessary. Knocking down the first soldier 
will not accomplish the fall of all the soldiers unless they are 
properly spaced so that the A:th soldier knocks over the {k + l)th 
soldier as he falls. Similarly having them properly spaced does 
us no good unless the first soldier is actually knocked down. We 
give two algebraic examples to show that both conditions are 
necessary. 

(A). The (false) formula 2 + 4 + 6+ ••• + 2w = 
n{n + 1)+ 10 will satisfy condition (2) but not condition (1). 
For if k were a number for which the formula were true, A: + 1 
would have to be one too. For the proposition of Part II would 
proceed as follows. 
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Hypothesis. 2-t-4-f-64' ^ k — k{k -f- l)-j- 10. 

Conclusion. 

2 + 4 + 6+ ••• + 2/; + 2(A: + l) = (A: + l)(A;+l + l)+10 

= {k + l)(fc + 2)+ 10 

= k^-hSk + 12 . 

Proof. If 2 + 4 + 6+ ••• + 2A' = k(k + 1)+ 10 we may 
add 2{k + 1) to both sides obtaining 

2 + 4 + 6 + • • • + 2 A- + 2(A- + 1)= ^(A: + 1) + 2+ + 1)+ 10 

== + 3A; + 12, 

which verifies condition (2). 

But n — 1 docs not make the formula true, since for n = 1, 
the formula says that 

2 = 1(1 + 1 )+ 10 = 12 . 

Thus condition (1) is not satisfied. 

(B). The (false) formula 2 + 4 + 6+ ••• + 2n = n(n + 1) 
+ (n — 1) is true for 7i = 1. But it is not true for n = 2. If we 
tried to verify condition (2) it would not work. I^et us try it. 

Hypothesis. 

2 + 4 + 6+ ••• +2A' = A-(A: + 1) + (A- 1)= k^ + 2k - 1. 
Conclusion. 

2 + 4 + 6 + • • • + 2(A: + 1) = (A' + 1)(A: + 1 + 1) + (A- + 1)- 1 

= A' + 4 A + 2. 

Proof. By hypothesis, 2 + 4 + 6+ ••• + 2A = A^ + 2A — 1. 
Adding 2 (A + 1 ) to both sides we get 

2 + 4 + 6 + • • • + 2(A + 1) = 

A^ + 2 A - 1 + 2(A + 1) = A^ + 4 A + I 

which is not the same as the right side of the conclusion. Hence 
Part II of the proof does not go through. 

Remark 2. It is important to distinguish between inductive 
logic as used in the experimental sciences and mathematical in- 
duction which belongs to deductive logic. In experimental 
science we might test a proposed formula like that of example 1, 
by verifying it directly for n = 1, 2, 3, • • • and so on up to some 
arbitrary number. If it worked for the first few numbers we 
might conclude that it was probably true for all numbers. If it 
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worked for the first 100 numbers, we would consider it more 
probably true. If it worked for the first 1000 numbers we would 
consider its truth for all natural numbers extremely probable. 
But this would not be the same as asserting that it is certain. In 
fact, it is easy to write a formula which is true for the first 5 or 
100 or 1000 numbers and false thereafter. For example, we have 
proved that the formula 

2 + 4 + 6+ ••• + 2n = n{n + 1) 

is true for all natural numbers n. Now suppose we alter the 
right member by writing 

2 + 4 + 6+ ••• + 2n = 

n(n + l) + (w — 1)(^ — 2)(/i 3)(/j' 4)(?i. 5). 

Then for n = 1,2, 3, 4, 5, this latter formula is correct since the 
added term will be zero for these values of n. But for n = 6, 7, 
8, • ■ • and so on the latter formula will be wrong because the 
added term will no longer be zero and the right member will 
therefore no longer yield the correct result. For example, for 
n = 6 the right member yields 162 instead of the correct sum 42. 
In the same way 

2 + 4 + 6+ ••• + 2« = 

n{'n + !) + (« — l)(w — 2) • • • (w — 1000) 

would yield the correct result for all values of n from n = 1 to 
n = 1000 but will be wrong thereafter. This shows that 1000 or 
1,000,000 verifications cannot prove that the formula is true for 
all natural numbers n. Hence the need for the axiom of mathe- 
matical induction Pi,. A proof by mathematical induction is not 
an argument of inductive logic, as in experimental science, but is 
an argument of deductive logic based on axiom Pb. 

Remark 3. When we write a sequence of terms like 
2, 4, 6, •• •, 2n, • • • 

the term 2 n is called the general term or the nth term because, 
for n = 1, 2 n = 2; for n = 2, 2 n = 4; for n = 3, 2 n = 6; and 
so on. On many psychological “intelligence” tests people are 
asked to write the next term of a sequence whose first few terms 
are given. Thus a typical question would be: 

“Write the next term of the sequence 2, 4, 6, 8, 10, 12, • • •.” 
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Now, the answer expected is 14 which is obtained by assuming 
that the general term is 2 n as is suggested by the first 6 terms 
which are given. But the general term might just as well have 
been 

2w +(n - l)(n - 2)(n - 3)(n - 4)(n - 5)(n - 6) 

in which case the first 6 terms would have been exactly the given 
ones while for n = 7 we would have not 14 but 
14 + 6- 5- 4- 3‘2*l = 734. The general term might also 
have been 

2 n +(w — l)(n — 2)(n — 3)(n — 4)(n — 5)(« — 6) •/(«) 

where /(n) is any polynomial, say, in n. A person of exceptional 
intelligence who was able to perceive that there is no logical 
reason to suppose that 2 n is the general term would be at a loss 
to answer this question on the "intelligence” test, and he might 
be ranked as a moron, at least as far as this question is concerned. 
For the question has no logical answer and is really a problem, 
not in reasoning, but in clairvoyance, for we must guess which 
of the many possible general terms the examiner is thinking of.* 

Remark 4- While the development of the natural numbers on 
the basis of axioms P1-P5 is due to Peano, (late in the 19th 
century), the idea of proving theorems by mathematical induc- 
tion can be traced, in some form, back to the 16th century. Note 
that, by mathematical induction we prove an infinite number of 
assertions, in a short space. 

Remark 6. It is not hard to show that if we verify the truth 
of any formula for any particular natural number, (for example, 
4) and then verify the second condition of our axiom of mathe- 
matical induction, then we have proved the truth of the formula 
for all natural numbers beginning with the particular one started 
with (in our example, for 4, 5, 6, and so on). 

EXERCISES 

Write (a) the 6th term; (6) the 75th term; (c) the kth term; (d) the (k -|- l)th term; 
(e) the {k + 6)th term, of the sequence whose nth term is: 

* E. T. Bell in his Men of Mathematics writes that “. . . when Poincar6 was acknowl- 
edged as the foremost mathematician and leading popularizer of science of his time he 
submitted to the Binet tests and made such a disgraceful showing that, had he been 
judged as a child instead of as the famous mathematician he was, he would have been 
rated — by the tests — as an imbecile.” 
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1. 4 n. 2. 5n. 3. 2n--l. 4. — ; — —7. 6 . 3r?. 6 . n(n + 1). 

n(n 4* 1) 

(a) In each of the following exercises verify the correctness of the given formula for 
n = Ij 2^ 3 j 4, 6, (6) Does the work in part (a) suffice to establish the correctness of 
the given formula for all natural numbers n? Explain, (c) Prove by mathematical 
induction that the given * formula is correct for all natural numbers n. 


7. 4 + 8 + 12 + 10 + • • • + 4 n = 2 r?(n + 1). 

8 . 5 + 10 + 15 + 20 + • • • + 5 n = 


n{n + 1) 
+ n = — 


2 

10. 6 + 12 + 18 + 24 + [- (> 71 = 3 n{n + 1). 

11. 1 + 3 + 5 + 7 + • • • +(2 — 1) = 

1 


12. — + - 1 - -f — L -I- 4- 

1*22 3 3 4 4 


+ 


7((W + 1) 7( + 1 

13. 1 • 2 + 2 • 3 + 3 • 4 + 4 • 5 4- • • • + n(n + 1) = 


3 


14. P + 2* + 3* + 4* + 


+ = 


16. P + 2® + 3’ + 4'' + • • • + 7)’ = 
16. 3 -I- 32 + 3'’ + 3' + • • • + 3" = 


n{n + 1)(2 w + 1) 

() 

r?^(n + 


3"+‘ - 3 


17. Prove by mathematical inrluction that the sum of the ^^geometric progres- 
sion' ’ 


« + ar + 4" 

for all natural numbers n. 


4 or^ ^ — 


a — nr'' 

IT-T' 


* Note that while we here prove that the given formula is correct we give no hint 
as to how the right member of the formula was discoveied. Some of our examples, 
however, might have been discovered intuitively. For instance, the formula of exer- 
cise 11 might be guessed from the following arrangements of pebbles. 




n. 

1+3*2* 


l+3+5>3* 


1+3+5+7-4 


Similarly the formula of exercise 9 might have been discovered from the following ar- 
rangement of pebbles. 


S 






1+2+3-^ 


l+2+3+4«^ 



However, the general problem of finding an expression for the sum of n terms of a 
given sequence is a very difficult one. 







§ 145 ] 


CONCLUSION 


403 


18. Prove by mathematical induction that the sum of the “arithmetic pro- 
gression” 

a +(o -t- d) + {a 2 d)+ ■ ■ • +(tt -|- [a - !!(/)= 
for all natural numbers n. 

19. Prove by mathematical induction that for = 4, 5, 0, 7, • • * and so on, 
2" < n(ri — l)(n — 2)(n — 3) • • • 3 • 2 • 1. (Hint: sec remark 5.) 

20 . Prove by mathematical induction that (o/>)” == for all natural num- 
bers n, 

146. Conclusion. We have been discns.sing the study of nat- 
ural numbers on the basis of Peano’s postulates. These axioms 
push the unproved propositions or postulates we start with much 
further back than the postulates we used in Chapter III. Thus 
on the basis of Peano’s postulates we can prove as theorems the 
tables of addition and multiplication, and the associative, com- 
mutative, and distributive laws, which we took as assumptions 
in Chapter III. But, in Peano’s postulates we still take "nat- 
ural number” as an undefined term. Hence Peano’s abstract 
mathematical science may be given other concrete interpreta- 
tions than the one we were thinking of. For example, if the un- 
defined term "natural number” is interpreted to mean "even 
number,” and "succe.ssor” to mean "next even number” and "1” 
to mean the first even number or "2,” then all of Peano’s postu- 
lates are satisfied. Or, if "natural number” is taken to mean 
"fraction of the form l/n” and "1” to mean "1/1” and "succe.s- 
sor of 1/k” to mean "1/(A; -f- 1)” then all of Peano’s postulates 
are satisfied. The fact that all arithmetic and algebra can be 
built up with "natural number” left undefined is not surprising. 
In fact, a calculating machine is capable of doing arithmetic, but 
it certainly doesn’t know what "number” means. It is, how- 
ever, constructed so as to obey all the formal rules of numbers, 
which is all that matters so far as pure mathematics is concerned. 
In Chapter XV, we shall push the process of definition back fur- 
ther and shall define number in terms of more primitive notions. 
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Chapter XV 

CARDINAL NUMBERS, FINITE AND TRANSFINITE 

146. The definition of cardinal number. Suppose we begin 
again, as children do, to derive the concept of number from con- 
crete objects. A child first learns to associate the number 3 with 
a set of three apples, say. After some time it makes a tremendous 
abstraction in recognizing that a set of three apples, a set of three 
oranges, a set of three fingers, and the set consisting of Smith, 
Jones, and Brown all have something in common, namely the 
property of "threeness.” What does it mean to say that these 
various sets have this property in common? In verifying that 
the set of three apples has this property in common with the set 
of three fingers, we pair off each finger with an apple, one for one. 
This process is called placing the two sets in one-to-one corre- 
spondence. In general, two sets of ol^jects are said to be in one- 
to-one correspondence if we have paired off the elements (or 
members) of one set with the elements of the other set so that to 
each element of the first set corresponds exactly one element of 
the second, and to each element of the second there corresponds 
exactly one element of the first. 

For example, the set of all normal living people is in one-to-one 
correspondence with the set of all living human heads, for to 
each person corresponds one head and to each head corresponds 
one person. In monogamous countries the set of all law-abiding 
husbands is in one-to-one correspondence with the set of all law- 
abiding wives. The set of all mothers is in one-to-one corre- 
spondence with the set of all eldest children. The correspond- 
ence between the set of all mothers and the set of all children is 
not one-to-one but one-to-many. 

If two sets A and B can be put into one-to-one correspondence 
we shall call them equivalent; that is, A is equivalent to B or J5 is 
equivalent to A. In ordinary language, two equivalent sets have 
the same number of elements. Of course, any set is equivalent to 
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itself. And it is easy to see that if set A is equivalent to set, B 
and set B is equivalent to set C then set A is equivalent to set 
C.* Therefore, all the sets equivalent to a given set S are equiv- 
alent to each other, or “have the same number” of elements. 
Consider the class of all sets equivalent to a given set S; for ex- 
ample, the set of all trios or triplets of things. We might con- 
ceive of “number” as some property common to all the sets in 
the class of equivalent sets. Thus “three” might be thought of 
as some property common to all trios or triplets like the set of 
letters A, B,C, or the set of people Smith, Jones, and Brown, or 
the three Muses, or the three little pigs, or the set of wheels 
on a tricycle, or the set of balls in front of a pawnshop. Now this 
idea of “three” as an abstract property belonging to all the.se 
different sets of objects is somew’hat vague. In fact, all the.se 
trios might conceivably have more than one property in com- 
mon; for example, they might all be considered to have the prop- 
erty of “existence.” It would be nicer to be able to say exactly 
what the number “three” is, instead of referring to a vague com- 
mon property. This can actually be done. There is one simple 
specific property that every trio has, namely the property of be- 
longing to the class of all .sets equivalent to it.self. Moreover, no 
non-trio has this property. Thus we might even more .simply 
say that the number “three” is the cla.ss of all .sets equivalent to 
the set consisting of Smith, Jones, and Brown. Any set belong- 
ing to this class is said to have (or more 'properly, to belong to) the 
number “three.” Thus we are led to the following general defini- 
tions. 

Definition 1. Auy two sets (itc soul to hove the nutribcY 
{wiove pTopcvly y hcloticj to the sciiiie fiiwiber} if ufid 07ily if they (uc 
eqiiivalent (that is, if and only if their elements can be placed in one- 
to-one correspondence.) 

Definition 2. The number of a set S (or the number of ele- 
ments in a set S) is the class of all sets equivalent to the set S. A 
number thus defined is usually called a cardinal numher.\ 

* In the language of section 19, the relation of equivalence, among sets, ia sym- 
metric, reflexive, and transitive. 

t If Definition 2 gives you mental indigestion at first, don't let it worry you. 1 he 
idea of Definition 1 is more important than that of Definition 2 and muc h eaaier to 
digest. 
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For our own convenience, we invent names for those numbers 
to which we wish to refer frequently. For example, the cardinal 
number of any set equivalent to the set consisting of Smith, 
Jones, and Brown is called “three,” The cardinal number of any 
set equivalent to the set of fingers on one hand is called “five,” 
However, to determine that two sets have the same number, it is 
not necessary to know what the number of either is called. It 
suffices to know that the two sets can be placed in one-to-one 
correspondence. Thus if every seat in a theatre is occupied and 
there are none standing, we know that the number of seats is 
the same as the number of people, even if we do not know what 
this number is called. Our definition 1 corresponds precisely to 
our intuitive notion of number. In fact, when we count on our 
fingers we are merely placing some set of objects in one-to-one 
correspondence with some set of fingers. If the cardinal number 
is small enough to be in common use we usually invent a name 
for it to make reference to it easier. Thus the number denoted 
symbolically by 10® or 1,000,000,000 is called a billion. On the 
other hand the number lO*"® (or, “one” with a hundred zeros 
after it) is much larger than anything in common use even in 
governmental finance. In fact it is larger than the number of 
electrons in the entire universe, which, according to Eddington, 
is about 10‘®. However, in order to refer to this number con- 
veniently, it has been named a “googol,” the name having been 
invented by a child. The much larger number 10^*"'""^ or 10 
raised to the googol power (a “one” with a googol zeros after it) 
has been called * a “googolplex.” 

147. Transfinite cardinal numbers. The whole and its parts. 
A set B is called a subset or part of the set A if every element 
(member) of B is also an element of A . According to this defini- 
tion the set A is a “part” of itself. If B is part of A and A is also 
part of B then A and B are the same set. In other words, if any 
element of the set A is called an “a” and any element of the set 
B is called a “b,” then the statement “B is part of A” may be 
worded as “all 6’s are a’s,” Similarly, “A is part of B” means 
“all a’s are 6’s.” If all a’s are b’s and all b’s are a’s then the sets 
A and B are identical. However, if B is part of A and there exists 
at least one element of A which is not an element of B then B is 

* See Kasner and Newman, Mathematics and the Imagination, 




§1471 


TRANSFINITE CARDINAL NUMBERS 


407 


called a proper part or a proper subset of A. That is, a proper 
part is a part which is not the whole thing. 

Consider the set A of all natural numbers 1, 2, 3, • • •, n, • • •, 
and the set B of all natural numbers greater than 10. The set 
i? is a proper part of A since the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 
are in A but not in B. Nevertheless we can place the sets A and 
B in one-to-one correspondence, by pairing off their elements as 
follows : let any natural number x in A correspond to the number 
a: + 10 in 5. Thus, 

1 , 2 , 3 , 4 , , n , • • • 

I ! ! 1 1 

11, 12, 13, 14, , n + 10, • • •. 

The double arrow is read “corresponds to.” Hence the sets A 
and B are equivalent, or have the same cardinal number. 

Consider the set C of all even natural numbers 2, 4, 6, • • • , 
2 n, • • • . The set C is equivalent t.o A since they can be placed 
in one-to-one correspondence by allowing any natural number x 
in A to correspond to 2 a: in C, as follows : 

1, 2, 3, 4, , n, ••• 

t ! I I 1 

2, 4, 6, 8, , 2 0, •••• 

Hence C has the same cardinal number as A, in spite of the fact 
that the set C is a proper part of the set A. 

Consider the set D of all odd natural numbers 1, 3, 5, • • •, 
2 n — 1, • • •. The set D is equivalent to A since they can be 
placed in one-to-one correspondence by allowing the natural 
number x'm A to correspond to the odd number 2 x — 1 in D, as 
follows: 

1, 2, 3, 4, , n , • • • 

1 1 1 i t 

1, 3, 5, 7, , 2ri - 1, ■ ■ 

Hence D has the same cardinal number as A, although the .set D 
is a proper part of the set A. 

We have shown that the set A has the same number of ele- 
ments (or is equivalent to, or has the same cardinal number as) 
the .sets B, C, and D, each of which is a proper part of A . This 
shows that the number of elements in a proper part of a set may 
be quite the .same as the number of elements in the whole set. 
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This is at first surprising since it .seems to upset violently the 
notion (once considered self-evident) that the whole is greater 
than any of its parts. 

Another illustration is the following. Consider a 12 inch line 
segment AB and a 6 inch line segment CD placed as in Fig. 216. 

Let E be the point where AC 

p o; and BD intersect. Then let 

V \ ~7 P be any point on AB. The 

\ \ / line PE intersects CD in 

cs- — ^ ^ exactly one point P'. Con- 
\ 1 / versely, if Q is any point on 

\1/^ CD, the line QE intersects 

E AB in exactly one point Q'. 

Fjg. 216 Thus the points o( A B can be 

placed in one-to-one corre- 
spondence with the points oi CD simply by letting any point P 
on AP correspond to the point P' on CD where the line PE 
meets CD. Hence the number of points on the 12 inch line 
segment AP is exactly the same as the number of points on the 
6 inch line segment CD. On the other hand the number of 
points on CD is the same as the number of points on half of 
AP, as can be seen by setting up a correspondence between 
AM (M being the midpoint of AP) 

and CP by means of perpendiculars -y 2 

as in Fig. 217. Since the number of 

points on AP is the same as the 

number of points on CD and the c d 

number of points on CP is the same Fig. 217 

as the number of points on half of 

AP, it follows that the number of points on A P is the same as the 
number of points on half of AP. In the same way it can be shown 
that the number of points on any line-segment is the same as the 
number of points on any other line-segment, regardless of their 
lengths. There are just as many points on a line-segment one 
inch long as on one stretching from here to the star Arcturus. 
This illustration also seems to do violence to the notion that 


the whole is greater than any of its parts. Note, however, that 
we are talking about the number of points in the line-segment, 
not its length. It is true that the cardinal number of a set may 
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be the same as the cardinal number of a proper subset or part. 
However, this cannot happen with finite sets, that is, intuitively 
speaking, with sets that can be counted out at a steady rate of 
speed in a limited time. So far as finite quantities, or lengths, 
areas, angles, and other magnitudes used in the elementary ap- 
plications of mathematics are concerned, ''the whole is greater 
than any of its (proper) parts” remains valid. In fact, it is 
customary to define an infinite set as follows. 


Definition 1. A set is infinite if it is equivalent to a proper 
part of itself. If a set is not infinite it is called finite. 

Definition 2. The cardinal number of an infinite set is called 
a transfinite cardinal number. The cardinal number of a finite set 
is called a finite cardinal number. 


Remark. To say that the number of elements in a set is infinite 
is quite different from saying that is is a very large finite number. 
Thus 10100 and lO^io^oo) staggeringly large finite numbers 
but they are finite. Neither should the idea of infinite or trans- 
finite numbers discussed here be confused with the idea of "infin- 


ity” which we discussed in 
connection with sequences, 
limits, and functions in sec- 
tion 103. 

The cardinal number of 
any set equivalent to the set 
of all natural numbers is 
denoted by (read, “aleph- 
null”) after G. Cantor (1845- 
1918) who first studied trans- 
finite numbers systemat- 
ically. The cardinal number 
of the set of all points on the 
line-segment AB is denoted 
by (read, "aleph”). Both 
are transfinite cardinal num- 
bers. It can be shown that 
ISo is not the same as In 
fact, there are many differ- 



Georg Cantor 
1845-1918, German 
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ent transfinite cardinals which can be studied systematically. 

An arithmetic of transfinite numbers can be worked out. For 
example, we shall define the “sum” of two cardinal numbers, 
finite or transfinite, as follows. Let x be the cardinal number of 
a set X and let y be the cardinal number of a set Y. 

Definition 3. If the sets X and Y have no element in common, 
then by the sum x y of the two cardinal numbers x and y we shall 
mean the cardinal number of the set consisting of all the elements of 
the set X and all the elements of the set Y together. 

In other words, the sum of the cardinal numbers of two sets is 
defined to be the cardinal number of the set composed of all the 
elements of the two sets taken together, provided the two given sets 
have no element in common. The reason for this latter restrictive 
proviso becomes obvious when you consider the following simple 
example. Let X be the set consisting of Ames and Brown and let 
F be the set consisting of Camp, Davis and Earl. Then the sum 
of the cardinal number of set X (2) and the cardinal number of 
the set F (3) is the cardinal number of the set consisting of Ames, 
Brown, Camp, Davis, and Earl together (5). But if the set F 
were composed of Brown, Camp and Davis we would not say 
that the sum of 2 and 3 is the cardinal number of the set com- 
posed of Ames, Brown, Camp, and Davis. 

Let us apply this natural definition of the sum of two cardinal 
numbers to transfinite numbers. 

Example 1 . The set A of all natural numbers has the cardinal 
number As we showed above, the set C of all even natural 
numbers has the same cardinal number and the set D of all 
odd natural numbers also has the cardinal number But the 
set A of all natural numbers has for its elements all the elements 
of the sets C and D together; and the sets C and D clearly have no 
element in common. Hence the sum of the cardinal number of 
C plus the cardinal number of D is the cardinal number of A , or 

«o + = «0. 

Example 2. Let E be the set of numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 
10. The cardinal number of the set E is 10. The set B of all nat- 
ural numbers greater than 10 has the cardinal number No as 
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shown above. But all the elemenls of the set s B and E togeth(‘r 
constitute the set A of all natural numbers; and the sets E aiul B 
have no element in common. Hence 


No 4- 10-= No. 

These are only two of the many surprising statements that 
arise in the arithmetic of transfinite numbers. 

Another surprising result is the fact that there are ju.st as many 
natural numbers as there are positive fractions, despite the fact 
that the positive fractions are den.sely distributed on the line 
while the natural numbers are spaced apart at intervals of one 
unit. (See section 24.) This may be .seen by arranging the frac- 
tions in the order indicated by the arrow in Fig. 218 as follows; 


11232112 
1’ 2’ 1’ 1' 2’ 3’ 4’ 3’ 

t t t t t t I t 

1, 2, 3, 4, 5, (), 7, 8, 


3 4 5 

2 ’ V r 

t t t 

i i i 

9, 10, 11, • • •. 


In this way we are able to plac^e 
the set of all positive fractions iix 
one-to-one correspondence with the 
set of all natural numbers. Hence 
the cardinal number of the .set 
of all positive fi’actions is No» just 
as is the cardinal number of the 
set of all natural numbers. Of 
cour.se, the set of all natural num- 
bers is a proper subset of the 
set of all positive fractions; they 
occupy only the first horizontal 


1 2 .•?' 4 .V 



Fi(i. 218 


row in Fig. 218. 

The subject of infinity has been difficult since ancient times. 
Cantor made the first extensive assault upon it that could be 
called successful, although others (Galileo, for example) had had 
glimmerings of his ideas before. Cantor was led to the .study of 
transfinite numbers by his re.searches in connection with func- 
tions and real numbers. His work provided a new foundation for 
much of mathematics and stirred up many controversies which 


are not yet settled. 
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EXERCISES 

1. Show that the set of all square integers 1, 4, 9, 16, 25, • • •, • • • has the 

cardinal number 

2. Show that the set of all positive fractions with numerator 1 has the cardi- 
nal number K). 

3. Show that the set of points on the hypotenuse of a right triangle is equiv- 
alent to the set of points on the shortest leg of the triangle. 

4. Show that + 3 = K). 

6. Show that + 7 = H). 


148. The finite cardinal numbers. We pointed out in Chap- 
ter XIV that, in Peano’s postulates for the natural numbers, the 
term “natural number” was an undefined term. Suppose we now 
interpret the term “natural number” as meaning “finite cardinal 
number.” Let us consider a set consisting of a single object. Its 
cardinal number may be called 1. In Peano’s system the term 
“successor” was undefined. Let us now interpret the term “suc- 
cessor” as follows. Consider any finite set A of objects. Let the 
cardinal number of A be denoted by o. Let us consider a set B 
consisting of a .single object not belonging to A. Now consider 
the .set consisting of all the elements of A together with the ele- 
ment of B. The cardinal number of this set is called the suc- 
ces.sor of a or a -(- 1. With these concrete interpretations for the 
undefined terms in Peano’s abstract system, we could now prove 
that all his postulates are satisfied. This will not be done here. 
While Peano’s postulates describe abstractly “the process of 
counting,” the finite cardinal numbers provide a concrete inter- 
pretation of Peano’s abstract mathematical science which really 
has to do with the “number of objects in a set” as we think of this 
phrase intuitively. Our definition of cardinal number involves 
the concepts of “set” of objects, and “one-to-one correspond- 
ence,” both of which are very primitive intuitive ideas and are 
left undefined here. 
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Chapter XVI 

EUCLIDEAN AND NON-EUCLIDEAN GEOMETRY 

149. Introduction. In Chapter II, section 8, we pointed out 
that Euclidean geometry, considered as a branch of pure mathe- 
matics was an abstract mathematical science. We took as unde- 
fined terms the words point and line (and others) ; and we as- 
sumed many unproved propositions or postulates such as the fol- 
lowing. 

Postulate 1. Given any two distinct points, there is at least one 
line containing them. 

Postulate 2. Given any two distinct points, there is at most one 
line containing them. 

These two postulates are sometimes quoted together as “two 
points determine exactly one line.” From these two postulates 
alone we can deduce a theorem. 

Theorem 1. Two distinct lines have at most one point in com- 
mon. 

Proof. Let I and m be any two distinct lines. Either I and m 
have more than one point in common or they have not. Suppose 
they have more than one point in common; that is suppose the 
theorem were false. Then there would be two distinct points, P 
and Q, say, each of which is on both lines. Then by Postulate 2, 
I and m must be the same line, since there can be at most one 
line through P and Q. This contradicts the hypothesis that they 
are distinct. Since our supposition leads to a false conclusion, 
it must be false. Therefore, the only remaining possibility is that 
I and m do not have more than one point in common. This is 
what we had to prove. 

This theorem tells us that any two distinct lines have either no 
point or one point in common. We now make the following def- 
inition. 


414 
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Definition. If two distinct lines in the same plane have no 
point in common they are called parallel to each other. 

In other words, two lines are called parallel if they do not 
meet.* 

Notice that Theorem 1 does not tell us whether there g-re any 
parallel lines at all. In Euclidean geometry we proceed to make 
the following Euclidean parallel postulate. 

Postulate 3. Given a line I and p 

^ ,yj 

a point P not on /, there exists one 
and only one line m through P 

which is parallel to 1. 1 

Many other postulates are made Fig. 219 

in Euclidean geometry besides 

these three but we shall not trouble to list them here. The 
important thing is that, having given a complete list of postu- 
lates, it is possible to deduce all the theorems by pure logic with- 
out ascribing any meaning to the undefined terms like “point” 
and “line” just as was done with the simple arguments in section 
5, Chapter II. In fact, “point” and “line” might equally well be 
called “mumbo” and “jumbo” respectively to emphasize that 
they may be regarded as completely undefined terms. As we saw 
in section 87, these undefined terms are susceptible of more than 
one concrete interpretation; thus “point” may be interpreted 
either as a dot or as a pair of real numbers. But in deducing 
theorems we need not have any concrete interpretation in mind. 
In particular, no reference to diagrams need be made. 

Exercise. Rewrite Postulates 1 and 2, and Theorem 1 and its proof, usinn 
mumbo and jumbo instead of the words ]X)int and line, respectively. 

If one thinks of Euclidean plaire geometry as referring to dia- 
grams, then one is dealing with Euclidean geometry not as an 
abstract mathematical science, but as a concrete interpretation 
or application to the real world where the undefined terms point 
and line are interpreted as referring to the dots and streaks drawn 
on paper. We have already remarked, in section 8, Chapter II, 

* If follows from this definition that any statement about parallel lines “meeting” 
at “infinity” or at any other forsaken place is sheer nonstmse of the most self-contra- 
dictory sort, since it would mean that “lines which never meet, meet at infinity.” 
Despite the fact that such statements are as silly as the statement “two railroads 
which never meet, meet in Chicago,” they are often made. 
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that when we make this concrete interpretation of Euclidean 
geometry we can no longer be sure that our postulates are true 
statements concerning these objects. The idea that these postu- 
lates are self-evident truths derived from our physical experience 
does not hold water. If the undefined terms point and line are 
taken to mean dot and streak respectively then even postulate 2 
is no longer true except in an approximate sense, as may be seen 

by looking at a diagram with a 
' I lit magnifying glass (Fig. 220), al- 

Fi(i. 220 though intuitively it seems as 

though there would be only one 
streak through two dots if you could only make the dots and 
streaks thin enough (you can’t). In fact, the Greeks probably 
thought of points and lines as “idealized” dots and streaks, what- 
ever they may be. Thus Euclid and nearly everybody else for 
2000 years after him probably thought of these postulates as self- 
evident truths about these “idealized” points and lines and they 
regarded Euclidean geometry as an absolutely true description of 
physical space. Fortunately, however, many people regarded 
the parallel postulate as being somewhat less self-evident than 
the others. This is natural because the parallel postulate asserts 
that certain lines will not meet no matter how far they are pro- 
duced. Now, if you wish to regard your axioms as self-evident 
truths derived from our physical experience, you can hardly say 
that you have any experience about lines which are produced in- 
definitely far. Our experience is confined to a very small portion 
of what we imagine to be the real world. Therefore, many people 
did not like to regard the parallel postulate as self-evident even 
though they were content to regard the other postulates as self- 
evident. There is some evidence that Euclid himself was reluc- 
tant to assume the parallel postulate and postponed its use as 
long as he could, using proofs which did not involve it as far as 
he could. Since the parallel postulate was not regarded as a self- 
evident truth in good standing, it was natural to try to prove it as 
a theorem on the basis of the other postulates. If it could be 
proved as a theorem, there would be no need to assume it and 
the whole question of its self-evidence would disappear, since it 
would then be true automatically by virtue of being a logical con- 
sequence of the other self-evidently true postulates. Therefore, 
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for about 2000 years, attempts were made to prove the parallel 
postulate on the basis of the other postulates, but without suc- 
cess. The history of these attempts is interesting but can hardly 
be gone into here. The question was definitely settled in the 19th 
century when Lobachevski 
(1793-1856), a Russian, J. Bolyai 
(1802-1860), a Hungarian, and 
Gauss (1777-1855), independ- 
ently of each other, established 
definitely that the parallel pos- 
tulate could not be proved on 
the basis of the other postulates. 

That is, they showed that it is 
entirely independent of the other 
postulates. 

How they showed this is an 
interesting story. Essentially 
their method was this. If the 
Euclidean parallel postulate can 
be proved on the strength of the 
other postulates, then the other 
postulates together with a postu- 
late that flatly contradicts the 
Euclidean parallel postulate 
must lead ultimately to a contra- 
diction. To be precise, suppose all of Euclidean geometry can be 
deduced from 16 postulates, of which the 16th is the Euclidean 
parallel postulate. Now if the 16th statement can actually be 
deduced from the first 15 then a new logical system based on the 
first 15 and a new 16th which contradicts the Euclidean parallel 
postulate must be inconsistent, that is, must lead to a contradic- 
tion. For the new system would contain among its theorems the 
Euclidean parallel postulate, as a consequence of the first 15 
assumptions, and this would contradict our new 16th postulate. 
That is, an abstract mathematical science based on all the other 
postulates of Euclidean geometry together with a postulate which 
contradicts the Euclidean parallel postulate would have to be 
inconsistent. What Lobachevski did was to assume, instead of 
Euclid’s parallel postulate, the following postulate. 
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Lobachevskian Parallel Postulate. Given a line I and a point P 
not on I, there exist at least two lines through P parallel to 1. 

This postulate was assumed together with all the other postu- 
lates of Euclid. The resulting abstract mathematical science is 
usually called Lobachevskian plane geometry (or hyperbolic ge- 
ometry) because Lobachevski was the one who developed this 
geometry to the greatest extent. It is one of the many forms of 
non-£uclidean geometry. As remarked above, Lobachevski es- 
tablished the independence of the parallel postulate by showing 
that this Lobachevskian geometry is not inconsistent, that is, 
does not lead to a contradiction. How this is done will now be 
described. We confine ourselves to plane geometry. 

160. A Euclidean model for Lobachevskian geometry. We 

shall show that the abstract mathematical science called Lo- 
bachevskian geometry can be given a concrete interpretation in a 
part of the Euclidean plane. Take a definite circle, as small or as 
large as you please, in the Euclidean plane. By the Lobachevskian 
plane we shall mean the interior of this circle. Let us now inter- 
pret the undefined term ''point" in Lobachevski’s system as 
meaning a Euclidean point interior to this circle. Let us inter- 
pret the undefined term "line” in 
Lobachevski’s system as meaning that 
part of a Euclidean line which is con- 
tained within the circle. Then, it is 
easy to verify that, when the undefined 
terms point and line are given these 
concrete interpretations, all of Lo- 
bachevski’s postulates are satisfied, 
including his parallel postulate (Fig. 
221). This shows that his abstract 
mathematical science is consistent ; 
more precisely, it shows that if Lo- 
bachevski’s geometry involves any in- 
consistencies or contradictions then so 
does Euclid’s, since we have a model or 
concrete interpretation of the Lobachevskian "plane” within the 
Euclidean "plane.” That is, any contradictory statements in 
Lobachevskian geometry would yield corresponding contradic- 



None of the ‘‘lines’’ m, m\ 
m", m'" have any “points” 
in common with the “line” l\ 
that is, they are all “parallel” 
to I, 

Fig. 221 
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tory statements concerning figures within a circle in Euclidean 
geometry. What is really established is that Lobachevskian geom- 
etry is as consistent as Euclidean. As far as logical consistency 
is concerned, there is no reason to prefer Euclid’s geometry 
to Lobachevski’s. The question of how any abstract mathemati- 
cal science can be proven absolutely consistent is a very deep 
problem; it is obviously not easy to prove that no contradiction 
will ever appear among the logical consequences of a set of postu- 
lates no matter how many theorems are deduced. We return 
to this question in Chapter XVII. In any case, if we grant that 
Euclidean geometry is consistent, then so is Lobachevskian. 

However, the reader may now object that while Lobachev- 
skian geometry may be a logically self-consistent system, it is not 
at all clear that it lends itself to practical application to the real 
world. Let us examine this question. 

Since, Lobachevski’s geometry differs from Euclid’s only with 
respect to the parallel postulate, all theorems whose proofs do not 
depend on the parallel postulate will be quite the same in both 
geometries. But we should expect theorems which depend on 
the parallel postulate to differ. For example, in Euclidean geom- 
etry we can prove that the sum of the angles of a triangle is ex- 
actly 180°, while in Lobachevski’s geometry we can prove that 
the sum of the angles of a triangle is less than 180°. (How this 
can be proved will be indicated in section 151.) The reader may 
now ask: '‘Does not this allow us to say that Lobachevskian 
geometry does not apply to the real world? For if we measure 
the angles of a triangle their sum will be 180°.” To dispose of 
this question we have only to remind the reader that all physical 
measurements are at best approximate and that we could not tell 
by measurement whether the sum of the angles of the triangle is 
180° or 179.99999999876° (or, for that matter, 180.0000002°). 
Thus this test does not enable us to say that Lobachevskian 
geometry does not apply to the real world. 

It can also be proved that, in Lobachevskian geometry, the 
sum of the angles of a triangle depends on the area of the tri- 
angle, differing from 180° more and more as the area becomes 
larger. But even this does not enable us to assert that Lobachev- 
skian geometry in inapplicable to the real world. For, small and 
large have only comparative, not absolute meaning. For ex- 
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ample, 1,000,000 is large compared to .0001 but 1,000,000 is small 
compared to 10^®®; and .0001 is large compared to .000000000001. 
If we measured what we felt was a very large triangle, like a tri- 
angle joining three distant stars, and found the sum of the angles 
to be indistinguishably close to 180°, we could not conclude that 
Lobachevskian geometry does not provide an accurate descrip- 
tion of the real world. For it might well be that our complete 
observational experience with the real world, large though it may 
seem to us, is confined to a region so small that within it the dis- 
crepancies between Lobachevskian and Euclidean geometry are 
still too small to measure. 

It must not be supposed that the interior of a circle is the only 
possible concrete interpretation of Lobachevskian geometry. 
The whole point is that the actual universe, so far as we can tell, 

may be a concrete interpreta- 
tion of Lobachevskian geom- 
etry. The interior of the circle 
was introduced merely to estab- 
lish that Lobachevskian geom- 
etry is just as logically consis- 
tent as Euclidean since concrete 
objects in Euclidean geometry 
satisfy the Lobachevskian pos- 
tulates. In particular, it must 
not be inferred from the circle- 
interior model of Lobachev- 
skian geometry that the length 
of a line is limited in Lobachev- 
skian geometry. This model is 
only one possible picture or 
map of Lobachevskian geom- 
etry and one must not read 
from it more than is intended; 
just as one must not conclude 
from a map of the United 
States that the state of Kansas 
has an area of less than 3 square 
inches and is uniformly pink in color. In fact, some geographical 
maps (Mercator maps, in which meridians of longitude appear as 



Jvhs Henri Poincari 
1854-1912, French 


§1511 


PROOFS OF SOME THEOREMS 


421 


vertical straight lines and parallels of latitude as horizontal 
straight lines) do not even preserve the relative proportions of 
distances or areas. 

On the other hand, the entire universe might be contained 
within a large sphere, so that any physical “plane” would be 
actually contained within a large circle, whose radius may be 
supposed to be larger than the range of our actual experience. 
Of course we are used to imagining the universe as extending in- 
definitely but this is merely a habit of thought and not a logical 
necessity. In fact, Poincar6 suggested the possibility that we 
might be convinced that the world were unlimited in extent even 
though it were really limited. His argument is essentially this. 
Suppose the world were contained in a limited sphere, but that 
we ourselves, and all other material bodies, shrank as we ap- 
proached the boundary in such a way that we could never reach 
it. Then we would think that the world were limitless in extent. 
Furthermore, we could never detect our own shrinkage because 
our measuring rods would shrink in proportion. 

To summarize, the discrepancies between the theorems of Eu- 
clidean and Lobachevskian geometry may be smaller than we are 
able to measure, so that for practical applications there is no 
choice between them. In practical work we prefer Euclidean 
geometry because it is more familiar and because it is easier to 
handle. 

161. Proofs of some theorems in Lobachevskian geometry. 

We shall sketch a proof of the theorem that, in Lobachevskian 
geometry, the sum of the angles of any triangle is less than 180®. 
T his will be a fairly easy (though long) job to do because Lo- 
bachevskian geometry is very much like Euclidean, since it dif- 
fers only in so far as the parallel postulate is concerned. There- 
fore all the theorems of Euclidean geometry whose proofs do not 
involve the parallel postulate are also correct theorems in Lo- 
bachevskian geometry. Hence, we shall not bother to prove 
many such theorems here, but we shall assume you are familiar 
with them from your study of Euclidean geometry in high school. 
Until we say otherwise explicitly, all the following theorems are 
hosed only on those postulates which are common to Euclidean and 
Lobachevskian geometry; that is, they involve neither the Euclidean 
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nor the Lobachevskian parallel postulate, and therefore are correct 
theorems in both geometries. Such propositions as "vertical angles 
are equal,” and others, will be used without proving them here. 

Remark. It will be necessary to recall that the statement 

(1) "if A is true then B is true” 
does not imply the statement 

(2) "If A is not true, then B is not true” 
nor does (1) imply the statement 

(3) "If B is true then A is true.” 

(3) is called the converse of (1). (2) and (3) are equivalent. 

(2) and (3) may be incorrect even though (1) is correct. Like- 
wise (2) and (3) may be correct even though (1) is not. 

Exercise. Make up a simple example to illustrate each of these points. 

We shall not prove Theorems I and II. 

Theorem I. T^vo triangles are congruent if two sides and the 
included angle of one are equal respectively to two sides and the in- 
cluded angle of the other. 

Corollary la. The base angles of an 
isosceles triangle are equal. 

Proof. Draw the angle bisector BD 
of the vertex angle (Fig. 222). Then 
AB = BC by hypothesis, p = q and 
BD — BD. Therefore, triangles ABD 
and BCD are congruent, by Theorem 
I. Hence A = C, since correspond- 
ing parts of congruent triangles are 
equal. 

Theorem II. At least one perpendicular can be drawn to a 
given line I from a given point P, whether P is on I or not. 

We can now prove the following theorems. 

Theorem III. If the point P is on the line I, only one perpendic- 
ular can be drawn to I at P. 

Proof. If there were two, then angle a and angle b (Fig. 223) 
would be right angles. But a > b, since t he whole is greater than 


B 
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any of its parts, which is a contra- 
diction since all right angles are 
equal. Hence there can be only one 
perpendicular at P. 

Theorem IV. An exterior angle 
of a triangle ABC is greater than 
either remote interior angle. 

Proof. We prove first that the 
exterior angle DCB is greater than 
angle B (Fig. 224). Let M be the 
midpoint of BC. Thus BM = MC. Extend AM its own length 
to E, so that AM = ME. Angle q = angle r, since vertical 
angles are equal. Therefore triangles ABM and CEM are con- 
gruent by Theorem I. Hence angle B = angle s because corre- 
sponding parts of congruent triangles are equal. Now, the 
exterior angle p {2if.DCB) is greater than angle s, since the 




Fig. 22.3 


whole is greater than any of its parts. Hence angle DCB is 
greater than angle B. To prove that a^DCB or ii^.ACF is 
greater than 2 ^ A, we would start by taking the midpoint of AC 
and proceed in the same way. 

Exercise. Prove the last statement in detail. 

Corollary IVa. If two alternate mterior angles made by a 
transversal to two lines are equal, then the lines are parallel. 

Proof. Let angle p = angle q (Fig. 225). Either the lines are 
parallel or not. Suppose the lines were not parallel. Then they 
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would meet at some point C (Fig. 225) . Then p > qhy Theorem 
IV, contradicting the hypothesis that p — q- Since our supposi- 
tion leads to a false conclusion, 
it is false. Hence the lines are 
parallel. 

Remark. The converse of 
IVa cannot be proved without 
the Euclidean parallel postu- 
late; it is not true in Lobachev- 
skian geometry. 

Theorem V. The sum of any two angles of a triangle ABC is 
less than 180°. 

Proof. Consider the exterior angle p ( 2 i^BCD) at C (Fig. 224). 
By Theorem IV, p > B and p > A. Nowp + C' = 180° since 
their sum is a straight angle. Hence B C < 180° and A + C 
< 180°. To prove A A- B < 180°, use an exterior angle at A 
and proceed similarly. 

Exercise. Prove the last statement in detail. 

By the angle-sum of a triangle we mean the sum of its three 
interior angles. (We must not assume that this angle-sum is 180° 
because the proof of that theorem in Euclidean geometry de- 
pends on the parallel postulate which we are not assuming here.) 

Theorem VI. Let A he any angle of a triangle ABC. Then 
there is another triangle one of whose angles is A /2 and whose angle- 
sum is equal to the angle-sum of triangle ABC. 

Proof. Suppose the given triangle ABC is that of Fig. 224. As 
in the proof of Theorem IV, we have triangle ABM congruent to 
triangle ECM. Then t = E, B = s, C = C. Hence EA-uA~ 
(C -b s) = (f -h w) -f- C -b B, by substitution, or E + u -\- li^ACE 
= A -b C -b B. Thus the triangle ACE has the same angle-sum 
as triangle ABC. Now since t Ar u = A either t ox u must be 
g A/2, since if both were > A/2 their sum would be > A. But 
t — E. Hence either B or M must be ^ A/2. Thus triangle A CB 
satisfies the requirements of the theorem. This completes the 
proof. 
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Remark. We must now point out the arithmetic fact that if A 
is any positive real number, no matter how large, and h is any 
positive number, no matter how small, then there exists a natural 
number n such that A/ 2" < h. That is, no matter how small k 
is, there exists a definite term in the sequence A/2, A/4, A/8, 
A/16, • • • , A/2", • • • which is smaller than h. For example, sup- 
pose A = 200 and h is 1/10. Then the sequence is 100, 50, 25, 
12.5, 6.75, 3.375, 1.6875, .84375, .421875, .2109375, A0546875, 
.052734375, -••. The last term we wrote is less than 1/10. 
Clearly if we divide any given number by 2 often enough, we can 
make the result as small as we please. 

Theorem VII. The angle-sum of any triangle is not greater than 
180°. That is, if ABC is any triangle, then A B + C S 180°. 

Proof. Either the theorem is correct or not. Suppose the the- 
orem were not correct. Then we would have A B C > 180°, 
or A B C = 180° + /i° where h is some positive number; 
for example, we might have A -f B -|- C = 180° + 1° or 181°. 
By Theorem VI, there is another triangle Ti one of whose angles 
Ai is g A/2 and which has the same angle-sum as triangle ABC. 
Applying Theorem VI now to triangle Ti, there is another tri- 
angle Tz one of whose angles Az is ^ Ai/2 ^ A/2^ and which has 
the same angle-sum as triangle ABC. This argument can be re- 
peated as often as we please. After n such steps we obtain a tri- 
angle Tn one of whose angles A„ ^ A/2" and which has the same 
angle-sum as triangle ABC. Now, by the remark above, there 
exists a natural numbern, such that A /2" < h. For such a value 
of n, one of the angles in triangle T„ is less than h. But the sum 
of the other two angles of the triangle T„ must be less than 180° 
by Theorem V. Hence the angle-sum of triangle T„ must be less 
than 180° + h° contradicting the supposition that it is equal to 
180° + h°. Therefore our supposition is false. Hence the theo- 
rem is correct. This completes the proof. 

Theorem VIII. An exterior angle of a triangle is greater than or 
equal to the sum of the remote interior angles. 

Proof. By Theorem VII, A B C ^ 180°. Subtracting 
C from both sides we obtain A -j- J5 g 180° — C. But (Fig. 



426 


EUCLIDEAN AND NON-EUCLIDEAN GEOMETRY [Ch. XVI 


226) p = 180° — C. Hence by substitution, A + B ^ p, or 
p A B which was to be proved. 


Theorem IX. If the point P is not on 
the line I, then only one perpendicular can 
be drawn from P to I . (Compare Theorem 

III.) 

Proof. If there were two perpendicu- 
lars then the angle-sum of triangle PAB 
(Fig. 227) would be more than 180° contrary to Theorem VII. 



Definition. By the angle-sum of a quadrilateral is meant the 
sum of its four interior angles. 


Theorem X. The angle-sum of any quad- 
rilateral is g 360°. 

Proof. Let ABCD be any quadrilateral. 
Draw a diagonal lying within the quadri- 
lateral, say AC (Fig. 228). Now p -f J5 -|- 
r ^ 180° and g -|- Z) + s ^ 180° by The- 
orem VII. Hence (p -f- g) -t- 5 -|- (r -f s) -f- 
D g 360° or A+B-\-C + D^ 360°. 
This completes the proof. 




Remark. Theorem VII does not 
tell us whether there are any triangles 
whose angle sum is 180° or not. The 
next few theorems will be based on 
the hypothesis that there is (at least) 
one such triangle. Of course, there 
may not really be any, as far as we 
know at this moment. That does not 
stop us from investigating what 


would take place if there were one. 


Theorem XI. If there exists one triangle whose angle-sum is 
180° then there exists a right triangle whose angle-sum is 180°. 

Proof. Suppose ABC is the triangle with angle-sum 180°, 
whose existence is assumed in our hypothesis. Then (Fig. 
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229) we can draw the perpendicular from some vertex, say B, 
to the opposite side. Now p + g = Hence by hypothesis, 
A + C + (p + g) = 180°. Now r = s = 90°. Hence we have 
A+C'+(p + g)+r-f-s = 360°; or (A + p + 0 + (? + ® + ^) = 
360°. Now, if one of these pa- 
rentheses were less than half of 
360° the other would have to be 
more than half of 360°. But 
each parenthesis is the angle- 
sum of one of the triangles ABD 
or BCD and therefore cannot be 
more than 180° by Theorem VII. 4 
Hence, neither of these triangles Fui. 229 

can have an angle-sum less than 

180°. But the angle-sum of any triangle is either le.ss than or 
equal to 180°. Hence ABD and BCD are right triangles whose 
angle-sums = 180°. This completes the proof. 

Definition. A quadrilateral with Jour right angles is vailed a 

quadrirect angle. 

Notice that if three of the angles of the quadrilateral are right 
angles, we may not conclude that the fourth is a right angle, sIikt; 
the sum of the angles of a quadrilateral may be le.ss than 360 , a.s 
far as we know. In fact, we don’t know whether or not there are 
any quadrirectangles. 

Theorem XII. If there exists one triangle whose angle-sum is 
180° then there exists a quadrirectangle. 

Proof. By Theorem XI, there 
^ exists a right triangle XYZ whose 
angle-sum is 180°. Construct a 
congruent right triangle (as in Fig. 
230) on the other side of FZ with 
^ right angle at U. Then a = c, 
h — d. But 

(I -f- 6 = 90° 



Fig. 2.30 



( 1 ) 

and 

(2) 


f "f* d — 90 
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since X a b = 180° and U + c d = 180°. Substituting 
d for b in (1) we get a + d = 90° or F = 90°. Substituting b for 
d in (2) we get c + 6 = 90° or Z = 90°. Therefore XYUZ is a 
quadrirectangle. This completes the proof. 

Theorem XIII. If ABCD is a quadrirectangle and (Fig. 231) 
if at any point E on AD we construct EF perpendicular to AD, then 
ABFE is a quadrirectangle. 

Proof. Now, we have p A q = 180°, and r + s = 180°, al- 
though we do not know at present whether or not r and s 
are right angles. By hypothesis, A A B A C A D = 360°. 
Hence AAB AC ADA pAqArAs = 720°. Or, 
(A A B Ar A p)A(s -b </ + C + D) = 720°. Now, if one of 

these parentheses were less 
than half of 720° the other 
would have to be more than 
half of 720°. But each paren- 
thesis is the angle-sum of a 
quadrilateral and, by Theo- 
rem X, cannot be more than 
360°. Hence each of them is 
exactly 360°. Therefore r = 

Intuitively, this theorem provides a way of snipping off a 
smaller quadrirectangle from 
a larger one. 

Theorem XIV. If ABCD 
is a quadrirectangle and if a 
quadrirectangle CDEF is con- 
structed on the other side of 
CD, the resulting figure ABFE 
is a quadrirectangle (Fig. 232). 

Proof. Since p and q are right angles, BCF is a straight line. 
Similarly ADE is a straight line. Therefore ABFE is a quadri- 
lateral. The rest is obvious. 

Intuitively, this means that when w(' put together two quad- 
rirectangles on a common side, we get a larger (luadrirectangle. 




Fig. 231 

90°, which completes the proof. 
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Theorem XV. If there exists one triangle whose angle-sum is 
180°, then we can construct a quadrirectangle whose base and 
altitude * are greater than any given lengths x and y. 


A 






1) 



-• 



N 


Proof. By Theorem XII, there is one quadrirectangle ABCD. 
If this quadrirectangle happens to be large enough, we have noth- 
ing further to do; but its base and 

altitude may be much smaller than the _ bc ' m 

given line-segments. In that ca.se we 
can duplicate it by Theorem XIV as 
many times as nece.s.sary (as in Fig. 

23.3) to make the base of the resulting 
quadrirectangle ABMN larger than Fic. 2.33 

the given length x. Then by Theorem 

XIV, we may duplicate ABMN as many times as nece.ssary (Fig. 
233) to make the altitude of the resulting quadrirectangle 
BMPQ greater than the given length y. 

Theorem XVI. If there exists one triangle whose anglB-sum is 
180° then we can construct a quadrirectangle whose base and altitude 
have exactly any given lengths b and a. 

Proof. By Theorem XV', we can construct a quadrirectangle 

A BCD whose base and altitude are greater 
than b and a respectively. Lay off 
AE = b on AD. Construct EF perpen- 
dicular to AD. By Theorem XIII, 
AEFB is a quadrirectangle. Lay off 
AG = a on AB. Construct GH perpen- 
Fui. 234 dicular to A B. By theorem XIII, A GHE 

is a (luadrirectangle, and its base and 
altitude are as rc(iuired. 

Intuitively, we make a bigger quadrirectangle and then snip 
off one of the right size. 



u 


tl 


Theorem XVII. If there exists one triangle who.se angle-sum is 
180° then every right triangle has an angle-sum of 180°. 

Proof. Let the lengths of the legs of any given right triangle be 
a and b. By Theorem XVI, we can construct a (iua<lrirectangle 

* hy a hjisr and an altitndt' of a (lUadrircctanKlo, \\v mean any two adjacent sides 
One inu&t not assume, however, tliat opiXFSite sides of a quadrin‘ctangle arc equa' 
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ADBC with base and altitude equal to b and a respectively (Fig. 
235). Draw BA. Then triangle ABC is congruent to the given 

Now we have (C + p + r) + 
(g + s + D) = 360° and if one 
of these parentheses were less 
than half of 360° the other 
would have to be more than 
half of 360°. But each paren- 
thesis is the angle-sum of a 
triangle which, by Theorem 
VII, cannot be more than 180°. Hence ABC is a right triangle 
whose angle-sum is 180°. But the given right triangle is con- 
gruent to triangle ABC. Hence the angle-sum of the given right 
triangle is 180°. This completes the proof. 


right triangle by Theorem I. 

B D 


h C b A 

Fig. 235 




Theoeem XVIII. If there 
exists one triangle whose 
angle-sum is 180°, then every 
triangle has an angle-sum of 
180°. 

Proof. Let ABC be any 
given triangle. From one of 
the vertices, say B, we can 
draw the perpendicular BD 
to the opposite side (Fig. 
236). Then A -\- p -\- r = 


B 



Hence 
r -f s = 180°. 


180° and C -|- g + s = 180° by Theorem XVH. 

-t- C + (p + g) -I- (r + s) = 360°. But 
Hence, A + C {p + q) = 180° or A A C -i- B = 180°. 


Theorem XIX. If there exists one triangle whose angle-sum is 
less than 180°, then every triangle has an angle-sum less than 180°. 

Proof. By Theorem VII, the angle-sum of every triangle is 
^ 180°. By Theorem XVIII, if the angle-sum of one triangle 
were 180° then the angle-sum of every triangle would be 180°, 
contrary to the hypothesis. Thus the angle-sum of every tri- 
angle must be < 180°. 

By virtue of Theorem XIX, in order to prove that the angle- 
sum of every triangle is less than 180° in Lobachevskian geom- 
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etry, it will be sufficient to show that there is one triangle with 
angle-sum less than 180°. 

Remark. All the previous theorems are common to Euclidean 
and Lobachevskian geometry since their proofs are based only on 
those postulates which are made in both geometries ; that is, no 
parallel postulate of any kind has been involved. If we now in- 
troduced the Euclidean parallel postulate, we would get Euclid- 
ean geometry. We could then prove the following theorems (a), 
(6), and (c). 

(a) If two alternate interior angles made by a transversal to two 
lines are not equal, the lines are not parallel. 

Proof. One of the two unequal angles p and q (Fig. 237) is 
greater than the other; say p > q. Then at A construct angle 
r = angle q. Then AD is paral- 
lel to BC by Corollary IVa. But 
p > r, by substitution. Hence 
AD is different from AE and 
both lines pass through A. 

Hence AE cannot also be paral- 
lel to BC by the Euclidean 
parallel postulate. Pjo. 237 

(&) If two lines are parallel, 

then any two alternate interior angles made by n transversal are 
equal. (Converse of Corollary IVa.) 



Proof. If there were a pair of unequal alternate interior angles, 
the lines could not be parallel, by (a). 

(c) The sum of the angles of any 

triangle is 180°. 

/ Proof. Let ABC be any triangle. 

/ At B (Fig. 238), draw the line paral- 

/ lei to AC. Then by (6), p - A, 

^ q = C. Hence A + B + C = p-\- 
Pjq 238 B + q = 180°, since p -|- B -f g is 

a straight angle. 

This is the familiar theorem of Euclidean geometry. 

Instead of making the Euclidean parallel postulate, let us now 
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make the Lobachevskian parallel postulate. We then get Loba- 
ehevskian geometry. We can now prove the following theorem. 

Theorem XX. There exists a triangle whose angle-sum is less 
than 180°. 


Proof. Let I be a line and Q a point not on 1. Draw QP per- 
pendicular to I (Fig. 239) and V perpendicular to QP at Q. Then 
I' is parallel to I by Corollary IVa. By the Lobachevskian parallel 



postulate there exists another line m different from V, also par- 
allel to I and passing through Q. By Theorem III, m cannot be 
perpendicular to QP since I' is perpendicular to QP. Hence one 
of the angles a made by m and QP must be less than 90°. Lay 
off PRi = QP on I on the same side of the transversal QP as the 
acute angle a. Draw QRi. Then hi = ci by Corollary la. By 
Theorem VIII, c ^ 6i Ci. Substituting Ci for bi, we have 
c Cl -\- Cl, or c ^ 2 Cl, or ci ^ c/2. But c = 90°. Hence 
Cl g 45°. Now lay off RiR<i = QRi and draw QR-i. Then 62 = C2 
by Corollary la, and ci ^ 62 + C2 by Theorem VIII; thus 
Cl ^ 2 C2, or C2 ^ Ci/2, or C2 ^(1/2) • (c/2), or C2 g c/2^, or 
C2 ^ 22.5°. Repeating this argument we get C3 ^ 11.25°, and so 
on. After n such steps, we have c„ ^ c/2”, or c„ ^ 90°/2". By 
the remark preceding Theorem VII, there exists a natural num- 
ber n such that 90°/2" is less than the positive quantity 90° — a, 
no matter how small 90° — a may be. (For example, if a were 
89°, 90° — a would be 1°, and we would have C4 ^ 5.625°, 
Cs ^ 2.8125°, Ce ^ 1.40625°, C7 ^ .703125°; thus C7 < 1° and 
n = 7 steps would be satisfactory in this example.) Hence, in 
triangle PQR„, 4.PP„Q = c„ < 90° — a. Now, for every nat- 
ural number n, ii^-PQRn < a; for m does not meet I while QR„ 
does, so that QR„ lies below m. Finally 4.P = 90°. Hence the 
angle-sum of triangle PQP„ == 2^P -I- 2^PP„Q -|- 2^PQP„ < 
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90° 4- (90° — a)4- a; that is, the angle-sum of triangle PQRn is 
less than 180°. (In our illustrative example, = 89°. Hence 
2^^PQR^ < 89°, cj = 4 P/ 27 Q < 1°, A-P — ^^0° and therefore 
the angle-sum of triangle PQR^ is < 180°.) This completes the 
proof. 

Theorem XXI. The angle-sum of every triangle is less than 
180°. 

Proof. Follows immediately from Theorems XX and XIX. 

Remark. The proofs in this section involve some theorems 
which were taken intuitively but which could have been proved 
logically from a complete set of postulates. In particular, they 
are riddled with inferences drawn from the diagrams or pictures. 
The derivation of Lobachevskian geometry, or, for that matter, 
Euclidean geometry, from postulates by strict logic without any 
pictorial inference is a difficult task which is best left for ad- 
vanced courses. Your high school Euclidean geometry text took 
intuitively many things such as we slid over here. The references 
at the end of the chapter will provide places where one can find 
sound logical treatments of Euclidean geometry (especially, 
Veblen, and Forder). 

EXERCISES 

Prove j in Lobachevskian geometry ^ that: 

1. There exists no quadrilateral with an angle-sum of 300°. 

2. If the angles of one triangle ABC are respeetively equal to the angles of 



another triangle (that is, if i4 = il', B = B\ and C — C*), then the two 

triangles are congruent.* (Hint: Suppose the contrary. Lay off one triangle on 

♦ It follows that in Lobachevskian geometry there are no similar but non-congruent 
figures. Hence if space were really Lobachevskian it would be fair to say that any 
picture of your sweetheart fails to do her or him justice, unless the picture were life- 
size. 
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the other so that 4-^4 and 4-4' coincide. Show that Fig. 240c cannot occur and 
show that the resulting quadrilateral BCC'B' must have an angle-sum of 360° 
contrary to exercise 1.) 

3. If in a quadrilateral ABCD we have AD = BC and A = B = 90°, then the 
angles D and C are equal but acute. (Hint: draw DB and AC.) 

4. Is the theorem "if two distinct lines are both parallel to the same line, then 
they are parallel to each other” true in Lobachevskian geometry? 

162; Riemannian geometry. Riemann (1826-1866) devel- 
oped many non-Euclidean geometries, different from Lobachev- 

ski’s. In the two classic 
ones, called single-elliptic' 
and double-elliptic geometry 
respectively, one assumes in- 
stead of the Euclidean par- 
allel postulate the following: 

Riemannian parallel pos- 
tulate. There are no parallel 
lines. 

That is, any pair of lines 
must meet somewhere. 
Single-elliptic geometry is 
difficult to picture con- 
cretely, so we shall discuss 
here only the Riemannian 
geometry known as "double- 
elliptic geometry” which can 
be pictured easily. Double- 
elliptic geometry differs from 
Euclidean geometry not only 
by assuming the Rieman- 
nian parallel postulate in- 
stead of the Euclidean parallel postulate but also contradicts 
another Euclidean postulate, namely the one designated as Pos-. 
tulate 2 (section 149). Postulate 1, however, is retained, so that, 
in this geometry, two distinct points may have one or more lines 
passing through them. We shall refer to this double-elliptic 
geometry as Riemannian geometry hereafter, since it is the only 
one of Riemann’s geometries that we shall discuss. 



Georg Friedrich Bernhard Riemann 
1826-1866, German 
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To show that this Riemannian plane geometry is just as con- 
sistent as Euclidean geometry we can make a model of a Rie- 
mannian "plane” in Euclidean space, as follows. Consider the 
surface of a sphere in Euclidean space; call it a Riemannian 
plane. Let us make a concrete interpretation of the abstract 
logical system called Riemannian plane geometry as follows. 
The undefined term "point” in Riemannian plane geometry shall 
be interpreted as meaning an ordinary (Euclidean) point on the 
surface of the sphere. The undefined term "line” in Riemannian 
plane geometry shall be interpreted 
as meaning a great circle on the 
sphere (that is, a circle formed by 
the intersection of the sphere with 
a Euclidean plane passing through 
the center of the sphere). Then all 
Riemann’s postulates can be seen 
to be verified (Fig. 241). If 2 points 
happen to be diametrically oppo.site 
on the sphere then there are many 
"lines” (great circles) through them. 

For example, all the meridians of 
longitude lie along great circles 
through the North and South poles. Clearly all "lines” (great 
circles) intersect. 

It follows that Riemann’s geometry is as consistent as Euclid’s. 
For if Riemann’s geometry involved any contradiction, the fact 
that we can have a model of Riemann’s geometry in a Euclidean 
space would imply that the same contradiction must exist in the 
geometry of great circles on a sphere in Euclidean geometry. 

As for applying to reality, the answer is much as before. In 
Riemann’s system the sum of the angles of any triangle is more 
than 180°. For example, on the earth’s surface, a triangle formed 
by the equator, the Greenwich meridian (0° longitude) and the 
meridian of 90° West Longitude, has in it three right angles (Fig. 
241). But measurement does not reveal whether the sum of the 
angles of any physical triangle is exactly 180° or 180.000002° (or 
179.99999876°). Therefore this test does not enable us to say 
that Rie mannia n geometry does not fit reality. In fact, suppose 
that what we think of as a plane were really a .spherical surface of 
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tremendously large radius. Then any “small” region of the sur- 
face would appear to be flat, just as small regions on the earth’s 
surface appear to be flat within the limits of our ability to meas- 
ure although the earth is really approximately spherical. Thus 
surveyors, measuring small tracts of real estate, use the formulas 
of Euclidean plane geometry although they know that the earth 
is not flat, because in the small region of the earth’s surface in 
which they are operating the differences between the two sys- 
tems would not be measureable. Now “small” is a relative term 
and we can easily imagine a sphere of radius so large that a region 
on its surface whose size was greater than the range of our actual 
astronomical experience would appear to be flat within the limits 
of our ability to measure. Thus it might be that the geometry of 
“actual” space is really Riemannian. In fact, the discrepancies 
between the theorems of Euclidean and Riemannian geometry, 
in any limited region such as that of our actual experience, can 
be made too small to measure by merely supposing that the ra- 
dius of the sphere is large enough. 

On the other hand we must not suppose that the surface of a 
Euclidean sphere is the only possible concrete interpretation of 
Riemannian geometry; just as we must not suppose that the in- 
terior of a Euclidean circle is the only possible concrete interpre- 
tation of Lobachevskian geometry. In fact the whole point is 
that, as far as we can tell, the actual universe may be a concrete 
interpretation of Riemannian geometry. The spherical surface 
is introduced here merely to establish that Riemannian geometry 
is just as logically consistent as Euclidean. 

Remark. On a flat surface (Euclidean plane), the shortest path 
joining 2 points is a straight line. It can be proved that on a 
spherical surface, the shortest path joining two points lies along 
the great circle passing through them. Hence, navigators on the 
ocean and aviators on long trips travel along great circles. 
Therefore it is not unnatural to expect great circles on a sphere 
to have properties analogous in many respects to the properties 
of straight lines in a (Euclidean) plane. Thus, in a sense Rie- 
mannian geometry is suggested by our practical experience. Of 
course, the geometry of the sphere was studied by the ancient 
Greeks. But it would not have occurred to them to interpret the 
undefined term “line” as meaning a great circle on a sphere, since 
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they thought of lines as having the usual intuitive meaning and 
not as undefined terms at all. 

163. Conclusion. We have seen that other abstract mathe- 
matical sciences than Euclidean geometry may apply equally 
well to the physical world. We have looked at two forms of non- 
Euclidean geometry, Lobachevskies and Riemann’s. There are 
other geometries besides these which are also different from 
Euclid’s. One such geometry has actually been found more 
convenient than Euclidean geometry in Einstein’s physical the- 
ory of relativity. However, the discrepancies between the results 
of Einstein’s theory and those of Newton’s physical theory which 
is based on Euclidean geometry are so small in size that they can- 
not be measured except in connection with astronomical dis- 
tances. Thus for practical work, on the earth, we continue to 
use Euclidean geometry and Newtonian physics since they are 
much simpler to handle. 

However, this does not imply that non-Euclidean geometry is 
unimportant. In fact, it was the attempt to prove the Euclidean 
parallel postulate which led to the invention of non-Euclidean 
geometries which, in turn, led to a deep reconsideration of the 
nature of mathematics and forced mathematicians to arrive at a 
clear understanding of the difference between abstract mathe- 
matical sciences or Pure Mathematics and concrete interpreta- 
tions or Applied Mathematics. It led to the overthrow of the 
idea that our assumptions are self-evident truths. It led to the 
understanding of the difference between truth and validity in 
connection with scientific theories. For, if one of these alterna- 
tive geometries (Euclid’s, Lobachevski’s, or Riemann’s) is actu- 
ally true of the physical world, then the others are false, since 
they contradict each other. But they do not contradict them- 
selves, and each of these logically consistent geometries seems to 
fit the real world as well as the others. Hence, one can no longer 
say that the axioms of Euclid are “absolute truths.” It led to 
the wholesome practice (among scientists) of examining clo.sely 
and challenging the underlying assumptions upon which our the- 
ories are based. 

In stirring up these questions, and hence leading to a clear 
understanding of the nature of pure mathematics and applied 
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mathematics, the study of non-Euclidean geometries performed 
its greatest service. These matters were discussed in Chapter 
II, sections 8 and 9. Now that the reader has more mathemat- 
ical background, we shall take them up again, and in greater de- 
tail, in the next two chapters. 

REFERENCES 

E. T. Bell, The Queen of the Sciences^ G. E. Stechert, N. Y., 1938. 

E. T. Bell, The Search for Truths Reynal and Hitchcock, N. Y., 1934. 

H. S. Carslaw, Elements of Non-Emlidean Plane Geometry^ Longmans Green, 
London, 1916. 

J. L. Coolidge, Non-Euclidean Geometry, Oxford Univ. Pres^, London, 1927. 

H. G. Forder, Euclidean Geometry, Cambridge Univ. Press, Cambridge, 1927. 

D. Hilbert, Foundations of Geometry (translated by Townsend) Open Court, 
Chicago, 1921. 

H. P. Manning, Non-Euclidean Geometry, Ginn, Boston, 1901. 

H. Poincar6, The Foundations of Science, The Science Press, N. Y., 1913. 

J. W. Young, Fundamental Concepts of Algebra and Geometry, Macmillan, 
N. Y., 1911. 

J. W. A. Young, Monographs on Modern Mathematics, Longmans Green, N. Y., 
1911. (Chapters by 0, Veblen and F. S. Woods.) 




Chapter XVII 

TWO SIMPLE MATHEMATICAL SCIENCES 


164. Introduction. Throughout the book we have called at- 
tention repeatedly to the nature of abstract mathematical sci- 
ences and their concrete interpretations or applications, and we 
have discussed many illustrations of these things. Beginning 
with Chapter II, sections 8 and 9, we have seen that if one at- 
tempts to treat any subject matter logically one is inevitably led 
to base the treatment on some unproved assertions, called postu- 
lates, and some undefined terms; otherwise one becomes en- 
meshed in circular reasoning or circular definitions or both. 
When we do begin with unproved postulates and undefined 
terms, and we proceed to define new terms and prove new asser- 
tions by deductive logic we obtain an abstract mathematical 
science or abstract logical system, and we have been engaged in 
postulational thinking. Thus an abstract mathematical science 
does not refer to any particular concrete subject matter. A con- 
crete interpretation or application arises when we assign some 
meanings to our undefined terms. Of course, our postulates and 
undefined terms are usually suggested by experience and are 
chosen with some application in mind. But we have seen that 
one of the advantages of abstract mathematical sciences is that 
they may well be applicable to several different subject matters 
or concrete interpretations. See, for instance, the example of 
section 19 and the trivial examples 1 and 2 of section 8. Some of 
our work in algebra and geometry has been done in the form of 
abstract mathematical sciences. But we were unable to do all our 
work here on a strict logical basis because algebra and geometry 
are complicated abstract mathematical sciences based on many 
postulates. In this chapter we shall study two simple examples 
of abstract mathematical sciences and their concrete interpreta- 
tions each of which is based on only a few postulates. We shall 
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examine more closely some of the characteristics of postulational 
thinking. 

166. Groups. We shall discuss here a simple but very impor- 
tant example of an abstract mathematical science and some of 
its concrete interpretations. Let us take as undefined terms a 
set G of undefined objects, called elements of G, which we de- 
note by small letters a, h, c, • • • , and an undefined operation 
denoted by o , whose properties will be given in the postulates. 
The significance of these postulates will become clearer as soon 
as some concrete interpretations are discussed, immediately be- 
low. 

We now assume the following postulates. 

/. To every pair of elements a and b of G, given in the stated 
order, there corresponds a definite {unique) element of G, denoted by 

a o b. (Law of closure for the operation o .) 

II. Ifa,b,c, are any elements of G, then a o {b o c) = (a o b) o c. 

(Associative law for the operation o .) 

III. There exists a unique element of G, denoted by e, having the 
property that, if a is any element of G whatever, then aoe — 
e o a = a. 

Definition. The element e is called the identity element. 

IV. To each element a of G there corresponds a unique element 
of G, denoted by a', having the property that a o a' = a' o a = e. 

Definition. The element a' is called the inverse of a. 

A set G of elements with an operation satisfying these postu- 
lates is called a group. Note that the word “group” is used here 
in a technical sense, not in the everyday sense as a synonym of 
set, collection, or assemblage. The group G is called commuta- 
tive or Abelian (after Abel) if it also satisfies the following postu- 
late. 

V. If a and b are any elements of G, then a o b — b o a. (Com- 
mutative law for the operation o .) 

Postulate V is not a logical consequence of the other postulates 
as may be seen below from the fact that some concrete inter- 
pretations of Postulates I, II, III, IV, namely the sixth and sev- 
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enth interpretations below, do not satisfy V. For if V were a 
logical consequence of I-IV then V would have to be true when- 
ever I-IV were true. We shall now exhibit several different con- 
crete interpretations of the postulates for a group. 

First interpretation. Let the set G be the set of all integers, 
0, ±1, ±2, • • •, and let the operation o be addition. Then 
Postulate I is satisfied since, to every pair of integers a and fe, 
given in the stated order, there corresponds a definite (unique) 
integer, denoted hy a b. Postulate II is satisfied .since if a, b, 
c, are any integers, a -j- (6 + c) = (a + ^) + c. Postulate III is 
satisfied since the integer 0, and no other integer, has the prop- 
erty that a + 0 = 0-l-a = a for any integer a. Hence, the 
identity element e in this interpretation is zero. Postulate IV is 
satisfied since to each integer a there corresponds a unique inte- 
ger, namely (—a), such that a -f- ( — a) = ( — a) -p « = 0. Hence 
the inverse of a in this interpretation is t he negative of a. Thus 
we have a group. In fa(!t, postulate V is also satisfied since 
a b — b a for any integers a and b. Hema;, the .set of inte- 
gers with the operation + form a commutative group in which 

0 is the identity element, and — a is the inverse of a. 

Second interpretation. Let G be the set of all positive rational 
numbers (fractions). Let the operation o be multiplication. 
Then if 1 is taken as the identity element and 1/a as the inverse 
of a, all the postulates for a commutative group are satisfied. 
Postulate I is satisfied since if a and b are any po.sitive rational 
numbers there is a unique positive rational number a ■ b. Pos- 
tulate II is satisfied since if a, b, c are any positive rational num- 
bers then a ■ {b ■ c) = {a ■ b) ■ c. Postulate III is satisfied since 

1 a = a l = afor any positive rational number a. Postulate 
IV is satisfied since for each positive rational number a, there Ls 
a positive rational number 1 /a such that a ■ {\/ a) — {1/ a) ■ a = 1. 
Postulate V is satisfied since a b = 6 • a for any positive rational 
numbers a and b. 

However, if we interpreted G to be the set of all positive inte- 
gers and the operation to be multiplication, all the postulates 
except IV would be satisfied. But IV would not, since the posi- 
tive integer 3, for example, would have no inverse. That is, 
there is no positive integer x such that 3 x = x 3 = 1 . 
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Exercise 1. Would all j&ve postulates for a commutative group be satisfied if 
G is taken to mean the set of positive integers and the operation is addition? Ex- 
plain. 

Exercise 2, Show that if G is the set of all even integers, the operation o is 
addition, 0 is the identity element, and — a is the inverse of a, then we have a 
commutative group. Write out all 5 postulates replacing the undefined terms by 
their meanings in this interpretation. 

Third interpretation. Let G be the set of all rational numbers 
and let o be addition. Let 0 be taken as the identity element 
and — a as the inverse of a. 

Exercise S. Verify that the postulates for a commutative group are satisfied 
in this interpretation. Write out all the postulates replacing the undefined terms 
by their meanings in this concrete interpretation. 

Exercise 4- Would all five postulates be satisfied if we let G be the set of all 
positive rational numbers and the operation is addition? Explain. 

Fourth interpretation. Let G be the set of all rational numbers 
except zero, and let o be multiplication. Let 1 be the identity 
clement and let 1/a be the inverse of a. 

Exercise 5. Verify that the postulates for a commutative group are verified in 
this interpretation. Write out all the postulates replacing the undefined terms by 
their meanings in this concrete interpretation. 

Exercise 6. Would all five postulates be satisfied if we let G be the set of all 
rational numbers including zero, and the operation is multiplication? Explain. 

Fifth interpretation. Consider the dial in Fig. 242. Let the 
elements of G be the numbers 0, 1,2, 3, 4, alone. 

O Let the operation o be “addition” understood in 
‘ the following sense: the “sum” 2+1 shall 
mean the number to which the dial hand points 
after rotating in the indicated direction (see 
Fig. 242) through two spaces starting from 0 
and then through 1 space. Thus 2 + 1 =3. 
Fig. 242 2ero is interpreted to mean do not rotate at all. 
In this way we get the “addition table”: 


0 

+ 0 

= 0 

1 

+ 0 

= 1 

2 

+ 

0 

= 2 

3 

+ 

0 

= 3 

4 

+ 0 

= 4 

0 

+ 1 

= 1 

1 

+ 1 

= 2 

2 

+ 

1 

- 3 

3 

+ 

1 

= 4 

4 

+ 1 

= 0 

0 

+ 2 

= 2 

1 

+ 2 

= 3 

2 

+ 

2 

= 4 

3 

+ 

2 

= 0 

4 

+ 2 

= 1 

0 

+ 3 

= 3 

1 

+ 3 

= 4 

2 

+ 

3 

= 0 

3 

+ 

3 

= 1 

4 

+ 3 

= 2 

0 

+ 4 

= 4 

1 

+ 4 

= 0 

2 

+ 

4 

= 1 

3 

+ 

4 

= 2 

4 

+ 4 

= 3. 
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Let 0 be the identity element. From the addition table we see 
that the inverse of 2 is 3 (since 2 + 3 = 3 + 2 = 0), the inverse 
of 4 is 1, (since 4 + 1 = 1+4 = 0), and so on. Thus all the 
postulates except II can be verified easily by examining the table. 
The verification of Postulate II is tedious since one has to ex- 
amine all possible triplets formed by numbers 0, 1,2, 3, 4. For 
example to verify that (2 + 4) + 3 = 2 +(4 + 3) we observe 
from the table that the left side is 1 + 3 or 4 while the right side 
is 2 + 2 or 4. 


EXERCISES 

7 . Verify that 4 +(.3 + 4) = (4 3)+ 4. 

8. Verify that 2 +(3 + 4) = (2 + 3)-h 4. 

9 . Define 4 • 3 as 3 -|- 3 + 3 + .3, 2 • 4 = 4 + 4, and so on; thus 4-3 = 2, 
2-4 = 3, and so on. Make a “multiplication” table for the numbers on the dial 
above. Show that if we let the “elements of (?” be the numbers 1, 2, 3, 4 (but not 
0) and we let the operation o be “multiplication,” and we let 1 be the identity, 
then all the postulates for a commutative group are satisfied. Verify Postulate 
II only for 3 or 4 instances. 

10 . Make up an “addition table” like that of the fifth interpretation for the 
numbers 0, 1,2, 3, 4, 5, on a similar dial. Show that the postulates for a com- 
mutative group are satisfied with addition as the operation and 0 as the identity. 
Verify Postulate II only for 3 or 4 instances. 

11 . Make up a “multiplication table” for the numbers on the dial of exercise 
10, similar to that of exercise 9. Show that even though 0 is excluded, the ele- 
ments 1, 2, 3, 4, 5 with “multiplication” as the operation o and 1 as the identity do 
not satisfy all the postulates for a group. Which postulate is not satisfied? 
Verify Postulate II only for 3 or 4 instances. 


Sixth interpretation. Let G be the set of six letters e, p, q, r, 
s, t. Let the operation o be defined by the following “multi- 
plication table” (or “operation table”) : 


e 

O 

e 


e 

e 

O 

p = p 

e 

O 

9 

= 3 

e 

O 

r 

= r 

e 

O 

s 

= s 

e 

O 

t 

= t 

V 

O 

e 

= 

V 

V 

O 

p = q 

V 

O 

3 

= e 

V 

O 

r 

= s 

V 

0 

s 

= t 

7> 

O 

t 

= r 

Q 

o 

e 

= 

Q 

Q 

o 

p = e 

0. 

o 

3 

= p 

3 

o 

r 

= t 

3 

o 

s 

= r 

3 

o 

1 

= s 

r 

o 

e 

= 

r 

r 

0 

p = t 

r 

o 

3 

= s 

r 

o 

r 

= e 

r 

o 

s 

= 3 

r 

o 

t 

= p 

s 

o 

e 

= 

s 

s 

o 

p — r 

s 

o 

3 

= t 

s 

o 

r 

= p 

s 

o 

s 

= e 

s 

o 

t 

= 3 

t 

o 

e 

= 

t 

t 

0 

p = s 

t 

o 

3 

= r 

t 

o 

r 

= 3 

t 

o 

S 

= p 

t 

o 

t 

= e. 


By inspection of this table we see that Postulates I and III are 
verified immediately, with e as the identity element. Similarly 
IV is obvious from the table; for example, the inverse of p is g 
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.since 'poq = qop = e, and the inverse of r is r since r o r = e. 
Postulate II has to be verified by tediously inspecting all possibh; 
triplets of elements. For example, to verify that p o (r o t) = 
{p o r) o t we observe from the table that the left side is p o p 
or q and the right side is s o f or g. Note that Postulate V is not 
satisfied; for example p o r = s while r o p = t. Hence this is 
a group but not a commutative group. The construction of this 
table so as to satisfy postulates I through IV but not V may seem 
to be a remarkably ingenious feat ; for if you try to make up such 
a table by random experiment, it will seem very difficult. In 
fact, however, the table given here was actually derived from the 
seventh interpretation below which is historically important. It 
can be shown that there is no simpler non-commutative group. 


EXERCISES 

12. What is the inverse: (a) of q; (h) of s; (c) of e; {d) of t? 

13. Verify that go (s o <) = (g o s) o t. 

14. Verify that g o (f o s) = (g o <) o s. 


Seventh interpretation. Let the numbers 1, 2, 3 represent vol- 
umes 1, 2, and 3 of a certain 3-volume work, re.spectively, stand- 
ing in line on a shelf. Let us remove the books from the shelf and 
replace them in the order 3, 1, 2. The effect has been to replace 

( 123 

O 1 Z 


stand for the act of replacing volume 1 by volume 3, volume 2 by 

( 123\ 
312/ 

( 123\ 

j stands for the 


act of replacing volume 1 by volume 2, volume 2 by volume 3, 
and volume 3 by volume 1 . Denote ^231) 

t 


= ('123\ 
\213/’ 


= ('123\ 
\321/ 


/123\ 

\132/’ 


= 

\i23y 


Thus e stands for the act of replacing the books in the same order 
as they are, that is, of leaving the volumes as they are. Let p o r 
mean perform the act p, then the act r. Thus p replaces 1 by 3 
and r replaces 3 by 3. Hence p o r replaces 1 by 3. Similarly p 
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replaces 2 by 1 and r replaces 1 by 2. Hence p o r replaces 2 by 
2. Finally p replaces 3 by 2 and r replaces 2 by 1. Hence p o r 

replaces 3 by 1. Thus o Or, p . r = s. 

Exercise 15. Verify that the “multiplication table” for this interpretation is 
exactly the same as for the sixth interpretation. Hence this is a group but not a 
commutative group. 

Eighth interpretation. Let G be the set of all vectors beginning 
at a given point in the plane. Let the operation o be the addi- 
tion of vectors (section 122) ; that is, the sum of two vectors is the 
vector represented by the diagonal of the parallelogram (except 



when the two given vectors have the same or opposite direction 
in which case they are added by placing one after the other ) . Let 
the identity element be a vector of “length” zero. Let the in- 
verse of any vector be a vector of the same length in the oppo.site 
direction. 

Exercise 16. Verify that all the postulates for a commutative group are satis- 
fied in this interpretation. To verify the associative law (Postulate II) is a 
rather complicated exercise in geometry. 

The study of groups originated in situations like that of the 
seventh interpretation toward the end of the 18th and the begin- 
ning of the 19th centuries. These were studied by Lagrange 
(1736-1813), Abel, Galois, and others in connection with the 
solution of equations (see section 38). They also came to be of 
central importance in geometry. Groups are now a very funda- 
mental study in higher mathematics and physics in many differ- 
ent connections. Although no practical application of groups 
was known 100 years ago, groups are now studied in connection 
with quantum phy.sics. 
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It is clear that if we prove theorems in the abstract mathemat- 
ical science based on Postulates I, II, III, IV, these theorems will 
apply automatically to all the different concrete interpretations 
of this abstract logical system. Hence, it is not necessary to 
prove these theorems over again in connection with each inter- 
pretation. This is one advantage of abstract or pure mathe- 
matics. It is a great unifying device which enables us to prove 
in one stroke results which apply to different subject matters. 
Furthermore, if a result is known in connection with one inter- 
pretation it may be discovered that the result depends only on 
our four postulates. This clarifies the nature of this result for 
our interpretation, and the result becomes automatically known 
for all other interpretations. In the next section we shall prove 
a few easy theorems about groups. 

166. Some theorems about groups. We shall prove some the- 
orems on the basis of Postulates I to IV only. Of course, we 
must be careful not to use anything not given in the postulates. 
We do not assume Postulate V. We must recall that a statement 
of the form a = h means that a and h represent the same element 
of the group G. That is, a and h are merely different symbols or 
names for the same element of G. Hence, if a = 6, either sym- 
bol may be substituted for the other freely. Thus, from a — h 
we may conclude that aoc = 6ocorcoa = co6, by substi- 
tution. Similarly if a = 6 and & = c, we may conclude that a = 
c. Any inference of this sort will be referred to as “substitution.” 

Theorem 1. If a and b are any elements of G then a o b' is an 
element of G. 

Proof. By Postulate IV, b' is an element of G. By Postulate 
I, a o 6' is an element of G. 

Theorem 2. If a and b are any elements of G then a' o b is an 
element of G. 

Proof. We leave this as an exercise. 

Theorem 3. If x — a' o b then a o x = b, all letters represent- 
ing elements of G. 

Proof. If X = a' o b then a o x = a o (a' o b) hy substitu- 
tion. By Postulate II, a o (a' o b) = (a o a') o b. By Postulate 
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IV, a o a' — e. Hence a o x = e o h by substitution. But 
e o 6 = 6 by Postulate III. Hence a o x = 6 by substitution. 

Theorem 4. Conversely, if a o x = b then x = a' o b, all 
letters representing elements of G. 

Proof. If a o X = 6 then a' o (a o x) = a' o 6 by substitu- 
tion. By Postulate II, a' o (a o x) — {a' o a) o x. By Postu- 
late IV, a' o a — e. Hence, e o x = a' o 6 by substitution. By 
Postulate III, e o X = X. Hence x = a' o b by substitution. 

Theorem 5. If aob = aoc then b - c, all letters represent- 
ing elements of G. 

Proof. If a o b = a o c then a' o {a o b) — a' o {a o c) by 
substitution. By Postulate II, we obtain (a' o a) o b = 
(a' o a) o c. By Postulate IV, e o b = e o c. By Postulate III, 
b = c. 

Theorem 6. If a and b are any elements of G, then (a o b)' = 
b' o a'. 

Proof. By Postulate I and Postulate IV, a o b and b' o a' 
are elements of G. Hence by Postulate I, (a o 6) o (6' o o') is 
an element of G. By Postulate II, (o o 6) o (b' o o') = 
o o [6 o (6' o o')] = a o [(& o b') o a']. By Postulate IV and 
substitution, (a o 6) o (6' o o') = a o (e o o'). By Postulate 
III, o o (e o o') = o o o'. By Postulate IV o o o' = e. Hence 
by substitution 

(1) (o o 6) o (6' o o') = e. 

By Theorem 4, if o x = k then x = h' o k. Applying this to 
(1) with h ={a o b), x = (b' o o') and k = e, we have 6' o o' = 
(o o 6)' o e. By Postulate III 

b' o a' = (a o b)' 

which is what we had to prove. 

Let us see what one of these theorems means in various inter- 
pretations. For example, when interpreted in the sense of our 
first interpretation (section 155), Theorem 3 says if x = 
(_ a)-l- 6 then a x = b, all letters representing integers.” 
When interpreted in the sense of the second interpretation. 
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Theorem 3 says ‘‘if x =(l/a) • h then a • x = h, a\\ letters rep- 
resenting positive rational numbers.” 

Many other theorems can be deduced from our four postulates. 
In fact, numerous books and articles in scientific journals are 
devoted to the study of the theory of groups. 

EXERCISES 

1 . Restate Theorems 1 to 6 above in terms of each of the first two interpreta- 
tions of section 155. 

2. Prove that \i x — h o then x oa — h. 

3. Prove that U x o a = h then x = 6 o a'. 

4 . Prove that if6oa = coa then b c, 

6 . Prove that (a')'= a, 

6 . Restate exercises 2“-5 in terms of the first two interpretations of section 
155. 

167. A miniature geometry. In this section we shall study 
another abstract mathematical science and several concrete in- 
terpretations of it. 

Let us take as undefined terms a set of undefined objects called 
elements and certain undefined classes of these elements called 
/-classes. Let us assume the following postulates. The signif- 
icance of these postulates will become clear as soon as we examine 
some of the concrete interpretations of this abstract mathemati- 
cal science. 

/. There exists at least one l-cla^s. 

II. Not all elements belong to the same l-class. 

III. Given two distinct elements, there is at most {not more than) 
one l-class containing them. 

IV. Every l-class contains exactly three elements. 

V. Given an l-class I and an element P not contained in I, there 
exists exactly one l-class I' containing P and having no element in 
common with 1. 

VI. Given an element P and an l-class I not containing P, there 
exists exactly one element P' contained in I such that no l-class con- 
tains both P and P'. 

Note that we do not say “given any two distinct elements P 
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and P', there is an /-class containing both P and P'." Postulate 
II asserts only that there is no more than one such /-class; but 
there may be none. In fact, Postulate VI asserts that there are 
pairs of elements which are not contained in any common /-class. 

Before proving any theorems in this abstract mathematical 
science, let us examine some of its concrete interpretations. 

First interpretation. Let the “elements” be the nine letters A, 
B, C, D, E, F, G, H, I. Let the “/-classes” be the following nine 
classes of these elements; 

{ABC), {DBG), {IBF), 

{AEG), {DEF), {lEC), 

{AHF), {DHC), {IHG). 

Exerdse 1 . Verify in detail that all 6 postulates are satisfied in this interpreta- 
tion. Postulates I, II, IV are obviously satisfied. The others must be verified l)y 
systematic detailed inspection. For example, given the Z-class {ABC) and the 
element Z) not contained in it, there is exactly one f-class, namely {DEF), con- 
taining D and having no element in common with {ABC). This verifies postulate 
1' for this one instance. Verify Postulates III, V, and VI only for three eases 
each. 

Second interpretation. The Mathematics department of a cer- 
tain college has nine members whose names are found below, and 
is organized into nine committees. Let the “elements” be the 
members of the department and let the “/-classes” be the com- 
mittees which are constituted as follows: 

Committee on Curriculum: Ames, Burk, Camp 

Committee on Examinations: Ames, Ellis, Green 

Committee on Appointments: Ames, Harris, Fisher 

Committee on Student Affairs: Davis, Burk, Green 

Committee on Library: Davis, Ellis, Fisher 

Committee on Awards: Davis, Harris, Camp 

Committee on Graduate Studies: Irving, Burk, Fi.sher 
Committee on Public Relations : Irving, Ellis, Camp 

Committee on Finance: Irving, Harris, Green. 

Exercise 2. Verify that all six postulates are satisfied in this interpretation. 
(Hint: compare the first interpretation.) 

Third interpretation. Let the “elements” be the nine points 
A, B, C, D, E, F, G, H, I in Fig. 244. Let the “/-classes” be the 
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nine triplets of these points which are joined by some straight 
line. Let us call these triplets of points “/fnes.” Thus every line 

contains 3 points; that is, a “line” 
is a set of three points in this sys- 
tem. We may say that a point 
is “on” any line which contains it; a 
line is said to “pass through” any 
point on it. If two distinct points 
are on the same line I, they are said 
to be “joined” by 1. If two distinct 
lines pass through (contain) the 
same point P they are said to “meet” or “intersect” at P. Two 
lines which do not meet (contain no common point) are called 
“parallel.” 

Exercise 3. Verify that all (5 postulates are satisfied in this interpretation. 

Since this interpretation is easiest to visualize we shall use the 
geometric terminology just introduced. The abstract mathemat- 
ical sciem^e we are studying may be called a miniature geometry 
becau.se of the geometric flavor of this interpretation. It may as- 
sist you in reading the next section to refer constantly to Fig. 
244, remembering always that a “line” is a set of 3 points in this 
system, and that the streaks drawn in the figure are intended 
only as an aid to one’s vision. 

168. Some theorems in our miniature geometry. It will be 
convenient to restate our postulates in the geometric language in- 
troduced at the end of the previous section, as follows. 

/. There exists at least one line. 

II. Not all points are on the same line. 

III. Given two distinct points, there is at most one line joining 
them. 

IV. Every line passes through (contains) exactly S points. 

V . Given any line I and a point P not on /, there exists exactly 
one line I' passing through P and parallel to 1. 

VI. Given a point P and a line I not passing through P, there 
exists exactly one point P' on I such that no line joins P and P' . 

While Fig. 244 will be helpful in understanding the following 
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proofs, it must be remembered that we must not infer anything 
from our visual percreption of the figure. That is, all arguments 
must be based strictly on the postulates, definitions, or previ- 
ously proved theorems. Nothing else may be used except the 
principles of logic itself. 

Theorem 1 . There exists at least one point. 

Proof. Immediate consequence of Postulates T and TV. 

Theorem 2. Not all lines pass through the same point. 

Proof. By Postulate I, there is a line I. By Postulate Tl, there 
is a point P not on 1. By Postulate V, there is a line /' passing 
through P. But I does not pass through P. This proves the the- 
orem. 

Theorem 3. Two distinct lines hare at most one point in com- 
mon. 

Proof. If there were two distinct lines with two points in com- 
mon, this would contradict Postulate 111. Ihuice our theorem is 
proved. 

Theorem 4. Exactly 3 lines pass through each point. 

Proof, (a) We prove first that at least 3 lines pass through each 
point. By Theorem 1, there exists at least one point; let A be 
any point. By Theorem 2, there exists a line not passing through 
A. By postulate IV, this line consists of 3 points, none of which 
can be A; call them D, E, F, say (Fig. 244). By Postulate VI, A 
is joined by lines to exactly 2 points of the line DEF. By Postu- 
late V, there exists one line through A parallel to DEF; call it 
ABC. This line ABC together with the two lines obtained in the 
previous step give us three lines through A. 

(b) We now prove that through A there pass at most three 
lines. Suppose there were a fourth line a: through A. Either x is 
parallel to DEF or it meets DEF. Now x cannot be parallel to 
DEF, for if it were, we would have two lines, ABC and x, both 
through A and both parallel to DEF, contrary to Postulate V. 
On the other hand x cannot meet DEF. For A is already joined 
by lines to two points of DEF. Now x cannot join .4 to a third 
point of DEF since that would contradict Postulate VI; and x 
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cannot join A to either of the points of DBF to which A is al- 
ready joined because that would contradict Postulate III. 
Hence, in any case, a fourth line x cannot exist. This proves (b). 
Our theorem follows from (a) and (b) immediately. 

Many other theorems can be deduced from our six postulates, 
but their proofs are too difficult to be given here. One interesting 
theorem states that there must be exactly nine points, neither 
more nor less. This is a logical consequence of the postulates 
which could hardly be foreseen intuitively. 

The miniature geometry which we have begun to study here 
was suggested by Fig. 244 which is called the Pappus configura- 
tion because of the following theorem of Euclidean geometry due 
to Pappus (about 340 a.d.) :ii A, B, C are points on one line and 
D, E, F are points on another line and if the pairs of lines AE and 
BD, AF and DC, BF and CE intersect in the points G, H, and I 
respectively then G, H, and I lie on the same straight line. The 
theorem of Pappus is really only a special case of a remarkable 
theorem of Pascal, a weak form of which may be stated as fol- 
lows: if a hexagon AECDBF is inscribed in a conic section so that 
all pairs of opposite * sides meet, then the three points of inter- 
.section of the pairs of opposite sides lie on the same straight line 
(Fig. 245). Note that a pair of lines is a special case of a conic 


E 



(a) (l>) 

Fig. 245 


section (see section 82). Pascal proved this theorem at the age of 
16. 

This miniature geometry exhibits a remarkable property 

* A hexagon consists of six points joined in some order by six lines. The first and 
fourth, second and fifth, third and sixth lines are called opposite to each other. 
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known as duality. If in any statement we interchange the words 
“point” and “line,” “on” and “through,” “point of intersection” 
and “line joining,” (corresponding changes in language being 
made to preserve grammar), the resulting statement is called the 
dual of the first, and the first is called the dual of the second. 
Now Postulates V and VI are duals of each other. Theorems 


1, 2, 3, 4 are the duals of Postulates I, II, III, IV, respectively. 
Since the dual of every postulate is a correct proposition in this 
system, the dual of every theorem must therefore be correct as 
well. Thus the dual of any proposition already proved need not 
be given a separate proof. For example, the dual of the theorem 
which says that “there exist exactly 9 points” will state that 
“there exist exactly 9 lines.” 


169. Consistency and independence. To create an aljstract 
mathematical science or abstract logical system, we have only 
to select some undefined terms, some unproved statements or 
postulates about them, and then define new terms in terms of the 
original undefined ones and prove new statements logically 
on the basis of the postulates. But it is essential that our postu- 
lates be consistent ; that is, they must not be cjapable of leading to 
cont radictory statements. How can we establish the consistency 
of a set of postulates? Clearly, the mere fact that we have de- 
duced 100 or 10*”“ theorems without encountering any contradic- 
tion does not establish that we will never encounter one. 

One way of proving the consistency of an abstract mathe- 
matical science is to exhibit a concrete interpretation of it; if 
concrete objects actually exist which satisfy the postulates then 
the postulates can not involve any contradiction. This faith in 
the logical consistency of the existing universe is so fundamental 
that it is hard to see how we could live without it. For example, 
the fact that the letters and /-classes of the first interpretation of 
section 157 exist and satisfy the postulates of our miniature 
geometry (section 157) establishes the consistency of that ab- 
stract mathematical science. Similarly the existence of the 
fifth or sixth interpretations of section 155 establishes the con- 
sistency of the postulates for a group. 

However, such an exhibition of an interpretation using a finite 
number of concrete existing objects is not always possible. In 
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particular, it is impossible if one of the consequences deducible 
from the postulates is that the number of elements (such as 
points or numbers) in the science is infinite (as happens, for 
example in the case of the postulates for Euclidean geometry or 
in the case of Peano’s postulates for the natural numbers). 

Another method of proving the consistency of an abstract 
mathematical science is to give a concrete interpretation of it con- 
structed within the framework of some other abstract mathe- 
matical science which is assumed to be consistent. In this way 
we established the consistency of the non-Euclidean geometries 
in Chapter XVI, assuming that Euclidean geometry is consist- 
ent. To establish the consistency of Euclidean geometry, we 
exhibit the concrete interpretation of its postulates afforded by 
the number-pairs, equations, etc., of analytic geometry (see 
section 87). This really establishes only that Euclidean geom- 
etry is as consistent as the number system. The consistency of 
the number system can be established if Peano’s five postulates 
for the natural numbers are assumed to be consistent.* 

To the question of the consistency of Peano’s postulates no 
satisfactory answer is known. If none have seriously questioned 
their consistency, this seems to rest on a faith which goes 
beyond that in the logical consistency of the concretely existing 
universe. Intuitively, Peano’s postulates arise from the count- 
ing process, which seems to be consistent; but this is hardly a 
consistency proof. (In fact, the counting process is always 
finite while Peano’s postulates imply the existence of an infinite 
set.) The interpretation of Peano’s postulates given by the 
finite cardinal numbers (section 148) establishes their consist- 
ency on the assumption of the consistency of certain logical 
operations involving sets; but that is no great progress, since 
these logical operations seem to be themselves more in need of 
justification than Peano’s postulates. 

Recently, consistency proofs for Peano’s postulates for the 
natural numbers have been given, using a method, radically 
different from the method of giving a concrete interpretation, 
which depends on an analysis of the processes of deductive 

* Properly speaking, besides the consistency of Peano^s postulates, it is necessary 
to assume also the consistency of certain logical operations which are used in defining 
the real numbers in terms of the rational numbers. The validity of these logical opera- 
tions has been seriously questioned in recent years by one school of mathematicians. 
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reasoning themselves by means of symbolic or mathematical 
logic. We cannot give here any more definite indication of the 
nature of these proofs. Suffice it to say that they also have their 
presuppositions, and the strength of these is such that no ulti- 
mate answer results to the question of the consistency of the 
elementary theory of the natural numbers. In any case, the 
subject of consistency has contributed to a rebirth of interest in 
symbolic or mathematical logic. 

Another property of postulates for an abstract mathematical 
science which is aesthetically desirable, although not logically 
important, is independence. That is, if a postulate can be de- 
duced from the remaining ones it is said to be dependent on them. 
In this case, there is no need to include the statement in question 
among the postulates. It is uneconomical and aesthetically un- 
satisfactory to assume something that need not be assumed be- 
cause it can be proved. In the same spirit as this is an economi- 
cal principle which is a good working rule in science; that is, we 
do not like to use many or complicated assumptions or hypothe- 
ses if few or simple ones will do just as well. This principle is 
known as Occam’s Razor.* For example, we do not like to ac- 
cept a mythological theory of natural phenomena which ascribes 
the cause of each phenomenon to the whim of a separate super- 
natural spirit, because we prefer a theory which can explain all 
these phenomena on the basis of a few general principles or “laws 
of nature” (postulates) . To show that a postulate P is independ- 
ent of the others, we have only to show that the others together 
with a postulate P', contradictory to F, form a consistent set. 
For if F could be deduced from the others, this latter set would 
be inconsistent since the resulting logical system would contain F 
and P'. Thus to show that Euclid’s parallel postulate is in- 
dependent of the other postulates of Euclidean geometry, we 
show that Lobachevskian geometry, which is based on all the 
postulates of Euclidean geometry (except the Euclidean parallel 
postulate) together with a parallel postulate contradictory to 
Euclid’s, is consistent (see section 150). Similarly, to show that 
the commutative law is independent of the other four postulates 
for a commutative group, we exhibit concrete interpretations of 

* After William of Occam (English, 14th century) who did not state it quite this 


way. 


456 


TWO SIMPLE MATHEMATICAL SCIENCES [Ch. XVII 


the other four postulates which do not obey the commutative 
law (see section 155, sixth interpretation). 


Example 1. Let us show that Postulate IV of the miniature 
geometry of section 157 is independent of the others. Consider 
a new abstract mathematical science which differs from that of 
section 157 only in that Postulate IV is replaced by Postulate 

IV . Every l-class contains less than three elements. 


To show that this system is consistent we merely have to ex- 
hibit a concrete interpretation of it, as follows. 
Let the “elements” be the letters A, B,C,D and 
let the “^-classes” be the classes {AB), {AD), 
(BC), (DC). Then Postulates I, II, III, IV', 
V, VI are all satisfied (Fig, 246) . Another inter- 
pretation of this system is indicated in Fig. 246. 
Hence Postulate IV is independent of the others. 

Exercise 1. Verify in detail that the concrete interpretation of example 1 
satisfies Postulates I, II, III, IV', V, VI. 



Example 2. To show that Postulate V of 
section 157 is independent of the others, let 
the “elements” be interpreted as the letters 
A, B, C, D, E, F and the “^-classes” as the 
classes {ABC), {AEF), {BDF), {CDE). This 
interpretation satisfies the Postulates I, II, 
III, IV, VI, and (see Fig. 247) 



V'. Every pair of l-classes have an element in common. 

Exercise 2. Verify the statements of example 
^ g 2 in detail. 

' Exercise S. Let the “elements” be the letters 

A, B,C, D, E, F, and the “i-classes” the classes 
{ABC), {DEF). This interpretation establishes 
the independence of one of the six postulates of 
section 157. Which one? Explain in detail. See 
Fig. 248. 

In fact, each of the postulates of section 157 is independent of 
the others. 


E 

Fig. 248 


Remark. We can observe that all three interpretations of our 
miniature geometry of section 157 are essentially the same in 
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structure; they differ only in the names given to the elements and 
/-classes. If two interpretations are alike in this sense, they are 
called “isomorphic.” That is, two interpretations are isomorphic 
if their terms can be placed in one-to-one correspondence in such 
a way that all correct statements * in one interpretation are 
translated into correct statements * in the othet interpretation by 
merely substituting terms which correspond to each other in this 
correspondence (dictionary). As another example, the sixth and 
seventh interpretations of the abstract mathematical science of 
section 155 are isomorphic. If all possible interpretations of an 
abstract mathematical science are necessarily isomorphic, the 
science is called categorical. It can be proved that our miniature 
geometry is categorical. We shall not prove this here. The ab- 
stract science in section 155 is not categorical for we have some 
interpretations which have only a finite number of elements and 
others which have an infinite number of elements. This is suffi- 
cient to show that the system is not categorical, since the terms 
of a finite interpretation cannot be placed in one-to-one corre- 
spondence with the terms of an infinite interpretation at all, let 
alone in such a way that correct statements correspond to correct 
statements. 


* Within the science. 




Chapter XVIII 

THE NATURE OF MATHEMATICS 


160. Pure and applied mathematics. We return to the idea 
of an abstract mathematical science, or abstract logical system 
which has been illustrated many times throughout the book, per- 
haps most clearly in the preceding chapter. When we select some 
undefined terms, and a set of consistent postulates or assump- 
tions about them, and proceed to define new terms in terms of the 
original undefined ones, and to deduce new statements logically 
from the preceding ones, we are creating an abstract mathematical 
science. If meanings are assigned to the undefined terms, then 
we have a concrete interpretation of our abstract mathematical 
science. The totality of all abstract mathematical sciences we 
call Pure Mathematics. The totality of concrete interpretations 
is called Applied Mathematics. Reasoning from postulates in 
this way is called postulational thinking. 

This conception of mathematics is far broader than the com- 
mon notion of what mathematics is, since it includes every sub- 
ject in which you attempt to reason logically from explicitly 
recognized underlying assumptions, as you can hardly help do- 
ing, in all honesty, in any subject forming part of the search for 
truth.* For if you make an assertion in any subject whatever, 
you either assume it or must prove it. If you prove it, you de- 
duce it from other assertions. If these are not to be assumed, 
they in turn must be deduced from still other statements. Sooner 
or later we must rest the entire structure on some unproved state- 
ments or postulates. We cannot prove all our statements unless 
we commit circular reasoning. Similarly if we consider any term 
used in our original statement, we either use it without definition 
or we define it. If we define it, we do so by expressing it in terms 
of other terms. These in turn are either left undefined or are 

* The student is advised to review Chapter II, sections 8 and 9, at this point. 
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defined in terms of still other terms. Sooner or later we must 
rest all our definitions on some terms which are left undefined. 
We cannot define all our terms unless we use circular definitions. 
When we have organized our subject, whatever it may be, so 
that it begins with undefined terms and postulates and proceeds 
to define new terms and prove new statements, we have con- 
verted it into an abstract mathematical science. If you wish to 
attribute meanings (apprehended intuitively or some other way) 
to your undefined terms, you then obtain a concrete interpreta- 
tion or application of your abstract science; that is, you then 
have a branch of applied mathematics. 

Naturally, in passing from an abstract mathematical science 
to a concrete interpretation, we try to substitute such meanings 
for the undefined terms as will make true statements of the pos- 
tulates. Needless to say, our abstract mathematical sciences are 
usually constructed with some application in mind. Of course 
whether or not a concrete interpretation really makes true state- 
ments of our postulates may not always be as certain as it was in 
sections 155 or 157, say. In the case of Euclidean geometry, we 
have seen that it is far from certain that our intuitive meanings 
of “dot” and “streak” for the undefined terms ’“point” and 
“line,” respectively, really satisfy the Euclidean postulates. As 
we saw in Chapters II and XVI, the notion that our postulates 
are “self-evident truths” is not tenable. They are merely as- 
sumptions (whether or not they are suggested by experience, 
intuition, or creative imagination) and our theorems are deduced 
from the assumptions by logic. 

But what of our rules of logic? Are they self-evident? There 
is hardly any doubt that most people even today would regard 
the rules of logic as self-evident and undeniable. But we have 
already burned our fingers in the fire of self-evidence in the case 
of the postulates of Euclidean geometry. A typical mathemati- 
cal answer to the question of the self-evidence of logic itself is to 
formalize or formulate the rules of logic precisely and to say that 
we regard the logical rules as part of our assumptions. This leads 
to a careful study of formal, symbolic, or “mathematical” logic. 
Such studies go back to Leibniz, but the recent era in the devel- 
opment of symbolic logic begins with Boole, de Morgan, Peano, 
Frege, in the 19th century, and has been advanced by many con- 
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temporary workers such as Russell, Whitehead, Hilbert, Brou- 
wer, Lxikasiewicz, Tarski, and many others. Having taken the 
view that the rules of logic are assumptions and not self-evident 
truths, the possibility arises that other assumptions concerning 
logic may be consistent and useful. Thus arises the study of sys- 
tems of logic different from the customary one; this is entirely 
analogous to the origin of non-Euclidean geometries. In fact, 
such logics have been studied in recent years, and have actually 
been found useful in connection with quantum physics. This 
work is at present going on. 

As we saw in section 159, the study of mathematical or formal 
or symbolic logic has also been stimulated by the question of the 
consistency of the mathematical sciences. In addition, the study 
of the foimdations of logical reasoning has received impetus from 
the occurrence of concealed inconsistencies in apparently harm- 
less statements, like the following. 

(a) “In a certain town, there is a barber who must shave all 
those people and only those people who do not shave themselves” 
(Bertrand Russell). This seems harmless, but does the barber 
shave himself? Clearly according to the rules, if he does, he 
mustn’t ; and if he doesn’t he must. (This sounds like the famous 
words of Tweedledee in Lewis Carroll’s Through the Looking 
Glass: “If it was so, it might be; and if it were so it would be; 
but as it isn’t, it ain’t. That’s logic.”) This barber cannot exist 
and not even Occam’s Razor will shave him. 

(b) “It is a rule that all rules have exceptions.” If this rule 
has an exception, then there must be some rule without an excep- 
tion; but if this rule has no exception, the statement is false. 

(c) “This statement is false.” If it’s true, it’s false; and if it’s 
false, it’s true. 

Paradoxical statements like these indicate the necessity for a 
careful analysis of both logic and language. Perhaps the most 
paradoxical fact about modern mathematics is the fact that para- 
doxes have arisen within it. There is no general agreement con- 
cerning the resolution of some of these paradoxes. In fact, there 
are at present three different schools of thought concerning the 
logical foundations of mathematics and no reconciliation is in 
sight. 

The King’s advice to Alice to “begin at the beginning, and go 
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on till you come to the end; then stop” certainly does not apply 
to the development of mathematics. For the study of mathe- 
matics begins somewhere in its logical middle and progresses in 
two broad directions. One is the direction of further develop- 
ment of the logical consequences and applications of the various 
branches of the very ramified mathematical tree. The other is 
the direction of further delving into the underlying foundations 
or roots upon which the whole magnificent structure rests. Both 
directions of research are important and very much connected 
with each other. Every theorem of pure mathematics, from the 
elementary ones we have studied here to the most advanced ones 
available, is firmly cemented to the underlying assumptions by 
steps of strictly logical reasoning. There seems to be no end in 
either direction, and consequently no possibility that mathe- 
matics can ever become completely worked out, dead, embalmed 
in books, and devoid of interest. Since the 17th century new 
results in mathematics have been produced at ever increasing 
speed. In recent years, periodicals devoted exclusively to the 
publication of new mathematical research have contained thou- 
sands of articles annually on many different subjects. Mathe- 
matics is far from the dead subject that some students think it is. 
In fact, in modern times, it has had something of the appearance 
of the furious young man who mounted his horse and rode off in 
all directions. Needless to say, not all of these myriad contri- 
butions survive. But neither are they all completely lost. Every 
so often, someone synthesizes countless special results into a 
powerful general method. In fact, a subject sometimes begins its 
most interesting phase after it has been pronounced worked out 
and dead by a hasty coroner’s jury. In any case, no mathema- 
tician is likely ever to voice Alexander’s complaint concerning 
the scarcity of new lands to conquer. 

161. Mathematics as a branch of human endeavor. The mag- 
nificent conception of mathematics as the study of all abstract 
logical systems or abstract mathematical sciences and their con- 
crete interpretations or applications really justifies the state- 
ment that mathematics is basic to every subject forming part of 
the search for truth. In fact, mathematics, thus conceived, in- 
cludes all subjects into which one injects logical structure. "To 
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mathemaiize a subject does not mean merely to introduce equa- 
tions and formulas into it, but rather to mould and fuse it into a 
coherent whole, with its postulates and assumptions clearly rec- 
ognized, its definitions faultlessly drawn, and its conclusions 
scrupulously exact.” * That is, to mathematize any subject 
means simply to put it in the form of an abstract mathematical 
science. As remarked in Chapter 11, and in the preceding sec- 
tion, this is unavoidable if one insists on organizing in a strictly 
logical way any subject matter at all. Realization of this should 
make us look into the assumptions underlying the things we as- 
sert. Examination of the underlying assumptions and the cor- 
rectness of the reasoning by which we draw conclusions from 
them should serve to clarify our beliefs, to make us cognizant of 
the possibility of other tenable assumptions and other beliefs, 
and should therefore assist us on the road to tolerance, maturity, 
and wisdom. It is natural that, since antiquity, mathematics 
should have pointed the way toward these ideals of clarity since 
it has been comparatively free from the emotional confusion of 
prejudice and hatred; this is even more true since Lobachevski 
and others destroyed the sanctity of the notion that the axioms 
of Euclidean geometry constituted a self-evidently absolutely 
true description of physical space, a belief that was held with 
firm conviction by many people who scoffed at other “absolute 
truths.” Mathematics today can still serve us as an ideal of 
intellectual honesty, of logical rigor and vigor and clarity, toward 
which to strive. Any applied science, for example, develops by 
evolutionary stages. First, the collection of data takes place; 
then the formation of hypotheses or postulates; then the deduc- 
tion of the logical consequences of these postulates; then the 
checking of the.se consequences against the observed facts or 
data. If some consequence does not check with the facts, we 
attempt to revise the postulates and the process begins again. 
Ultimately the subject is put into the strict logical form of a 
mathematical science. Physics, chemistry, biology, and the 
social sciences have all followed this general evolutionary pat- 
tern, although biology and the social sciences are in the earlier 
stages of development, from this point of view. 

As we have pointed out, mathematics is the backbone of all 

* 15th Yearbook of the National Council of Teachers of Mathematics. 
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scientific (logical) subjects, whether physical, biological, social, 
or otherwise, and, as such, is and must continue to be of the ut- 
most importance to the civilized world. We have already re- 
marked that pure mathematics is usually developed with some 
application in mind. Thus most of elementary mathematics 
originated in the social needs of commerce, surveying, engineer- 
ing, etc. However, it would be a tragic mistake to censor or pro- 
hibit research in pure science merely because there was no im- 
mediate practical application visible. History has shown us 
many times that the applications may come much later than the 
pure science. For example, the conic sections were studied in 
ancient Greece for their own sake, and came to be of overwhelm- 
ing importance in physics only in the 17th century. Non-Euclid- 
ean geometry, developed for its own sake as pure mathematics 
early in the 19th century, was applied to the physical theory of 
relativity in the 20th century. Similarly, the theory of groups, 
developed for its own sake as pure mathematics in the 19th cen- 
tury, was applied to the physical theory of quantum mechanics 
in the 20th century. There can be no doubt that practical social 
needs have always had a great effect on the development of 
mathematics. Conversely, there can be no doubt that mathe- 
matics has had a great effect on the development of society, as, 
for example, in the case of the industrial revolution which would 
never have taken place without the' technical applications of 
mathematics to engineering. Nor can there be any doubt that 
social conditions may well tend to stifle or stimulate scientific 
progress. Nevertheless, one should not lose sight of the fact that 
in pure mathematics we have a great structure of logically per- 
fect deductions which constitutes an integral part of that great 
and enduring human heritage which is and should be largely in- 
dependent of the perhaps temporary existence of any particular 
social or political conditions in any particular geographical loca- 
tion at any particular time. Euclid’s geometry is far more im- 
portant to us than the political ideas of Euclid’s day. The en- 
during value of mathematics, like that of the other sciences and 
arts, far transcends the daily flux of a changing world. In fact, 
the apparent stability of mathematics may well be one of the 
reasons for its attractiveness and for the respect accorded it in a 
world wherein security is so elusive. 
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To a certain extent it is doubtless true, as has been maintained 
by Spengler in his Decline of the West, that the mathematics of 
any period is a good index of its culture. There is no doubt that 
much mathematical research has been definitely '‘in the air” and 
was not created out of whole cloth by any genius. This is indi- 
cated by the frequency with which similar results have been ob- 
tained by different men independently of each other. For ex- 
ample, no one would be greatly surprised by the invention of 
cheap television today although 50 years ago it would have been 
called impossible, and 500 years ago its inventor would have been 
burned at the stake. However, to conclude from this that the 
people who actually do the inventing are unimportant is an error 
that is more common than just. It is true that any two mathe- 
maticians will agree on the correctness of a mathematical theory, 
if they agree on the basic postulates. It may also be true, in at 
least some cases, that, if any given mathematician had not lived, 
his work might have been done by someone else, although per- 
haps much later; this opinion or conjecture has its defenders and 
its opponents. To this extent, mathematics may be independent 
of individual people. But to say that society or its needs “pro- 
duced” a certain achievement is to ignore entirely that only one 
or a few individuals actually contributed to this achievement. 
To say that society or the human race “did it” is much like the 
remark of the baseball fan who says proudly that “we” won the 
ball game when he means that 9 athletes not even remotely con- 
nected with him won the ball game. In point of fact “society” 
does not always deserve such vicarious glory for it has sometimes 
seemed to do its best to censor, discourage, and hinder its best 
minds in every imaginable way. 

We need not dwell here on the manifold materially practical 
applications of mathematics, since these are, in a general way, 
well known to the reader, except to point out that the contempt 
in which the business man or “man of action” sometimes holds 
the pure scientist is totally unjustified. Such a person over- 
looks completely the fact that his daily life is full of the results 
of pure science. For example, the amount of pure astronomy in- 
volved in the answer to the practical and important question 
“what time is it?” might well astound a “man of action.” 
Of course the importance of pure science has been recognized by 
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big business in recent years and many large corporations support 
pure scientists in well-equipped laboratories in which they may 
pursue their researches, regardless of immediate applicability. 
Needless to say the practical by-products of this research have 
amply justified the investment from a purely commercial stand- 
point. We have therefore stressed the importance of mathe- 
matics in the world of ideas, since this aspect may not be quite so 
familiar. Mathematics has been aptly called both the queen and 
the handmaiden of the sciences. Mathematics, likewise, has had 
a tremendous influence on philosophy as well as on the sciences. 
For example, mathematics has successfully dealt with the prob- 
lems of infinity and has contributed greatly to the solution of 
problems of logic, all of which are problems that originated in 
philosophy. More than that, however, mathematics has clari- 
fied the notions of validity and truth, of pure and applied mathe- 
matics, and has led, especially since the study of non-Euelidean 
geometries, to a clearer understanding of the nature of human 
knowledge. 

While we have stressed the scientific characteristics of mathe- 
matics and its relations to the sciences, it must be said that math- 
ematics has relations with the arts as well, and has also the char- 
acteristics of an art. By this statement we do not refer merely to 
the obvious relations of geometry to pictorial design or archi- 
tecture, or to the relations between numbers and musical har- 
monies which were known to Pythagoras (see section 27). We 
mean rather that the creation of new mathematics is itself an art 
and that the contemplation of well wrought mathematical sys- 
tems gives rise to genuine aesthetic satisfaction. It is easy to say 
that to construct an abstract mathematical science we have only 
to choose undefined terms and postulates and to define new terms 
and deduce new theorems. But what undefined terms, postulates, 
definitions shall we choose and which of the possibly infinite 
number of logical conclusions shall we deduce? Thus arises the 
problem of selection of materials to start with and the selection 
of a pattern or direction or mode of development of these ma- 
terials. This is a problem of artistic composition requiring in- 
sight, taste, intuition, and creative imagination (that is, a prob- 
lem of creative art), just as is the analogous problem of painting 
or musical composition, say, where one has to choose themes and 
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inodes of developing and interweaving them out of an infinite 
variety of possibilities. In mathematics we have, of course, the 
partial criterion that the resulting logical structure be consistent 
and preferably applicable to something; just as in music we have 
the criterion that the resulting composition be pleasing to the ear 
and perhaps emotionally satisfying. But to meet these criteria 
in either mathematics or music may well require artistic genius. 
For example, the genius of Newton was needed for his beautiful 
logical theory of gravitation which seemed to introduce order 
and harmony into the apparently chaotic movements of the 
entire physical universe so well that his work remained unchal- 
lenged for over 200 years, and is still a valuable and elegant 
logical composition. As for the statement that the contempla- 
tion of mathematics gives aesthetic satisfaction, you must under- 
stand that it is assumed that the contemplator has the training 
or background needed for such appreciation. This is the case in 
any art. A beginner in a foreign language cannot appreciate a 
great piece of literature if his knowledge of vocabulary and gram- 
mar is fragmentary. An untrained person does not get all he 
might from hearing a beautifully wrought symphony and gets 
nothing at all from seeing it in musical print, if he reads the indi- 
vidual notes or symbols with difficulty, while a well-trained per- 
son can read a score and enjoy it. Similarly in mathematics, 
only when one passes the stage of reading the individual symbols 
with difficulty may one begin to see and appreciate in a mathe- 
matical composition the symphonic interplay of ideas, the eco- 
nomical simplicity of development, the subtle modulations and 
inversions of treatment, the inevitable sweep toward a climactic 
conclusion, and so on; just as in a musical composition one may 
see and appreciate the symphonic interplay of themes, the eco- 
nomical simplicity of development, the subtle modulations and 
inversions of treatment, the inevitable sweep toward a climax, 
and so on. The aesthetic satisfactions obtained in both instances 
by people whose background permits such appreciation are much 
akin. There can be no doubt that creative imagination has been 
needed for the invention of great mathematical works. In his 
Philosophical Dictionary, Voltaire wrote that “. . . there was far 
more imagination in the head of Archimedes than in that of 
Homer.” Havelock Ellis, not a mathematician himself, says in 
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The Dance of Life that “it is here [that is, in mathematics] that 
the artist has the fullest scope for his imagination.” The mathe- 
matician is not even confined to the “actual” world. He is free, 
in a sense, to explore all possible worlds. 

Needless to say, mathematics is the nearest thing to an inter- 
national language that the human race possesses. The symbolism 
of mathematics is the same the world over, and work done in one 
part of the world is likely to be taken up and advanced further 
thousands of miles away. From another viewpoint, mathematics 
may be considered the most distinctively human of all human ac- 
tivities. For, as far as we know, man’s social instincts, etc., are 
shared with other animals, but reflective logical curiosity and the 
important trait of being able to accumulate, organize, and add to 
wisdom and pass it on to the next generation for further improve- 
ment is distinctly human. It is our logical minds that serve to 
bind the future with the past and to give us whatever hope we 
have for progress. For example, the suspension bridge on 
which you cross a river rests not only on its pillars but on the cal- 
culus of Isaac Newton, the analytic geometry of Descartes, the 
algebraic researches of many centuries, the geometry of the an- 
cient Greeks and the primitive number-lore of our prehistoric 
ancestors. While our mathematical ideas change and progress, 
they do not do so by ignoring past achievements (although new 
developments often render past achievements obsolete). Real 
progress in any branch of the search for truth demands a degree 
of open-mindedness sufficient to combat both the unwise tend- 
ency to cling to old beliefs merely because they are old and the 
equally foolish tendency to embrace hastily every novelty merely 
because it is new. The history of mathematics and the physical 
sciences, for example, has shown many times the folly of both 
these policies. These cautions are obviously even more neces- 
sary in subjects which involve our emotions and in which the 
check of controlled experiments is either impractical or impos- 
sible. It is, however, worth pointing out that controlled experi- 
ments are seldom possible in astronomy. Yet in the course of 
many centuries, astronomical theories have been patiently and 
logically built up until astronomy may well be regarded as the 
most accurate and reliable branch of mathematical physics. To 
the appeal for rational thought it is sometimes objected that 
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when a house is on fire there is no time to conduct a dispassionate 
scientific investigation. This argument, however, does not 
justify the too common contempt for the reflective scientist and 
the corresponding adulation of the “man of action.” It rather 
points to the desirability for calm scientific investigation before 
the need for hasty action arises. While man’s logical ability has 
been most highly developed in connection with numbers and dia- 
grams, may we not hope that, despite the obvious difficulties, 
man may yet become reasonable about more complicated and 
emotionally confused subjects? The standard of logical rigor set 
by mathematicians is a high ideal, but that scarcely justifies 
abandoning it. Man’s faith in reason is so fundamental a need 
that to discard it lightly may be fairly regarded as a pathological 
symptom. But in order to strive toward this ideal, we must first 
understand and appreciate it. To give you such an understand- 
ing and appreciation, at least to some extent, has been one of the 
aims of this book. We hope that you are now able to see mathe- 
matics in its proper perspective as one of the greatest achieve- 
ments of the human race. 
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APPENDIX 


For the convenience of the student who decides to go on with 
mathematics after completing this course, we here append a brief 
treatment of some topics in trigonometry and algebra of a more 
technical nature, which are necessary preliminaries for a second 
year course in analytic geometry and calculus. We give only the 
barest minimum essentials. For further study the student is re- 
ferred to text books on trigonometry and college algebra in which 
his reading will be best guided by the advice of his instructor. 

162. Trigonometric identities. By definition (Fig. 249) 


sin A 


y - T y 

-- while CSC A = — Hence sin A ■ esc A = - • - = 1. 
r y r y 



Note that 

(1) sin A ■ C.SC .4 = 1 

implies both sin A = and esc A = 

. — j- In the same way we deduce from 
.sm A 

the definitions (section 124) the statements 

(2) cos A ■ sec A = 1 
and 


(3) tan A ■ cot A = 1. * 

In other words, sin A and esc A are reciprocals of each other as 
are cos A and sec A, and tan A and cot A. 


Also, 


sin A 
cos A 


y 

r 

X 

r 


u r y 

-•- = - = tan A. Hence, 
r X X 


tan A 


sin A 
cos A 


(4) 
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In the same way, we obtain 
(5) cot A 


cos A 
sin A 


From the fact that -h we obtain, by dividing both 

( y\^ 

sides by r^, the statement ^ = 1> or ( ~ ~ ) = 1, or 


(6) cos^ A + sin* A == 1. 

Dividing both sides of x* + = r* by x* we have 1 + 




(7) 


1 4- tan* A = sec* A. 


Dividing both sides of x* + y'^ — r* by y* we have 



(8) cot* + 1 = CSC* A. 



+ 1 = 


All the numbered equations are identities, sijice they are true 
for all values of the variable A for which they have meaning (sec- 
tion 32) . They are called fimdamental identities. 


Remark. The expression sin* A means (sin A)* not sin (A*). 
We do not write sin A* since this would cause confusion. 

By using the fundamental identities we may verify a profusion 
of less obvious identities among the trigonometric functions, as 
in the following example. Note carefully what was said about 
the verification of identities in general in section 32. 

Example 1. Verify the identity (1 — sin* A) tan* A = y j • 

CSC Ax 

The left member (1 — sin* A) tan* A = cos* A tan* A (by (6) ) 

= sin* A, 

while the right member — -r-- = sin* A by (1). Since all the 

steps made are substitutions, they are all reversible and hence the 
given equation is an identity. 
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cot A = CSC A sec A. 

(by (4) and (5) ) 
(adding fractions) 
(by (6) ) 

(by (1) and (2) ). 

Suggestion. Whenever an expression can be simplified by di- 
rect application of one of the fundamental identities (6), (7), or 
(8), do so at once. If no such step is obvious, express all func- 
tions in terms of sine and cosine alone by means of (1), (2), (4), 
(5), and simplify algebraically. 


Example 2. Verify the identity tan A -f- 
The left member tan A -f cot A 

_ sin A cos A 

cos A sin A 
_ sin* A -f cos* A 

sin A cos A 

1 

sin A cos A 
- 1 1 
sin A cos A 
= CSC A sec A 


EXERCISES 

1. Express each of the functions esc A , sec A , tan A and cot A in terms of sin 
A and cos A alone. 


Verify each of the follovnrig identities: 


1 


csc“ A 

1 


3. 


1 


5 


2. 1 — cos* A = 

4. 1 + tan* A = • , y 

1 — sm* .4 

6. sin* A (esc* it — 1)= cos* A. 

8. (1 — cos*A)csc*A = 1. 

10. (1 + tan* A)(l — cos* A)= sec* A — 1. 


1 _ 
sin* A 
1 


= se(!* A ■ 
= .sin* .4 . 


cot* .1 + 1 
7. cos* A (sec* A — 1)= 1 — co.s*/l. 
9. (1 — sin* A)8ec* A = 1. 


11. CSC* A tan* A - 1 = tan* A. 


12 . 


1 


■ + 


1 . 


13. 


sec A tan A 


cos A cot A 


= 1 . 


^ , sec A sin A ... 
16. T : — ^ r-r = Sin* A. 


sec* A ' CSC* A 
14. sec A — tan A sin A = cos A. 

1 4- cos A 


16. CSC A + cot A = 


tan A + cot A 

17. (sin A + cos A) (tan A + cot A) = sec A + esc A 

18. (sin A + cos Ay -f (sin A - cos A)^ = 2. 
sec^ A 


sin A 


19. 


= csc^ A. 


sec^ A — 1 
21. cos* A — sin* A = 2 cos* A — 1. 


20. cos* A — sin* A = 1 — 2 sin* A. 
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22. tan A — cot A = 


1—2 cos^ A 


sin A cos A 

23. tan^ A sin^ A = tan^ A — sin^ A, 

sin A , cos il ^ 

"* 7 I 7 ~ 1* 

CSC A sec A 

26. sin^ A(1 + cot^ A)+ cos^ A(1 + tan^ A) = 2. 


26. 


tan A — 1 _ 1 — cot A 

tan A + 1 i + cot A 

sin A + tan A 

28. — V- - - — = sin A. 

1 + sec A 


1 — tan^ X ^ r. • o 

27. == 1 “ 2sin2a:. 

1 + tan^ X 


163. Addition theorems for trigonometric fimctions. If S, 

A, and B are three numbers, then S{A + B)= + SB by the 

distributive law. If we were excessively foolhardy, we might 
conclude from this that sin (A + B)= sin A + sin J5 ; but this is 
definitely false. In fact we should not expect it to be true by anal- 
ogy, because the symbol sin does not represent a number and the 
expression sin (A + B) does not mean the result of multiplying 
(A + B) by the symbol sin. The falsity of this theorem can be 
seen from a simple numerical example. For instance, sin 
(30° + 30°) = sin 60° = V3/2, while sin 30° + sin 30° = 

^ = 1. A true statement is given by the following theorem. 
A A 


Theorem 1. If A and B are any angles, 

sin {A B) = sin A cos B + cos A sin B. 


Proof. Case 1. Suppose the 
angles A, B, and A + all 
terminate in quadrant I. Then 
we choose a point P on the 
terminal ray of angle A B 
(Fig. 250) and draw PQ per- 
pendicular to the x-axis, PR per- 
pendicular to the terminal ray 
of angle A, RS perpendicular 
to PQ and RT perpendicular 
to the x-axis. Then ii-RPS = 
4.A since triangles PR U and 
QOU are clearly similar. 


y 



Fig. 250 
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Now sin A cos B + cos A sin B 


OR 
RT . PS 


OR PS 
OP PR 


PR 


OP OP 
SQ + PS 

OP 


OP 
RT + PS 


L9. 

OP 


OP 

= sin (i4 + B). 


This proves Case 1. 

The remaining cases, where one or more of the angles A, B, 
A -{■ B terminate in some quadrant other than the first, might 
be treated similarly keeping in mind that certain functions of 
angles not in quadrant I may be negative. Other, less tedious 
devices may be used to prove the theorem for the remaining 
cases. We shall not complete the proof here. 


Theokem 2. If A, B are any angles, 

cos {A B)= cos A cos B — sm A sin B. 


Proof. Case 1. Suppose A, B, anti A B terminate in quad 
rant I. Then (Fig. 250), 


cos A cos B — sin A sin B 


or OR _ SIR PJt 

OR ■ OP PR ■ OP 
OT _ SR ^ OT - S R 

OP OP ~ OP 
OT-QT OQ 

OP' ^ = ^ = cos (A + B). 


This proves Case 1. We shall not complete the remaining 
cases here. 


Theorem 3. If A and B are any angles for which all the tangents 
mentioned exist, 


tan {A -j- B) — 


tan A + tan B 
1 — tan A tan B 


Proof. 


tan (A + B) = 


.sin {A + B) 
cos (A + B) 


sin A cos B + cos A sin B 

cos A cos B — sin A sin B 

(by Theorems 1 and 2) 
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sin A cos B ^ cos A sin B 
cos A cos B ~ cos A cos B 
cos A cos B sin A sin B 
cos A cos B cos A cos B 

(dividing numerator and de- 
nominator by cos A cos B) 

tan A tan B 
1 — tan A tan B 


Theorems 1, 2, 3 are called addition theorems for the sine, 
cosine, and tangent, respectively. 

Theorem 4. If A and B are any angles, 

sin {A — B)= sin A cos B — cos A sin B. 


Proof, sin (A — B)= sin (A -f [— 5]) 

(1) = sin A cos [— B] -f cos A sin [— B]. 

But cos [ — B] = cos B and sin [ — B] = — sin B. Making these 
substitutions in (1) we have the theorem. 


Theorem 5. If A and B are any angles, 

cos (A — B) — cos A cos B -t- sin A sin B. 

Proof, cos {A — B)= cos (vl B]) 

= cos A cos [— B\ — sin A sin [— B] 
= cos A cos B + win A sin B. 


Theorem 6. If A and B are any angles for which all the tangents 
mentioned exist. 


tan {A 


- B) = 


tan A — tan B 
1 -|- tan A tan B 


Proof, tan (A — B)— tan (i4 -f [— B\) 

_ tan A + tan [— B] 

1 — tan A tan [— B] 


But tan [ — B] = — tan B. Making this substitution, we have 
the theorem. 


Remark. Theorems 4, 5, 6 are easy to remember since each 
may be obtained in turn from theorems 1, 2, 3, respectively, 
merely by changing all the visibly written signs. 
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Example 1 . Find, without tables, the value of sin 75°. 
sin 75° = sin (45° + 30°) = sin 45° • cos 30° + 

\/2 \/3 , \/2 1 


cos 45° • sin 30° = 


+ 


2 2 2 2 

= KVq +V2). 

Example 2. Find, without tables, the value of sin 15°. 

sin 15° = sin (45° - 30°) = sin 45° • cos 30° - 

.CO -0^0 V3 V2 \ 

cos 45 • sin 30° = • — r — • - 

2 2 2 2 

= -V2). 

Example 3. Express sin (A + 90°), cos {A -f 90°), tan 
(.4 + 90°) in terms of functions of A alone. 

sin (A + 90°) = sin 4. • cos 90° -f cos A ■ sin 90° 

= (sin A) ■ 0 +(cos 4) • 1 = cos 4, 
cos (4 + 90°) = cos 4 • cos 90° — sin 4 • sin 90° 

= — sin 4, 

sin (4 + 90°) cos 4 


tan (4 + 90°) = 


cos (4 4- 90°) — sin 4 


= — cot 4. 


Why can we not use theorem 3 directly to obtain the last for- 
mula? 


EXERCISES 


1. Show that cos 15° = +\/2)= sin 75°. 

2. Show that cos 75° = jCv/ 6 — V^2)= sin 15°. 

3. Show that tan 75° = 2 + \/3 = cot 1.5°. 

4. Show that tan 15° = 2 — \/3 = cot 75°. 


S 5 

If A and B are both in the first quadrant and if sin A — - and cos B = -7, find: 

O lo 


6. sin (A + B). 6. cos (A -f i5). 7. tan (A + B). 

8. sin (A — B). 9. cos (A — B), 10. tan (A — B). 


4 13 

If A and B are both in the first q'liadrant and if tan A = ~ and sec B = find: 

O 1 iC 


11. sin (A + B). 12. cos (A + B). 13. tan (A + B). 

14. sin (A — B). 16. cos (A — B). 16. tan (A — B). 
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4 

If neither A nor B are in the first qtiadrant and if sin ~ ^ ^ ~ Js’ 

17. sin {A + B). 18. cos {A +5). 19. tan (A + B). 

20. sin {A - B). 21. cos {A - B). 22. tan {A - B). 


3 IS 

If neither A nor B are in the first quadrant and if tan A = - and sec B — --,find: 


24. cos (A + B). 
27. cos {A — B). 

V2 
' 'Y 
V2 

30. Prove that cos {A + 45°) = 


23. sin {A + B). 

26. sin U - B). 

29. Prove that sin {A + 45°) = 


(sin A + cos A). 
(cos A — sin il). 


26. tan {A + B). 
28. tan (^ — B). 


31. Prove that sin (45° + ^) = cos (45° — .4). 

32. From the functions of 30° and 180° find the functions of (a) 210°; (5) 150°. 

33. From the addition theorems, deduce the formulas for sin (A + 180°), 
cos (A + 180°), tan {A + 180°). 

34. From theorems 4, 5, and 6, deduce the formulas for sin (180° — A), 
cos (180° - A), tan (180° - A). 

35. From theorems 4 and 5 deduce the formulas for sin (90° — A) , cos (90° — A). 

36. From theorems 4, 5, and 0, deduce the formulas for sin (— A), cos (— A), 
tan (- A). (Hint: Let - A = 0° - A.) 

37. From theorems 4, 5, and 6, deduce the formulas for sin (A — 180°), cos 
(A - 180°), tan (A - 180°). 


Verify the following identities: 
sin (A + B) _ ^n A 4- tan B 

sin (A — B) tan A — tan B 

39. sin (A + B)+ sin (A — B) = 2 sin A cos B. 

40. sin (A + B) —sin (A — B) = 2 cos A sin B. 

41. cos (A + B)+ cos (A — B)= 2 cos A cos B. 

42. cos (A + B) — cos (A — B) = — 2 sin A sin B. 

43. Rewrite the formulas of exercises 39 — 42, in terms of x and y alone, let- 

T “f" y X — y 

ting A 4- B = a: and A — B = y and therefore (why?) A = nnd B = --2~’ 


164. Double and half angle formulas. If in the identity 
sin (A -f- 5) = sin A cos B -f- cos A sin B, we take B = A then 
A A- B becomes A -f A or 2 A and we obtain 


(1) sin 2 A = 2 sin A cos A. 

Making the same substitution J5 = A in the formulas for 
cos (A -f B) and tan (A B) respectively, we obtain 
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( 2 ) 

and 

(3) 


cos 2 A = cos’* A — sin’* A, 


tan 2 A 


2 tan A 
1 — tan'* A 


Formula (2) may be rewritten as 


(4) 

cos 2 A = 1 

- 2 sin* A 

or 



(5) 

cos 2 A = 2 

cos* A — 1 


by merely replacing cos^ A by 1 — sin* A, or sin* ^ by I — cos* A, 
respectively, in (2), and simplifying. 

Remark. Note that sin 2 A is not 2 sin A, and so on. One 
should not expect any analogy with the commutative law for 
multiplication (since we are not multiplying by the word sin) any 
more than one should expect the commutative law to operate in 
spelling. If it were true that sin nx — n sin x (it is not!), then 
we would need no table of sines. For, to find the sine of any 
number of degrees, say 38°, we would have only to multiply the 
sine of 1° by 38. Thus we would need only the value of sin 1°. 


X 

Denote the angle 2 A hy x. Then ~ = A. 
From (4) we obtain 

X 

cos a; = 1 — 2 sin* -• 


Hence, 

( 6 ) 


X 


2 sin* - = 1 — cos X, 
1 — cos X 


sin 


2 ^ 


Sin 


X 




cos X 


From (5) we obtain, .similarly, 
cos a; = 2 co.s* 


X 


1 , 


X 

2 cos* ;r = 1 -I- cos X, 

z 

„x 1 + cos X 
cos* = ;; 


7 
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Example. Without tables find sin 22^°, cos 22h°, tan 22^°. 
If we take x = 45°, we have | = 22^°. Hence, from (6), 



= ± \^2 - v ^. 

But 222 ° is in quadrant I ; hence its sine is positive. Therefore sin 
22^° = 2\/2 —y/2. Similarly, from (7), cos 22^° = l\/2 +\/2- 
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From ( 8 ), tan 22 ^° 


From ( 9 ), tan 222 ° 


From ( 10 ), tan 222 ° 



1 - 


V 2 


1 + 




2 -\/2 


V 2 r 2 +V 2 ' 


\/2 


1 


1 + 


V 2 2 +V 2 V 2 + ]■ 


1_ V2 

^ 

V 2 


^-V2 
V2 ' 


2 

2V2 

2 


^ =\/2 - 1 . 


EXERCISES 

1. Find, without tables, sin 15®, cos 15®, tan 15®. 

2. From the known functions of 150® find sin 75®, cos 75®, tan 75® without 
tables. 


If sin A = - and A is in the first quadrant^ find: 
5 

3. sin 2 A. 4. cos 2/1. 


6 . 



7. 



If sin A = - and A is not in the first quoulrant, find: 
5 


9. sin 2 A. 

.o • ^ 

12. sm— • 


10. cos 2 A . 
13. cos-—- 

L 


B. tan 2 A. 
8. tan~- 


11. tan 2 A . 
14. tan — 


16. Show that sin 3 a; = 3 sin a: —4 sin^ x, (Hint: Let A = a: and B = 2 x in 
the formula for sin (A + B); then use the formula for sin 2 x and simplify.) 

16. Show that cos 3 x = 4 cos^ a: ~ 3 cos x. (See hint for exercise 15.) 


17. From the known functions of 135® find, without tables, sin 67i®, cos 67 §®, 
tan 67i®. 

18. Rewrite the formulas (l)-(5) in terms of x letting 2 A = a; and therefore 
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19 . 

21 . 

22 . 

24 . 

26 . 


Verify the following identities: 

„ 1 — tan* X 

cos 2 a: = — - • 

1 + tan* X 

4 CSC* 2 X = sec* x(l + cot* x). 
tan A. 


sin 2 A 


1 + cos 2 ^ 
1 + cos 2 A 
sin 2 A 
1 — tan A 
1 + tan A 


= cot A. 

1 — sin 2 A 
cos 2 A 


20. sin 2 X 


2 tan X 
1 + tan* X 


23 . 


26 . 


1 — cos 2 A 
sin 2 A 

sec 2 4 = - 


= tan A. 

1 

- 2 sin* a’ 


166. Inverse functions. 

The symbol arc sin x means 
the angle whose sine is x. 
Since many angles may have 
the same sine, arc sin x is not 
a single-valued function of x. 
For example, arc sin ^ = 30°, 
150° or any angle obtained from 
either one of these by adding 
an integral multiple of 360°, 
since any one of these angles 
has I as its sine. These facts 
are written in the following 



Fkj. 251 
concise form: 


( 1 ) 


arc sin | 


' 30° -b n ■ 360° 
^150° -f- n • 360° 


where n is any 
integer, positive, 
negative or zero. 


If we want to find those angles whose sine is | which lie in a 
given range, such as between — 360° and -f 360°, we let n take 
various integral values, as follows: for n = 0, we get 30° and 
150°; for n = — 1, we get — 330° and — 210°; for other integral 
values of n we get values outside the prescribed range. Hence, 
30°, 150°, — 330°, and — 210° are the solutions desired. The 
right member of (1) may be called the general value of arc sin j. 


Similarly, arc cos | 


f 60° -b n • 360° 
\300° + n • 360° 


where n is any integer. The particular values lying between 
-b 180° and — 180° are 60° and — 60°. 


Example. 


arc tan 1 


r 45° -b n 360° 
\225° + n 360° 


where n is any integer. 
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The particular values lying between + 180° and — 180° are 45° 
and — 135°. 

Remark, arc sin x is also written as sin~’a:. Note that the — 1 
here is not meant to be an exponent. This symbol should not be 
confused with (sin x)~'^ which is the symbol always used for sin x 
raised to the exponent — 1. Similarly cos“*a; and tan~*x are 
often written for arc cos x and arc tan x respectively. 

The functions arc sin x, arc cos x, etc., are called inverse 
trigonometric fxmctions. If ^ = sin x then x = arc sin xj, and 
so on. 

To avoid the confusion engendered by the many-valuedness 
of these symbols, we sometimes restrict ourselves to the so-called 
principal values. The principal value of an inverse trigonometric 
function is the value with the smallest absolute value; if two 
values have equal absolute values we select the positive value. 

Example. The principal value of arc sin (1/2) is 30°. The 
principal value of arc sin (— 1/2) is — 30°. The principal value 
of arc cos (1/2) is 60°, not — 00°. The principal value of arc 
tan (— 1) is — 45°. 


EXERCISES 

Give the general vahie, the partirnlar values Iging between — 360° nnxl -f- 36(f , and 


the principal value of 
1. arc sin (1/2). 

4 . arc cos (— 1/2). 
7 . arc sin (\/3/2). 
10. arc sin (\/2/2). 
13 . arc cos (\/2l2). 


of the following: 

2. arc sin (— 1/2). 

6. arc tan 1. 

8 . arc cos (—V5/2)- 
11 . arc cos {—\/2/2). 


3. arc cos (1/2). 

6. arc tan (—1). 

9 . arc tan \/3. 

12 . arc sin (—s/2/2). 


Using principal values, evaluate the following expressions: 

14 . sin (arc sin (1/3)). 16 . cos (arc cos (3/4)). 16 . tan (arc tan (4/.'i)). 

17 . sin (arc cos (1/3)). 18 . cos (arc sin (3/4)). 19 . tan (arc cot (4/.'))). 

20 . sin (arc tan 2). 21 . cos (arc sec 2). 22 . tan (arc cos (4/5)). 


166. Trigonometric equations. The distinction between iden- 
tical and conditional equations (section 32) holds just as well 
among equations involving trigonometric functions. By a trig- 
onometric equation we shall mean a conditional equation involv- 
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ing trigonometric functions (as opposed to identities). While 
polynomial equations always have a finite number of roots, the 
simplest trigonometric equations have an infinite number of 
roots. For example, the equation sin x = 1/2 has the general 

solution X = arc sin (1/2) = < , where n is any mte- 

(150 + n oo(J 

ger. We may wish, at times, to pick out the particular solutions 
lying in a certain range. The particular solutions lying between 

— 360° and + 360° in this example are 30°, 150°, — 210°, 

- 330°. 


Example 1. The equation 2 cos a: — 1 = 0 is solved by first 
solving for cos x = 1/2. Then x = arc cos (1/2). The student 
should give the general solution and the particular solutions lying 
between — 360° and + 360°. 

It is usually best to solve for the values of some trigonometric func- 
tion and then for the angle. 


Example 2. Give the general solution and the particular solu- 
tions lying between 360° and — 360° of the equation 

2 sin^ X — sin x — I = 0. 

Factoring we get 

(2 sin x -T l)(sin a: — 1) = 0. 

Therefore either 


Or, 

Hence 


2 sin X 1 = 0 or sin x — 1 = 0. 
sin X = — 1/2 or sin x = 1. 

X = arc sin (— 1/2) or x = arc sin 1. 


Or, 


r - 30° + n • 360° 
\ - 150° + n ■ 360° 


or X = 90° + n • 360°. 


This is the general solution. The particular solutions in the de- 
sired range are — 30°, — 150°, 90°,. 330°, 210°, — 270°. 


Example S. Give the general solution and the particular solu- 
tions lying between — 360° and -H 360° inclusive of the equation 
sin 2 X -f sin x = 0. This becomes 

2 sin X cos x -1- sin x = 0, 
sin x(2 cos x d- 1) = 0, 
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sin a; = 0, or 2 cos a: + 1 = 0, 

cos a* = — 1 /2 

X = arc sin 0, x = arc cos (— 1/2) 

y. ^ j0° + 71 ■ 360°, ^ / 120° + 71 ■ 360° 

\180° + n • 360° ^ \240° + « • 360°. 

This is the general solution. The desired particular solutions are 
0°, 360°, - 360°, 180°, - 180°, 120°, - 240°, 240°, - 120°. 

EXERCISES 

Give the general eohdioti and the ])arlindar eohitioae lying hchreen — 360° and 
+ 360° inclusive: 

1. 2 sin X — 1 = 0. 2. 4 sin^ x. — 3. 3. 4 cos^ x — 3 = 0. 

4. tan^ X — 3 = 0. 6. 2 sin^ x + sin x — 1 = 0. 

6. CSC* X — 2 = 0. 7. 2 cos* x — (ros x — 1 = 0. 

8. sin* X = sin x. 9. 2 cos x sin x — cos x = 0. 

10 . sin 2 X = 2 sin x., 11 . sin 2 x = cos x. 12 . cos 2 x = sin x. 

13. sin 2 X = — sin x. 14. cos 2 x = — cos x. 

16. cos 2 X + sin X — 1 = 0. 16. cos 2 x — cos x + 1 = 0- 

17. cos 2 X = cos* X. 18. cos 2 x = — sin* x. 19. cos 2 x + sin x + 1 =0. 

20. sin 2 X = 2 cos*x. 21. sin 2x = 1/2. 22. sin 2x =\/2/2. 

167 . The ambiguous case. In .section 127, we pointed out 
that we might cxpecd to he able to solve a triangle when enough 
data are specified so that all triangles having the given measure- 
ments must be congruent to each other. In this section we shall 
point out that the law of sines enables us to accomplish the solu- 
tion of triangles in a case that was beyond our expectations, 
namely when two sides and the angle opposite one of them are 
given. That "side, side, angle” are insufficient to fix the size 
and shape of the triangle may be seen from an attempt to con- 
struct the triangle from the data. Suppose 6, o are given. We 
may first construct angle A and, on one side of it lay off side b 
(Fig. 252). Then we swing an arc with center C and radius a. 
There are several possibilities. If a is too short to hit the base 
line there is no triangle having the given parts (Fig. 252a). If a 
happens to be exactly of the right length to touch the base line 
just once (the arc is then tangent to the base line) then there is 
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just one triangle having the given parts and it must be a right tri- 
angle (Fig. 252b). If a is longer than the radius of this tangent 
arc but shorter than h, then there are two different (non-con- 
gruent) triangles ABC and AB'C each of which has the given 
parts (Fig. 252c). If a is longer than b, the swinging arc hits the 
base line twice but one of the triangles (AB'C) is unsatisfactory 



(c) (d) 

Fig. 252 


(Fig. 252d) since it does not contain angle A; if B' coincides with 
A, this also yields just one triangle ABC. In case (b),a = b sin A. 
In case (a), o < 6 sin A. In case (c), b sin A < a < b. In 
case (d), a ^ b. By testing to see which of these conditions 
holds, we can tell in advance which situation occurs. For obvious 
reasons, the case where “side, side, angle” are given is called the 
ambiguous case. In case (c) there are two satisfactory triangles, 
but, fortunately, the law of sines will enable us to obtain both of 
them, as in the following example. 


Example. If A = 30'’, 6 = 10, a = 8, solve the triangle (or 
triangles). Now 6 sin A = 10(1/2)= 5. Hence 6 sin A < a <b 
since 5 < 8 < 10. Therefore there are two solutions, as in Fig. 
252c. By the law of sines, 

sin B __ sin 30° 

__ - ^ 
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Looking in the tables, one angle whose sine is .625 is 39° (approx.). 
But we must recall that sin (180° — B)= sin B. Hence 
180° — 39° = 141° is another angle whose sine is .625. In Fig. 
252c, if i^ABC = 39° then i^^AB'C = 141°. This gives us the 
necessary information to solve each of the triangles ABC and 
AB'C separately since, in each one, we now know all the angles 
(why?) and two of the sides. In each case the remaining side 
may be found as usual by the law of sines. The student should 
complete the solution of both triangles. 


EXERCISES 


Solve eacJi of the following triangles, given that: 


1 . A = 35°, 5 = 10, a = 8. 

3 . 4 = 30°, 5 = 10, a = 4. 

6. A = 30°, b = 10, a = 12. 

7. A = 30°, 6 = 10, a = 10. 


2. li = 40°, c =20, b = 16. 

4 . C = 30°, b = 20, c = 10. 

6. 7? = 45°, a = 50, b = 40. 

8 . C = 48°, a = 100, c = 85. 



Fig. 253 


9 . Tlie distance of tlie earth E from the sun S is ap- 
proximately 93 million miles. The distance of Venus from 
the sun iS is approximately 67 million miles. If the an>;le 
between Venus and the sun (at the earth) is observed at a 
certain time to be 20°, how far from the earth is Venus at 
that time? (Two answers. See Fig. 253.) 

168. Completing the square. The expansion 
of the perfect square (x + hy is x* + 2 x/i + 
fiK The coefficient of the first power of x is 2 h. 
Clearly the constant term may be obtained by 
taking half of this coefficient of x and squaring 
it. 


Example 1 . Solve the equation x*-f6x-l-4 = 0by complet- 
ing the square. 

We write x'^ + 6 x = — 4. To create a perfect square on the 
left we take half of 6 or 3 and add its square 3^ = 9 to both sides, 
obtaining x^ + 6 x -t- 9 = 9 — 4 or x^ -h 6 x -|- 9 = 5. This can 
be written as (x -f- 3)^ = 5. Hence x + 3 = ±\/5 or x = 
- 3 ±V5. 

Example 2. Find the center and radius of the circle whose 
equation is x^ — 4 x -f — 6 t/ = 3. 
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To complete the square for the x terms we must add 4 to both 
sides and to complete the square for the y terms we must add 9 
to both sides. Hence, we get 


zh 


*2 

zh 


h 


Fig. 254 


— 4a:4-4 + 2/^ — 6^4-9 = 3 + 4 + 9 
or 

(x - 2)=* + (2/ - 3)2 = 16. 

Therefore the center is (2,3) and the radius 
is 4. 

Example 3. To derive the formula for the 
roots of the general quadratic equation 
ax2 -\- hx c = 0 hy completing the square 
we write 


ax2 -\- hx = — c, 

x^ 4 — X 

a a 

Half of the coefficient of x is Therefore we add 

2 a 

to both sides, obtaining 



or 


or 



IL _ £ 

4 a2 a 
— 4 ac 


The remainder of the proof is left to the student . 

The geometric significance of the phrase “completing the 
square” is obvious from Fig. 254. 


EXERCISES 

(а) Solve each of the equatioiis in the exercises on 'page HI by completing the 

square. ■ ’ 

(б) Find the center and radius of each of the following circles: 

1. a:* + 2 /* — 6 a: + 8 y = 0. 

2. a;* 4- 2/* — C x + 4 y = 12. 

3. X® — 2x4-2/*4-62/ = 6. 

4. - 4 X 4- 2/2 4- 10 y = - 20. 
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169. The remainder and factor theorems. When 1C3 is di- 
vided by 12 we obtain a quotient of 13 and a remainder of 7. The 
work is sometimes arranged as follows: 

13 

12)163 

12 

43 

3 ^ 

7 


This result is expressed as 


163 

12 " 


13 + or, more sim})ly, 

I ^ 


as 


163 = 12 • 13 4- 7. We would not consider the division accom- 
plished if we wrote 163 = 12 • 10 43 or 163 = 12-12-1-10 

because, although the latter statements are true, they exhibit a 
proposed remainder which is not less than the divisor 12 and such 
a remainder permits the division to be carried further. This sug- 
gests the following definition. 


Definition 1. To divide a natural nnmhcr f by a natural num- 
ber d, called the divisor, means to find natural numbers q and r, 
called the quotient and remainder respectively, such that 

f = dq 4 - r 

where r is less than d. If r = 0, d is said to be a factor of f. 

Note that f — dq = r. Division of natural numbers is es- 
sentially repeated subtraction just as multiplication of natural 
numbers is repeated addition. For example-, as seen in the 
familiar scheme for division given above, we subtract thirteen 
twelves from 163 to get a remainder of 7. 

Analogously we make the following dehnition for polynomials. 

Definition 2. To divide a polynomial f(x) by a polynomial 
d(x), called the divisor, means to find polynomials q(x) and r(x), 
called the quotient and remainder respectively, such that 

f(x)= d(x) ■ q(x)+ r{x) 

where the degree of r{x) is less than the degree of d{x). If r(x) is 
zero, then d(x) is said to be a factor of fix). 
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For example, dividing 2x^-\-5z^ + 7x-\-4: by + x + l 
we proceed as follows: 

2x4-3 

x^ 4- X 4- 1)2 x^4-5x^4-7x 4-4 
2 x^ -j- 2 x^ 4- 2 X 

3 x2 4- 5 X 4- 4 
3 x^ 4" 3 X 4- 3 
2x4-1 

obtaining the quotient 2 x 3 and remainder 2x4-1. The re- 
sult may be expressed as 

2x=‘4-5 x ^4-7x-b4 ^ 2 x -b l 

X* 4-x 4-1 ^ ' x^-b^-fl 

or more simply as 

2 X® 4- 5 X* -f 7 X 4- 4 =(x^ -j- x + 1)(2 x 4- 3)4-(2 x 4- 1). 
We would not consider the division accomplished if we wrote 
2 x3 4- 5 x^ -b 7 X -b 4 = (x2 -b X 4- 1) • 2 X 4-(3 x2 4- 5 X -b 4) 

although this is a true statement, because the proposed remain- 
der 3 x^ -b 5 X 4- 4 does not have lower degree than the divisor 
and therefore permits the division to be carried further. 

If we divide by a divisor of degree one, the remainder must be 
a constant (that is, a polynomial of degree “zero”) since its de- 
gree must be less than the degree of the divisor, and therefore it 
can not involve x at all. Hence to divide a polynomial /(x) by a 
divisor of the form x — a, where a is a constant, means to find a 
quotient polynomial ^(x) and a constant remainder r such that 

(1) /(x) = (x - a)g(x) 4- r. 

For example, dividing /(x) = x^ — 5 x 4- 10 by d(x) = x — 2 
we obtain a quotient of q{x) = x — 3 and a remainder of r = 4. 
We may write this as x^ — 5 x 4- 10 = (x — 2)(x — 3) 4- 4. Note 
that/(2) =2* — 5-24-10 = 4 which is precisely the remainder. 
That this is no accident is seen from the following theorem. 

Remainder Theorem. If a polynomial f{x) is divided by a di- 
visor of the form x — a the constant remainder r is equal to f (a). 

Proof. The division may be expressed by (1). But (1) is an 
identity; that is, it is true for all values of x. In particular it is 
true for x — a. Substituting x = a in (1) we obtain 
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/(a) = (a — a) • g(a)+ r 
or 

f(a) = r. 


This proves the theorem. 

Factob Theokem. If {x — a) is a factor of the polynomial f(x) 
then a is a root of the equation f(x) = 0, and conversely. 

Proof. If (x — a) is a factor of f{x) then the remainder ob- 
tained by dividing /(a;) by (x — a) is zero. But by the previous 
theorem, this remainder is /(o). Hence /(o) = 0, which means 
that a is a root of the equation f{x) = 0. This proves the the- 
orem. 

To prove the converse, we observe that if /(a) = 0 then r = 0 
andf(x) = (x — a)q{x). 

Remark. It follows from this that every equation f{x) = 0 of 
degree n has n roots, provided a root r is counted as many times 
as a; — r occurs as a factor of f{x). (For example, the equation 
a;3 _ (5 -t- 12 a: - 8 = 0 or (a: - 2)(a: - 2)(a: - 2) = 0 has 

only one root, 2, but we would count it as three roots because 
there are three factors x — 2.) F or by the fundamental theorem 
of algebra (section 37) the equation /(a;) = 0 has at least one root 
ri. By the factor theorem (x — n) is a factor of /(x). That is 
/(x) = (x — ri)/i(x) where /i(x) is a polynomial of degree n — 1. 
But/i(x) = 0 has a root r^. by the fundamental theorem of alge- 
bra. Hence (x — r 2 ) is a factor of /i(x), or /i(x) = (x — rftf^iix) 
where ft{x) is of degree n — 2. That is, /(x) = (x — ri)(x — rj) 
fi{x). Clearly this process can be continued to yield n linear 
factors, 

fix) = (x - ri)(x — r 2 ) • • • (x — r„) • /„ 

where /„ is a constant (degree w — n = 0). It can also be proved 
that a polynomial can be thus factored in only one way, apart 
from the order in which the factors are written down. Therefore, 
Ti, Vi, •••,?•„ are the n roots of fix) = 0. Some or all of them may 
be equal. A root r is called a root of multiplicity A: if (x — r) 
occurs as a factor of fix) exactly k times. Roots of multiplicity 
2 or 3 are called double or triple roots, respectively. 




492 


APPENDIX 


EXERCISES 


Divide by long division until a constant remainder is obtained and then find the 
remainder again by means of the remainder theorem: 

1. (x2~5a; + 7)^(x~3). 2. 

3. + ^)^{x - 2). 4. {x^ - 5)-^(a; - 1). 

6. {x^-5x + Q)^{x + 2). 6. (a:2~5x + 6)-^(a:-2). 

7. (x^-2x‘^ + x-S)-^{x + 2). 8. (:r3-5)-^(:c+l). 


By means of the factor theorem^ decide whether or not each of the following state- 
ments is true: 

9 . {x — 2) is a factor of — 5 x + 6. 

10 . {x — 3) is a factor of 2 — 6 — 5 a: + 15. 

11 . {x + 1) is a factor of + 3 + 3 x + 1. 

12 . {x + 1) is a factor of — x — 1. 

13 . {x — 1) is a factor of 2 — 4 a: + 5. 

14 . (x — 1) is a factor of 2 x*^ — 3 4* 4 x — 5. 

16 . (x + 2) is a factor of 3 x^ + 5 x^ - 7 x 10. 

16 . (x + 3) is a factor of x^ + 27. 

17 . (x — 3) is a factor of x^ + 27. 

18 . X — 2/ is a factor of x^ — y^ if n is any natural number. 

19 . X — 2/ is a factor of x^ ir if is even. 

20 . X + 2 / is a factor of x” + ?/" if }i is odd. 

21 . x + y is a factor of x” — y^ if n is even. 


170. Rational roots of a polynomial equation with integral 
coefficients. We might try to find the rational roots of an equa- 
tion by trial and error; that is, by substituting all possible ra- 
tional numbers to see if they satisfy the equation. But since 
there are infinitely many rational numbers (section 24 or 147) 
this is a gloomy prospect. The theorem below will enable us to 
cut the number of trials down to a finite number, provided the 
coefficients of the equation are integers. We shall need the fol- 
lowing preliminary theorem, which we shall not prove. 

If A, B, C are integers and C is a factor of AB while C has no 
factor, except ± 1, in common with A then C must he a factor of B. 

Examples. Let A = 5, B = 12, (7 = 6. C has no factor ex- 
cept d= 1 in common with A, while (7 is a factor of AB = 60; 
therefore C must be a factor of B = 12. On the other hand if 
^=4, B = 9, C = 6 then C is a factor of .AB = 36 while C is 
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not a factor of either A ov B] the theorem does not apply here 
because C has a factor 2 in common with A and a factor 3 in com- 
mon with B. 

Theorem. If f(x) = aox'^ -f- a 2 X’'~^ + • • • + an-iX -f 

ttn = 0 has integral coefficients and if p/q is a rational root, reduced 
to lowest terms, then p is a factor of a „ and q is a factor of a^. 

Proof. By hypothesis 

pn T)"~“ n 

O’0~~ 4" ai - + (*2 A • • • + a „ 1 — |- a „ = 0. 

qn qn 1 qr, > q 

Multiplying by q^ we have 

(1) ttop" + aip’'-^q -f a-ip^-hf + • • • + «« = 0. 

Transposing the last term and facloring we hav(' 
p(aop"“^ + aip^~\ 4- a'2j)"~^q- -|- • • • 4- 

Since the a’s and p and q are all integers and since sums and prod- 
ucts of integers are again integers, the jiarcmthesis represents an 
integer. Hence p is a factor of the integer on the left of the equa- 
tion. But therefore p is a factor of the equal integer on the right. 
Since p/q is reduced to lowest terms, p has no factor except ± 1 
in common with q and hence * no factor except, ± 1 in common 
with g". Let A = — g", B = a„ and C = p in the preliminary 
theorem above. Since p is a factor of — a„g" and has no factor 
(except =t 1) in common with — g", p must be a factor of a„. 
This proves part of the theorem. 

Transposing the first term of (1) and factoring out a g on the 
left we prove similarly that g must be a factor of a^,. The student 
should supply the detailed proof. 

Example. Find the rational roots of fix) ^ A x'^ + 4 lX^ + 
5 — 10 a; 4- 3 = 0. If p/g is a rational root, reduced to lowest 

terms, then p must be a factor of 3 and g must be a factor of 4. 
Hence p can only be ± 1, db 3 and g can only be ± 1, ± 2, or 
± 4. Therefore the only possible rational roots are ± 1, ±3, 
dz 1/2, ± 3/2, ±1/4, ± 3/4. Note that instead of possibly 
having to try infinitely many rational numbers, we may have, at 
worst, to try 12 possibilities to see if they are roots. In fact, 1/2 
is a root ri of fix) = 0 since 

♦ We shall not prove this statement here. 
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/(l/2)= 4(1/2)^ + 4(l/2)» + 5(1/2)^ - 10(1/2)+ 3 


1 + 4 5 

16 ^ 8 ^ 4 
1 


+ 3 = 0. 


Therefore a: — - is a factor of f{x). By division we obtain /(x) = 
( 2 ; — 2 ) (4 a:® + 6 a;^ + 8 a: — 6) = (a: — ^)/i(a;). Any further 


roots of f{x)= 0 must be roots of the so-called depressed equa- 
tion /i(x) = 4 a:* + 6 + 8 a: — 6 =0, obtained by setting the 

other factor equal to zero. Again 1/2 is a root r 2 of this equation 

since 4(1/2)* + 6(1/2)^ + 8(1/2)- 6=| + j + 4- 6 = 0. 

o 4 

By division we find that fi(x) = (x — i)(4x* + 8x + 12) = 
(a; — -^fiix). Hence, /(x) = (x — ^)(x — ^)/ 2 (a:). The depressed 


equation f 2 (x)= 4 x* + 8 x + 12 = 0 is quadratic and can be 
completely solved, whether or not its roots are rational, by for- 
mula. Hence rs = — 1 +\/— 2 and r 4 = — 1 — The 

number 1/2 is called a double root, or a root of multiplicity two, of 

/(x) = 0 since ^ ~ ^ occurs as a factor of /(x) twice. 

Irrational roots may be approximated as closely as we wish by 
the method of section 90. 


EXERCISES 

Find all rational rootit, and, if the sohdion yields a quadratic depressed equation, 
find all the roots: 

1. r’ — 2 — 5 a: + 6 = 0. 2. x* — 4 x* + x + 6 = 0. 

3. x’ - 5 x’* - 8 X + 12 = 0. 4. r’ + 3 x^ - 4 x - 12 = 0. 

6. x‘ - x’ - 19 x’* - 11 X + 30 = 0. 6. x« + 3 x= - 12 x* - 13 x - 15 = 0. 

7. 9 + -3x« + 7x*-3x-2 = 0. 8. 3x3-2x* + 15x-10 = 0. 

9. 4x«-7x*-5x-l=»0. 10. 3x3-7x*-3x + 2 = 0. 

11. 6 + + 2 x^ + 7 X* + X + 2 = 0. 12. 3 x^ + 2 x^ + 5 = 0. 

13. x< - 6 x» + 10 x>“ - 6 X + 9 = 0. 14. x< - 8 x’ + 24 x^ - 32 x + 16 = 0. 

171. Permutations. An arrangement of a set of objects in 
some order in a straight line is called a permutation of these ob- 
jects. More precisely, if we have a set of n objects and we wish 
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to arrange r of them in some order on a line, each such arrange- 
ment is called a permutation of the n objects taken r at a time. 

Example 1. We have a 3 volume work and a bookshelf with 
space for only 2 books. The permutations of the 3 volumes of a 
3 volume work taken two at a time may be written down as fol- 
lows (1, 2, 3, denoting volumes 1, 2, 3 respectively): 12, 13, 21, 
23, 31, 32. 

Example 2. The permutations of four letters a, b, c, d taken 
3 at a time are: 


abc 

abd 

acd 

bed 

acb 

adb 

adc 

bde 

bac 

had 

cad 

chd 

bca 

bda 

cda 

cdb 

cab 

dab 

dac 

dbc 

cba 

dba 

dca 

deb. 


We could arrive at the number of permutations of 3 things 
taken 2 at a time (example 1) a.s follows. In the first position 
(on the bookshelf) we can place any one of the three books. No 
matter which choice we made for the first position we could put 
any one of the two remaining books in the second position. By 
the fundamental principle of page 373, there are 3 • 2 or fi dif- 
ferent permutations. They are listed in example 1. 

Similarly, in example 2, we may place any one of the 4 letters 
in the first position. No matter which of the 4 choices we make 
for the first position, we can place any one of the remaining 3 
letters in the second position, and then any one of the remaining 
2 letters in the third position. By the fundamental principle, 
there are 4 • 3 • 2 = 24 permutations. They are listed in exam- 
ple 2. 

The number of permutations of n distinct things taken r at a 
time will be denoted by ”Pr. Clearly any one of the n things may 
be placed in the first position, any one of the remaining (n - 1) 
things may be placed in the second position, any one of the re- 
maining (n — 2) things in the third position, and so on, until we 
reach the rth position. Hence, by the fundamental principle 

(1) "Pr = n(n — l)(n - 2) • • • (to r factors). 
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Clearly the rth factor will bew— (r— l)orn — r + 1. Hence 

(1) may be written as 

(2) "Pr = n{n — l)(n — 2) • • • (n — r + 1). 

The number of permutations of n distinct objects taken all at a 
time is clearly 

(3) "Pn = n{n - l)(n - 2) • • • 3 • 2 • 1. 

We find it convenient to abbreviate the expression n{n — 1) 
{n — 2) • • • 3 • 2 • 1 by defining the symbol n !, read “factorial 
n,” to mean the product of all the natural numbers from n down 
to one; that is, 

(4) n ! = n{n — l)(n — 2) • • • 3 • 2 • 1. 

For example 3! = 3- 21=6, 4! = 4- 3 21=24, 5! = 
5 • 4 • 3 • 2 • 1 = 120 and so on. Since 
n(n — l)(n — 2) • • • (n — r + 1) = 

n(w — l)(n — 2) • • • (n— r4-l)-(n— r)(n— r— l)(n — r — 2) • • ■3-2- 1 
(w— r)(n— r — r — 2) • • - 3 •2 - 1 

_ n ! 

(n — r) ! 

we have the following theorem. 


Theorem. The number of permutations of n distinct things 
taken r at a time is given by 


"Pr = 


n 


(n — r) ! 


if r < n 


while 


"P.. = n ! 


Example S. The number of arrangements of 7 distinct books 
on a shelf is ’P 7 = 7! = 7- 6- 5- 4- 3- 2- l= 5040. The 
number of arrangements of 7 distinct books taken 4 at a time is 


^P4 = 


7 ! _ 7 ! 7-6-5-4 3-21 

(7 - 4) ! 3 ! “ 3 • 2 • 1 


7 . 6 . 5 • 4 = 840. 


EXERCISES 

Evaluate each of the following symbols: 

1. 6!. 2. 3. 4. ^Pi. 6. «P2. 6. «P«. 

o ! / ! 
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7 . In how many ways can 5 students be seated in a row of 5 seats? 

8. How many different signals can be made from 5 different flags if each signal 
is to consist of 3 flags hung in a horizontal row? 

9 . How many different numbers of 2 different digits each can be made from 
the digits 1, 3, 5, 7, 9? 

10. How many different signals can be made from 5 different flags if each signal 
is to consist of one or more flags hung in a horizontal row? 

11 . How many different symbols each consisting of 3 letters in succession can 
be formed from the letters a, by c, dy e, repetition of a letter in a given symbol be- 
ing forbidden? 

12. How many different symbols each consisting of 3 letters in succession can 
be formed from the letters a, c, dy Cy repetitions being permitted? 

13. A telephone dial has 10 holes. How many different signals, each consisting 
of 7 impulses in succession, can he formed, (n) if no impulse is to be repeated in 
any given signal? {b) if repetitions are permitted? 

14. In how many ways may 5 students be seated in a row of 8 seats? 

16. In how many ways can tlie positions of president, vice-president, and secre- 
tary be filled in a club of 20 members? 

16. If a nickel, dime, quarter, penny, and half-dollar arc tossed together, in 
how many ways may they fall? 

17. Three cubical dice arc tossed in succession. In how many ways may they 
fall? 

18. In how many ways may a baseball team be arranged in l)atting orders if a 
certain four men must occupy the first 4 positions in some order? 

19. In how many ways can a party of 5 people be seated in a row of five seats 
(a) if a certain two insist on sitting next to each other? {b) if the same two refuse 
to sit next to each other? 

20. In how many ways can a set of 4 different mathematics books and 3 differ- 
ent physics books be placed on a shelf if all the books in the same subject must be 
placed next to each other? 

172. Combinations. A set of r objects chosen from a given 
set of n objects, without regard to order, is called a combination 
of n things taken r at a time. 

Example 1 . The combinations of 3 distinct volumes taken two 
at a time are 12, 13, and 23. Compare example 1, section 171. 
The permutations 12 and 21 give rise to only one combination, 
since order is to be ignored. 

Example 2. The combinations of 4 letters a, 6, c, d, taken 3 at 
a time are abc, abd, acd, bed. Compare example 2, section 171. 
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The six permutations in each column of example 2 section 171 
give rise to only one combination, since order is to be ignored. 

Clearly any combination of n distinct things taken r at a time 
gives rise to r ! permutations since the set of r objects can be re- 
arranged among themselves in r ! ways. Let us denote by ”Cr the 
number of combinations of n distinct things taken r at a time. 
Then, as we have just seen, 

= r ! • "Cr 


or 


or 

( 1 ) 



"Cr 


n ! 

r \{n — r) ! 


(r < n). 


Example 3. In example 1 above, the number of combinations 

3 ! 

of 3 distinct things taken 2 at a time is = 


3 • 2 • 1 
2 11 


2 ! (3 - 2) ! 

3. In example 2 above, the number of combinations 

4 ! 


of 4 distinct things taken 3 at a time is ^Cz = .. j , . , 

o I (^4 u ) I 


4 *3 -2 • 1 
3 • 2 • 1 • 1 


= 4. 


Remark. Whenever we select a set of r things from a set of n 
things we automatically select a set of n — r things which are 
left behind. Therefore ^Cr = ""Cn-r. 


EXERCISES 

Evaluate each of the following symbols: 

1. ^C2. 2. 3. 20C2. 4. 

In how many ways can we select: 

6. A committee of 3 from a group of 10 people? 

6. A jury of 12 men from a panel of 100 eligible men? 

7. A set of 3 books from a set of 7 different books? 

8 . A set of 3 or more books from a set of 7 different books? 

9. A set of 3 mathematics books and 2 physics books from a set of 7 mathe- 
matics books and 5 physics books, all different? 

10. A committee of 4 Democrats and 3 Republicans from a group of 10 Demo- 
crats and 8 Republicans? 
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11 . A committee of 5 from a group of 10 (a) if a certain two men insist on serv- 
ing together or not at all? (b) if a certain two men refuse to serve together? 

12 . How many sums of money, each involving three coins, can be formed from 
a cent, a nickel, a dime, and a quarter? 

13 . (a) How many straight lines are determined by 10 points no 3 of which are 
in the same straight line? (b) How many of these lines pass through any given 
one of these 10 points? 

14 . From a group of 12 Democrats and 10 Republicans, how many different 
committees of 7 can be chosen which contain (a) at least 4 Democrats? (6) at 
most 4 Democrats? (c) exactly 4 Democrats? 

16 . In how many different orders can we shelve sets of 5 books, each set con- 
sisting of 3 mathematics books and 2 physics books, if the books are to be chosen 
from a. set of 10 mathematics books and 8 physics books, all different? 

16 . How many triangles are determined by the set of vertices of a regular 
hexagon? 

17 . (a) How many committees of 5 can be chosen from a group of 15 men? (b) 
How many of these will include a specified man A ? (c) From bow many will A be 
excluded? 

18 . Prove that ’^^Cr + ""'Cr-i = "C,. 

173. The binomial theorem. By todiotis multiplication wc 
find that 

{z hy — X -{■ h 

{x hy = x^ + 2 xh A* 

(x -}- hy = + 3 x^h + 3 xA2 + A* 

(x + A)'* = a;'* -f- 4 x^h + 0 x^h^ 4 xh^ -f- A‘‘ 

(x + hy = -|- 5 x*h -f 10 a:W -f 10 x^A® 5 xh* -\r A®, 

and so on. It is clear that the expansion of (x -t- A) ", where n is 
any natural number, begins with x" and ends with A". In the 
intermediate terms the exponent of x decreases by one with each 
successive term and the exponent of A increases by one, so that 
the sum of the two exponents is exactly n in each term. The co- 
efficients may be obtained from the following scheme, known as 
Pascal’s triangle, which we shall not justify here, 

1 1 

1 2 1 
13 3 1 

1 4 6 4 1 

1 5 10 10 5 1 
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in which each number, except the I’s on the outside, is the sum 
of the two nearest numbers in the line above. Hence 

(x + /i)® = X* + 6 x^h + 15 + 20 x^¥ + 15 x%^ + 6 x/i® + /i®. 

This scheme is, however, not very practical for high exponents n, 
for to write even the first few terms of (x + say, we should 
have to work out Pascal’s triangle down to the 175th line. A 
better scheme is given by the following theorem. 

Theorem. If n is a natural number 
(x + hY = X" + "Cix”“i/i + ’‘C2X"~2/i2 ^ -Czx^-^h? + • • • + 

+ • • • + /i". 

This result appears natural if you recall that (x + /i)" means 
(x -\- h)(x h) • • • (x + /i) with n factors. Each term in the 
result is a sum of terms each of which is a product of one letter 
from each parenthesis. For example, the term involving h’’ will 
be a sum of terms of the form x’^-'h'' each of which is a product of 
n — r x'b (one from each of n — r parentheses) and r /I’s (one 
from each of r parentheses). How many such terms x^~’'h’^ will 
there be? Clearly, as many as there are choices of r of the n 
parentheses from which to take an h. Hence there are ”Cr such 
terms and the total coefficient of in the final result is ”Cr. 

Example, (x + /i)® = x® + ^Cix^h + ^C^x'^h? + ^Czx?h^ + 

®C4x2;i« -I- ®c'5x/i® + /i® 
= X® + 6 x^h + 15 x‘^h^ + 20 x®/i® + 

15 x^h'^ + 6 x/i® + /i®. 

This theorem, known as the binomial theorem for positive 
integral exponents, can be proved by mathematical induction. 
This will not be done here. 

The coefficient of the term involving h' is "Cr) this is the 
(r + l)th term in the expansion. There will be n + 1 terms, 
in all, in the expansion of (x + /i)". 

EXERCISES 

Write ike expansion of each of the following: 

1. (a: + /iy. 2. (a + 6)«. 

4. (2 o + 3 by. 6. (2 o’ + 3 6*)'. 

7. (o — by. (Hint: write a — 6 = a +[— 6].) 


3. (p+qy. 
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8. (a - 6)^ 9. (a - by. 10. ^2 a’ - ■ 

11. (l+0‘. 12- 0+3-)’ ‘* 0+4-)‘ 

O+s)’ 

Write y in simplified for niy only the specified terms: 

16. The term involving in the expansion of (:c + /0‘^- 

16. The term involving 6^ in the expansion of (a + b)‘^\ 

17. The sixth term of (x + JifK 

18. The 18th term of (x + 

( q 2 V 10 

“- + 2 fc'M • 

( p2 V 12 

— + G (fj ■ 

21. The middle term of (a — by. 

22 . The middle terms of (2 « — 3 6)“. 

23. The term involving 6Mn ' 

24. Explain the connection between exercise 18 of seidion 172 and Pascal’s tri- 
angle. 

26. Compute, using only enough terms to get the result accurate to 3 decimal 
places: 

(a) LOP =(1 -f .01)^ 
ib) .99“ =(1 - .01)“. 

(c) 1.02“. 

(d) .98b 

174. Further results on probability. We di.scuss briefly some 
elementary theorems on a. priori probability. 


Theorem 1. If the probability that an event mil happen is p 
then the probability that it will not happen is 1 — p. 

For if the event can turn out successfully in s ways out of a 
total number t of possible (equally likely) ways, then it will fail 
in the remaining t — s ways. Hence the probability of failure is 
t/ • sis s 

— - — = 7 — 7 = 1 — P where p = - is the probability of success. 
z z z z 


Example 1 . The probability of throwing a 3 with a single die 
is 1/6 while the probability of failing to throw a 3 is 1 — 1/6 = 
5/6. 
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Two or more events are called independent if the occurrence 
or non-occurrence of any one of them is not affected by the oc- 
currence or non-occurrence of the rest. 


Theorem 2. If pi is the probability that a first event will occur, 
Pi is the probability that a second event will occur, pz is the probabil- 
ity that a third event will occur, and so on, and if all these events are 
independent, then the probability that all of them will occur is 

P1P2PZ • • • . 

For simplicity, suppose there are two events with probabilities 
Pi = Si/ti and Pi = Si/ti respectively. By the fundamental 
principle of page 373, any of the h possibilities for the first 
event may be combined with any one of the ti possibilities for the 
second event, yielding a total number hh of possibilities for both 
events. By the same reasoning the total number of successful 
cases for both events together is S1S2. Hence the probability of 

both events occurring successfully is = 7 • 7 = P1P2. The 

t\t2 tl 12 

proof for more than two events is similar. 

Example 2. The probability that an ace be drawn from a pack 
of cards is 4/52. Suppose that after a card is drawn, it is replaced 
in the pack before drawing again. Then the probability of draw- 

.44 1 . 

ing two aces in succession is — • — = 77;;:: since the two drawings 

o2 loy 

are independent of each other. 


Theorem 3. If the probability of a first event is pi and if the 
probability of a second event, after the first event has happened, is 
Pi, then the probability that both events will occur in succession is 
PiPi. A similar theorem can be slated for more than two events. 
This is proved in the same way as Theorem 2. 


Example 3. Suppose that when a card is drawn from a pack 
it is not to be replaced. Then the probability of drawing two 

4 3 1 . 

77 ■ 77 = 777 since, after the first ace has 
52 51 221 


aces m succession is 


been drawn and not replaced, the probability of drawing a second 
ace is 3/51. 

Two or more events are said to be mutually exclusive if not 
more than one of them can occur. 
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Theokbm 4. If the 'probability that one event will occur is pi and 
the probability that a second event will occur is p^, and if the two 
events are mutually exclusive, then the probability that either the first 
or the second event will occur is pi + p^. A similar theorem can be 
stated for more than two events. 

Let the total number of possibilities be t, of which Si cases are 
favorable for the first event and s-i cases are favorable for the 
second event. The Si cases and the S 2 cases are all different since 
the two events are mutually exclusive. The probability of the 
first event is pi = Si/t and the probability of the second event is 
Pi = s^/t. One or the other of the two events can happen in 
Si + St cases. Therefore the probability that either one or the 


other of the two events will occur is 


Si , So , 

7 + 7 = '’■ + P” 


Example 4- The probability that either an ace or a king will 

4 4 2 

be drawn in a single draw from a pack of cards is ^2 "h ~ Y 3 ’ 


Theorem 5. If p is the probability that an event will occur in a 
single trial, then the prohabilily that it will occur exactly r times out 
of n trials is '‘Crg"~'P'' where q = 1 — p is the probability that the 
event will fail to occur in a single trial. 

The probability that the event wdll occur in any particular set 
of r trials and fail in the remaining n — r trials is exactly q''~''p' 
by theorem 2. But the particular set of r trials may be selected 
out of n trials in "Cr ways which are mutually exclusive. Hence, 
by theorem 4, we must add "Cr terms each of which has the value 
qn-rpr. Thcreforc the probability desired is ’'Crq''~''p^. 

Example 5. Find the probability of obtaining exactly two heads 
in tossing 5 coins. The probability of obtaining a head with any 

particular coin is p = ^ and the probability of failing to obtain a 
head with any particular coin isg=l— i = ~ Hence the 
probability in question is ®C 
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EXERCISES 

1 . What is the probability of throwing; an ace twice in succession with a single 
die? 

2 . What is the probability of throwing a total of 18 with 3 dice? 

3 . What is the probability of drawing an ace from a pack of 52 cards four 
times in succession if: (a) each card is replaced in the pack after it is drawn? 
(b) no card is replaced after it is drawn? 

4 . What is the probability that either an ace or a six will turn up in a single 
throw of a single die? 

6 . What is the probability that either an ace, king, or queen will be drawn 
from a pack of cards in a single draw? 

6 . A bag contains 6 white and 5 black balls. After drawing any ball it is to be 
replaced in the bag. What is the probability of drawing two white balls in suc- 
cession? Three black balls in succession? 

7 . The same as exercise 6 except that no ball is to be replaced after drawing. 

8 . What is the probability that an ace will turn up exactly once in 3 successive 
throws of a single die? 

9 . What is the probability that an ace will turn up exactly twice in 5 succes- 
sive throws of a single die? 

10 . What is the probability that an ace will turn up at least once in four succes- 
sive throws of a single die? (Hint: consider the probability of failure.) 

11 . If 10 coins are tossed in succession, what is the probability that (a) exactly 
3 will be heads? (h) at least 3 will be heads? 

12 . If 10 coins are tossed, what is the probability that (a) exactly 8 will be 
heads? (b) at least 8 will be heads? (c) at most 8 will be heads? 

13 . If 5 dice are tossed what is the probability that (a) exactly 3 of them will 
turn up an ace? (6) at least 3 of them will turn up an ace? (c) at most 3 of tliem 
will turn up an ace? 

14 . What is the probability of drawing a hand consisting of the ace, king, 
queen, jack and ten of diamonds in 5 successive draws from a pack of 52 cards? 

16 . What is the probability of throwing a total of seven with a pair of dice (a) 
5 times in succession? (b) ten times in succession? (c) is the probability in {h) 
half as great as that in (a)? 




Table I 

Common Logarithms 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 

11 

0414 

0453 

0492 

0531 

0569 

0607 

0645 

0682 

0719 

0755 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

13 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

17 

2304 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

35()0 

3579 

3598 

23 

3617 

3636 

3655 

3()74 

3692 

3711 

3729 

3747 

3766 

3784 

24 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3962 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4()09 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

31 

4914 

4928 

4942 

4955 

49()9 

4983 

4997 

5011 

5024 

5038 

32 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

33 

5185 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

34 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

35 

5441 

5453 

54 ()5 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

36 

5563 

5575 

5587, 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

37 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

576)3 

5775 

5786 

38 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5899 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

40 

6021 1 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

41 

6128 1 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

43 

6335 

6345 

()355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

48 

i 6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

50 

6990 

6908 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

53 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

N 

0 

, 1 

2 

3 

4 

5 

6 

i ^ 

8 

9 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

55 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

56 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

57 

7559 

7568 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

58 

7634 

7642 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

59 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

60 

7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

61 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

62 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

63 

7993 

8000 

8007 

8014 

8021 

8028 

8035 

8041 

8048 

8055 

64 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

66 

8195 

8202 

8209 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

67 

8261 

8267 

8274 

8280 

8287 

8293 

8299 

8306 

8312 

8319 

68 

8325 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

69 

8388 

8395 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

70 

8451 

8457 

8463 

8470 

8476 

8482 

8488 

8494 

8500 

8506 

71 

8513 

8519 

8525 

8531 

8537 

8543 

8549 

8555 

8561 

8567 

72 

8573 

8579 

8585 

8591 

8597 

8603 

8609 

8615 

8621 

8627 

73 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8833 

8839 

8845 

75 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

76 

8808 

8814 

8820 

8825 

8831 

8837 

8842 

8848 

8854 

8859 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

79 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9015 

9020 

9025 

80 

9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

81 

9085 

9090 

9096 

9101 

9106 

9112 

9117 

9122 

9128 

9133 

82 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

83 

9191 

9196 

9201 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

84 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

85 

9294 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

86 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

87 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9430 

9435 

9440 

88 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

89 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

90 

9542 

9547 

9552 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

91 

9590 

9595 

9600 

9605 

9609 

9614 

9619 

9624 

9628 

9633 

92 

9638 

9643 

9647 

9652 

9657 

9661 

9666 

9671 

9675 

9680 

93 

9685 

9689 

9694 

9699 

9703 

9708 

9713 

9717 

9722 

9727 

94 

9731 

9736 

9741 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

95 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

96 

9823 

9827 

9832 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

97 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

98 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

99 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

9996 

N 

0 

1 

2 

3 

4 

5 

6 

7 

8 
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• Table H 

Trigonometric Functions 



sin 

cos 

tan 

cot 

sec 

CSC 


0° 

.0000 

1.0000 

.0000 

.... 

1.000 


90® 

r 

.0175 

.9998 

.0175 

57.29 

1.000 

57.30 

89® 

2° 

.0349 

.9994 

.0349 

28.64 

1.001 

28.65 

88° 

3° 

.0523 

.9986 

.0524 

19.08 

1.001 

19.11 

87° 

4° 

.0698 

.9976 

.0699 

14.30 

1.002 

14.34 

86® 

5° 

.0872 

.9962 

.0875 

11.43 

1.004 

11.47 

85® 

6° 

.1045 

.9945 

.1051 

9.514 

1.006 

9.567 

84° 

70 

.1219 

.9925 

.1228 

8.144 

1.008 

8.206 

83® 

8° 

.1392 

.9903 

.1405 

7.115 

1.010 

7.185 

82® 

9° 

.1564 

.9877 

.1584 

6.314 

1.012 

6.392 

81® 

10® 

.1736 

.9848 

.1763 

5.671 

1.015 

5.759 

80® 

11® 

.1908 

.9816 

.1944 

5.145 

1.019 

5.241 

79® 

12® 

.2079 

.9781 

.2126 

4.705 

1.022 

4.810 

78® 

13® 

.2250 

.9744 

.2309 

4.331 

1.026 

4.445 

77® 

14® 

,2419 

.9703 

.2493 

4.011 

1.031 

4.134 

76® 

15° 

.2588 

.9659 

.2()79 

3.732 

1.035 

3.8(>4 

75® 

16® 

.2756 

.9613 

.28()7 

3.487 

1.040 

3.628 

74® 

17® 

.2924 

.9563 

.3057 

3.271 

1.046 

3.420 

73® 

18® 

.3090 

.9511 

.3249 

3.078 

1.051 

3.236 

72® 

19® 

.3256 

.9455 

.3443 

2.904 

1.058 

3.072 

71° 

20® 

.3420 

.9397 

.3640 

2.747 

1.064 

2.924 

70® 

21® 

.3584 

.9336 

.3839 

2.605 

1.071 

2.790 

69® 

22° 

.3746 

.9272 

.4040 

2.475 

1,079 

2.669 

68® 

23° 

.3907 

.9205 

.4245 

2.3, 5(> 

1.086 

2.559 

67° 

24° 

.4067 

.9135 

.4452 

2.246 

1.095 

2.4,59 

66® 

25° 

.422() 

.9063 

.46()3 

2.145 

1.103 

2.366 

65® 

26° 

.4384 

i .8988 

.4877 

2.0,50 

1.113 

2.281 

64® 

27° 

.4540 

.8910 

..5095 

1.9()3 

1.122 

2.203 

63® 

28° 

.4695 

.8829 

.5317 

1.881 

1.133 

2.130 

62® 

29® 

.4848 

.8746 

.,5,543 

1.804 

1.143 

2,063 

61® 

30® 

.5000 

.8660 

.,5774 

1.732 

1.155 

2.000 

60® 

31® 

.5150 

.8572 

.6009 

1 .664 

1.167 

1.942 

59® 

32® 

.5299 

.8480 

.6249 

1.600 

1.179 

1.887 

58® 

33® 

.5446 

.8387 

.6494 

l.,540 

1.192 

1.836 

57® 

34® 

.5592 

.8290 

.6745 

1.483 

1.206 

1.788 

56® 

35® 

.5736 

.8192 

.7002 

1.428 

1.221 

1.743 

55® 

36® 

.5878 

.8090 

.7265 

1.376 

1.236 

1.701 

54® 

37® 

.6018 

.7986 

.7536 

1.327 

1.252 

1.662 

53® 

38® 

.6157 

.7880 

.7813 

1.280 

1.269 

1.624 

52® 

39® 

.6293 

.7771 

.8098 

1.235 

1.287 ' 

1.589 

51® 

40° 

.6428 

.7660 

.8391 

1.192 

1.305 

1.556 

50® 

41° 

.6561 

.7547 

.8693 

1.150 

1.325 

1.524 

49® 

42° 

.6691 

.7431 

.9004 

1.111 

1.346 

1.494 

48® 

43® 

.6820 

.7314 

.9325 

1.072 

1.367 

1.466 

47® 

44® 

.6947 

.7193 

.9657 

1.036 

1.390 

1.440 

46® 

45® 

.7071 

.7071 

1.000 

1.000 

1.414 

1.414 

45® 


cos 

1 

sin 

cot 

tan 

1 

CSC 

sec 
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ANSWERS 


Mostly to Odd-Numbered Exercises 


Section 3 

1 . 3| days. 3 . Less. 5 . The second. In successive six month periods the first 
receives 900, 900, 1000, 1000, 1100, 1100, . . . dollars, while the second receives 900, 
950, 1000, 1050, 1100, 1150, . . . dollars. 


Section 4 

1 . Not valid. 3 . Not valid. 6 . Not valid. 7 . Valid. 9 . Valid. 11 . (a) Not 

valid, (b) Not valid, (c) Not valid. 16 . Yes. 17 . No. 

Section 5 

1 . Not valid. 3 . Not valid. 6 . Not valid. 7 . Not valid. 9 . Not valid. 


Section 12 

1. (a) A 2 . ( 6 ) As. (c)A,. ((/) A 3 . (c)A,. 

Section 1 3 

1 . (a) M 2 , (b) M,. (c) I), (d) I) and Ei. (c) M 2 . (/) M,. (g) 1). (h) I) and E 2 . 
3 . (a) 23. (5)35, (c) 17. (d) 27. (c) 29. (/) 41. (g) 77. (5)47. 

Section 1 5 

3. (5), (c), (d), (e). 


Section 16 

1 . (a) 10/21. (5)14/15. (c) 1. (d) 3/2. (c) 1 . (/) 1/2. Z. ad/bd. 


Section 1 7 

1 . (a) 13/0. (5) 5/0. (c) 2. (/) 2. 6 . Less. 


Section 18 

^ ^ ad f he 

1 . (a) 13. ih) 1. (c) 1 +2x. (ri) 7/12. (c) .5. (/) 

Section 19 

1 . None. 3 . Symmetric. 6 . Transitiv(‘. 7 . None. 9 . If “A is west of 
means that A can be reached by proceeding west from B, then tlie relation is reflexive, 
symmetric, and transitive. If ''A is west of B'' means that the shortest route from B 
to A is to the west, then it is none. 11 . Reflexive, transitive. 13 . Symmetric. 
16 . Reflexive, symmetric, transitive. 17 . Reflexive, symmetric. 


Section 21 


1 . 3. 3 . -3. 

9 . 10. 11 . 4. 

19 . -7/6. 21 . 3/4. 


6. -3. 7. -10. 

16 . - 1 . 17 . 1 / 0 . 

23 . —1/3. 26 . (a) — a -f 5. (5) a — 5. 

Section 23 


1 . (a) 3. (5) 2. (r) 7. id) 2 (e) 2. (f) 3. 3 . No. 6 . (a - 5)2 a'^ - 2 ah T b^. 

7 . No. 9 . 1/2. 11 . 1/2. 13 . j-2. 16 . 311. 17 . 23. 19 . 41 21 . 441. 

23 . 6 X. 26 . 3 X. 
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ANSWERS 


Section 25 

1. (o) between 1.732 and 1.733. (h) 1.73. 

3. (a) between 1.259 and 1.260. (b) 1.26. 

6. (a) between 1.710 and 1.711. (b) 1.71. 

Section 26 

1 . (a) complex, imaginary. 

(6) complex, real, rational, integral, positive, natural. 

(c) complex, imaginary, pure imaginary. 

(d) complex, real, irrational, positive. 

(e) complex, real, irrational, positive. 

(/) complex, real, rational, negative. 

(g) complex, real, irrational, positive. 

(h) complex, real, rational, integral, positive, natural. 

Section 29 


1. (o) Algebraic, irrational. (b) 4. ^ 

3. (a) Algebraic, rational, polynomial. (b) 5 + V3. 

6. (a) Algebraic, rational, polynomial. (b) 3. 

7. (a) Algebraic, rational. (b) 3/10. 

9 . (a) Algebraic, rational, polynomial. (b) 59. 

11 . Rational. 

13. No. 


Section 30 

1. 5 ^2 4- 5 x + 6. 3. 7 + 2 4 5 .t 4 7. 6. 4 5x4* 6. 

7. 4 4 4 a6a: 4 b^. 9. - 2 xi/ 4 11* 7 x + 2 xy - 3 i/. 13. x^ 4 if. 

Section 31 

1. 2 xy{2 X 4 3 2/ - 5 xhf). . 3. (x - 5)(x *- 2). 6. (x + 3)(x - 3). 

7. (2x4 l){x + 2). ^ 9. {y 4 lc)K 11. (2 ax 4 b)\ 

Section 32 

9. 3. 11. 2. 13. Conditional. 16. C\)nditional. 17. Identity. 

Section 33 

1. -13/4. 3. 12. 6. 1. 7. No root. 

Section 34 

1. 5,2. 3. -4/3,5. 6. ± 3. 7. -7,1. 9. dh 5/2. 11. 0. 

Section 35 

1. 7. 3. 4. 6. 4,20. 7. No root. 9. - 2. 11. 9/8. 13. No root. 


Section 36 

1. 3,2; real, rational. 3. 5 ±y^; 'oal, irrational. 

'2 ‘ 

6. iV- 3; imaginary. 7. 5, - 4/3; r^al, rational. 

9.-3 ±\/17; real, irrational. 11 . — — ^ real, irrational. 

Section 39 


1. I = 2, y = 3. 3. * = - 2, y = - 3. 6. x = 8/5, y = - 7/10. 

7. X = 9/13, y = 7/13. 9. x = 14/29, y = - 23/29. 
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Section 40 

1. a: = 5, 2 / = 0; X = 3, ?/ = 4. 

3. X = 3, 2/ = 2; X = 1/5, 2/ = - 18/5. 

6. X = - 13/3, 2/ = -4; X = - 11/9, 2/ = 2/3. 

7. X = 3, 2/ = 4; X = 4, 2/ = 3. 

9. X = 3, 2/ = 4 : X = — 3, y = — 4. 

U. X = 3, 2/ = 2; X = 21/4,' 2/ = - 19/4. 

Section 41 

I . 8 yds., fi yds. 3. 3|. 6. 2. 7. .«I000 at 4%, $4000 at ()%. 9. 8 days. 

II. 40ft., lOf't. 13. A: 10days;B: 15diiys. 16. 40ft., 10ft. 17. 2 hi-s., lOOiiii. 

19. 5 1 gallons. 

Section 44 


6. 4. 7. 2. 

9. 4. 

11. 2. 

19. 2, 5. 21. 1, 3, 5. 23. 4. 





Section 47 


1. (a) 24. 

(h) 44. 

(c) 26. 

(d) 30. (e) 33. (/) 40. (g) 120. 

{h) 220. 

(r) 1 1000. 
3. (a) 32. 

(h) 112. 

(c) 35. 

(d) 40. (<■) 44. if) 52. (g) 200. 

(h) 1012. 


(i) 100000. 

6. (a) 8. (6)13. (c)8. (d) 10. (c) 11. (/) 12. (») 20. (6)22. (/) 1000. 

7. (a) 62. (6) 146. (c) 26. (d) 222. 

9. (tt) 2 + 10 = 12. (6) 10 +101 =111. (c) 2 + 12 = 21. (d) 2 + 5 = 10. 

(e) 2 + 5 = 7. 

16. (a) 54. (6)41. (c) (0. (d) fc. (Hlle. 

Section 49 

1. a«. 3. aV61 6. 72. 7. - 72. 

9. 18. 11. 36. 13. 3^ 16. 3«. 

Section 60 

1. 1/9. 3. 8. 6. 10. 

7. 1. 9. 9/100. 11. 25,600,(K)0. 

13. S/xl 16. 3. 17. 8 hK 

19. 2 xHj*. 21. x’ + 3 X + 5. 23. 1 /xhjK 

Section 51 

I. 2 X 10‘ 3. 5 07 X 10". 6. .5.6 X 10“^ 7. 8.93 X 10 *. 9. 4.678 X 10'. 

II. .1. 13. 67,800.000. 16. 6.78. 17. 468,000. 19. 90. 21. 5 X 10". 

23. 220. 26. 1.310385 X lO^-' Ib.s. 

Section 52 

1. 4. 3. 2. 6. 1/4. 7. 1/4. 9. 1/64. 11. 1/213. 13. 1/3. 16. 

17. ^x. 

Section 53 

1. log625 = 2. 3. logiolOO = 2. 6. logg2 = 1/3. 7. log6(l/25) = - 2. 

9. log 7 l = 0. 11. 2' = 16. 13. 10-* = .01. 16. 10“ = 1. 17. 5’ = 125. 

19. 10 ‘ = .1. 21. 5. 23. 2/3. 26. 1. 27. 0. 29. 3/2. 31. 4. 33. .5. 

36. .7781. 37. .1761. 39. 1.0791. 41. -.6990. 

Section 54 

1. 2.0934. 3. 8.0934-10. 6. 1..5977. 7. 8.638.5-10. 9. 6..5391-10. 11. 2..5.563. 

13. 7.6990-10. 16. 33.2. 17. .332. 19. 49.8. 21. .54.5. 23. 9370. 

26. = 862;'“^To^^ = 862. 
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Section 55 

1. 1.72. 3. 2.59. 6. .783. 7. 40.7. ». 1280. 11. .205. 

Section 56 

1. $184. 3. $5,230,000. 6. 197,000,000 sq. mi. 7. 18 yrs. 9. 2 sec. 11. (o) 

$328. (6) $107. 

Section 71 

1. (a) 2. (6) 6. 3. (a) 4. (b) -5. 6. (a) 10. (6) 2, 7. (o) 8. (b) 4. 9. (a) 

3. (6) 7/2. 11. 7. 

Section 72 

6. 0. 7. Equal. 9. (3,-3), (-3,-3), (-3,3). 

Section 74 

1.13. 3.4. 6.10. 7.4. 13. (6) 5. (c) No. (d) No. (e) Yes. 16. (0,-3). 

Section 75 

1. (3,4). 3. (a) 7,w^, w^; (c) v^, iV^, iV^- 6. (-5,-1). 

7. ^ 

V 2 2 ) 

Section 76 

3. (a) —1/5, —7/9,5. (c) —5/12, 0, does not exist. 

Section 78 

1. (a) Yes. (h) No. (c) Yes. 16, 7j = —3. 17. x = ?/. 19. y = 2 x. 

t 

Section 79 

I. 2 X — y = 9. 3. y = 2. b. y = x + 1. 7. x = 2. 9. y = 3 x + 4. 

II, y = -X. 13. -1. 16. m = 3/2, p = 1/2. 

Section 80 

I. 2/3. 3. No slope. 6. —1/2. 7. j/ = 0; x = 0. 9. 2 x + p = 8. 

II. (o) p = 4 X + 8; 3 2/ = X + 2; 3 X + 2 y = 16. 

(6) 3 p = 2 X + 4; X + 4 p = 12; 3 X + p = 8. 

(c) 4 p = 5 X + 10; 7 X + p = 8; 2 X + 5 p = 18. 

(d) X + 4 p = 15; p + 3 X = 4; 3 p == 2 X + 11. 

13. X + p = 5; no; yes. 16. x* + p^ = 25; yes; no. 

Section 81 

1. (x + 1)^ + (P - 3)* = 16. 3. x^ + p» = 4. 6. (x + 2)’“ + p' = 4. 

7. (X + 2)» + (P + 3)^ = 169. 9. (2,-5); 4. 11. (1,0); 3. 13. x^ + p’* = 25; 

yes; yes. 16. x’* + p“ = 25; yes; yes. 

Section 82 

7. p» = 8 X. 9. 9 x» - 16 p* = 144. 

Section 83 

1. X = p. 3. 4 p — 4 X = 15. 

Section 84 

1. (-1,-2). 3. (23/17 -1/17). 6. (1,2). 7. (3,4), (-3,-4). 9. (4,5), 

(5,4). 11. (1,1), (9/16, -3/4). 12. No intersections. 13. (0,1), (3,4). 

16. (-3,2), (-1,-2). 17. (-3,-2), (-1,2). 21. (a) (3,0), (4,2), (1,2). (6) 

2 p = x; 2 X + 5 p = 12; 4 X + p = 12. (c) (8/3,4/3). 23. (a) x = 3, x = p + 2, 

X + 2 p = 6. 
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Section 90 

1. All real numbers. 3. All non-negative real numbers. 6. All real numbers be- 
tween -3 and +3 inclusive. 

Section 91 

I. (a) 4. (6) 3. (c) 6. (d) 18. (e) 3. 

3. (a) -7/4. (5) -1/2. (c) 17/10. (d) -4/3. (<>) 2,5. 

6. (a) 19. (6) 3 a* + 2 o + 3. (c) 3 a* + 6 a/i + 3 + 2 a + 2 + 3. 

(d) 6 ah -f- 3 + 2 /i. (e) 6 a + 3 4- 2. 

7. 3 -f 3 x/i -h h\ 

9. -l/(x2 + x/i). 

II. -(2x + /i)/a;2(x-t-/i)^ 

Section 92 

7. (a) A = 20 a; - a;2. 9. («) A = 2 4- 256 x"!. 11. (a) F = 84 a:» - 4 x®. 

Section 93 

1. (a) 80 ft. per sec. (6) 112 ft. per sec. (c) 48 ft. per sec. (d) 64 ft. per sec. 

Section 94 

1. (a)9.5. (6)9.3. (c) 9.5. (d) 3.5. (c) 2. 3. (a) 1.1804. (6) 1.1796. (r) 1.1797. 

(d) 1.1811. 6. (a) 49.25. (6) 492.25. (c) 492.75. 7. $227.53. 

Section 95 

I. (a) 1/ = 3 X. (6) 18. (c) y is tripled. 3. (a) r = t;V6. . (6) 41667 ft. (c) 600 ft. 
per sec. 6. 95.2 lbs. 11. 2670 degrees. 13. (a) 50. (6) 27.8. 

Section 96 

7. 3; between 1.4 and 1.5; between —1.4 and —1.5. 9. between —2.6 and —2.7. 

II. between 1.2 and 1.3. 13. between 1.2 and 1.3. 

Section 100 

1. 2.1, 2.01, 2.001, 2.0001, 2.00001. 3. 1/2, 3/4, 7/8, 15/16, 31/32. 5. -1/2, 
1/4, -1/8, 1/16, -1/32. 7. 1, 1/2, 1/3, 1/4, 1/5. 9. 3/2, .5/4, 9/8, 17/16, 33/32. 

Section 101 

1. 2. 3. 1. 6. 0. 7. 0. 9, 1. 

Section 102 

1. 1. 3. 0. 6. 3x2. 7. 2x. 9. 8x +3. 11. -l/x^. 13. -2/x\ 

Section 1 05 

1. (a) 6 X. (6) 12. (c) 7/ = 12 X - 12. 3. (a) x. (6) 2. (c) y - 2 x - 2. 

5. (a) 4 X. (6) 8. (c) 7 / = 8 x — 3. 7. (a) 4 x — 3. (6) 5. (c) 7y = 5 x — 3. 

9. (a) -2/x\ (6) - 1/4. (c) x + 4 t/ = 3. 11. (a) 2. (6) 2. (c) ?/ « 2 x + 3. 

13. (a) 1. (6) 1. (c) 7 / = X. 16. (a) 2 cx -f /c. 

Section 106 

1. (a) 64, 32, 0, —32 ft. per sec. (6) —32 ft. per sec. per sec. 

3. (a) V = 100 — 20 a = -20. (6) 0, —100, —200 ft. per sec. 

5. 2irr. 

Section 107 

1. 12 x2 -b 12 X. 3. 2 X - 5. 6. 20 x^ + 6 x2 - 6 x - 4. 7. 6 x2 - V}/x\ 

9. 2 - S/x\ 11. (a) 3. (6) 7/ - 3x - 2. 13. (a) 0. (6) y - 2. 16. (a) 6. 
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(6) y = 6 X + 18. 17. (a) - 3. (6) 3 a; + 2 / 4- 12 = 0. 19. (a) 1/4. (h) 

4 2 / - X + 3. 21. 3, -2. 23. (a) 6 x®. (6) 2 x. (c) 4 x^. (d) No. 26. (a) 3 x*. 
(6) 12 X. 

Section 108 

1. (3, —7) min. 3. (2, 7) max. 6. ( — 1, 1) max.; (4, —124) min. 7. None. 

Section 109 

1. 26 ft. by 25 ft.; 625 sq. ft. 3. 3 seconds; 144 ft. 6. 4 ft. by 4 ft. by 4 ft. 
7. 6 seconds; 582 ft. 9. 24 cm. by 32 cm. 11. 20 in. by 10 in. by 20/3 in.; 4000/3 
cu. in. 13. $3.00; $9000. 

Section 111 

1. ^ + 3 a: + C. 3. 5x + C. 6. 9 x - 2 x’ + C. 

9. 96 < - 16 + C. 

Section 112 

1. 2 / = 3 X + 1. Z. y = — 4:, 6. 2/ = ~ 3 X + 5. 7. 80 ft. per sec. 

9. 80 ft. per sec. 

Section 113 

1. 34 I square units. 3. 10 | square units. 6. 21 square units. 

Section 115 


Section 118 

7. 180°. 9. 30°. 11. or 85.94°. 


Section 190 

Where all six functions are required, they are given in the order sin, cos, tan, esc 
sec, cot. 

1. 3/5, J/5, 3/^ 5/3, 5/4,_4/3. ^ 5/13, 12/13, 5/^2, 13/5, 13/1^2, 12/5. 

6. W41, 5^41, 4/5, \/41/4, \/41/5, 5/4. 4'/v/l9, V'3/4, 

\/i9/\/3, V19/4, 4/v/3. 9. 1/2, v/3/2, l/v"3, 2, 2/v/3, \/3. 11.45°. 13.60°. 

16. 30°. 17. ^/5, 4/5, 3/4, 5/3, V4, 4/3. 19. 12/13, 5/13, 12/5, 13/12, 13/5, 

5/12. 2L V'7/4^3/4, V7/^4/v'7,_4/3, 3/\/7. 23. 4/5, 3/5, 4/3, 5/4, 5/3, 3/4. 

26. 5/\/34, 3/V34, 5/3, \/34/5, ^34/3, 3/^ 27. ^5, 4/5, 3/4, 5/3,_5/4, 4/3. 
29. 4/5, 3/5, 4/3, 5_/4, 5/3, .3/4. 31. 6/y61, 5/V'61, 6/5, \/61/5, 5/6. 

33. 2^6/7, 5/7, 2V6/5, 7/2v'6, 7/5, 5/2\/6. 36. (a) 1/3. (6) 2\/2/3. (c)2^/2/3. 

37. .454. 39. 1.39. 

Section 1S1 

I. 105.0 ft. 3. 46°. 6. 67.3 ft. 7. 235.6 ft. 9. (a) 644.2 ft. (6) 145.1 ft. 

II. 4770.3 ft. 13. 18,480 i^.; 1848 mi. 16. 238,698 mi. 17. 66°. 

Section 122 

1. 125 lbs.; 53° north of east. 3. 100\/2 lbs. up the plane. 6. 7.0 mi. per hr.; 
79.7 m.p.h. 7. Any force greater than 845.2 lbs., up the ramp. 9. 39°. 


1. .7833. 

1. t/2. 3. ir/3. 6. ir/18. 

13. or 28.65°. 


7. 


ax^ 


+ 6x + C. 
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Section 183 

1. 370", 730”, 1090°, -350”, -710”. 3. 420”, 780", 1140”, -3(K)”, -««0°. 

6. 570°, 930”, 1290”, -150°, -510”. 

Section 184 

Where all six functions are required, they are given in the order sin, cos, tan, esc, 
sec, cot. 

1. 4/5, 3/5, 4/3, 5/4, 5/3, 3/4. 3. -4/.5, -3/5, 4/3, -.5/4, -5/3, 3/4. 6. -3/5, 
4/5, —3/4, —5/3, 5/4, —4/3. 7. 0,1,0, does not exist, I , does not exist. 9. 12/13, 
5/13, 12/.5, 13/12, 13/5, 5/12, Jll. 1/2, v/3/2, 1/V3, 2, 2/^3, 13. — v/3/2, 

-1/2, V3, -2/\/3, -2, l/\/3. 16. 1/2, -V3/2, -l/\/3, 2, -2/^, -^3. 

17._San^ as ex. 13. l».y3/2, 1/2, VS, 2/-^, 2, 1/^3. 21. l/v/2, l/\/2, 1, 

\/2, \/2y 1. 23. — 1/\/2, -l/\/2, —\/2> 1- 25* Same as ex. 21. 

27. —1, 0, does not exist, —1, does not exist, 0. 29. 0, 1,0, does not exist, 1, does 

notexiy SLIT, III. 33. IIMV. 36.JI,IV. 37^/4, -V^4, -3/V?,4/3, 

-4/V7, -V7/3. 39. -3/V'34, -5/\/34, 3/5, -v'34/3, -\/34/5, 5/3. 

Section 186 

Where all six functions are required, they arc given in the order sin, cos, tan, esc, 
.sec, cot. 

1. .1736, -.9848, -.1763, 5.759, -1.015, -5.671. 3. -.17.36, .9848, -.1763, 

-5.759, 1.015, -5.671. 6. Same lus ex. 1. 7. .2588, .9659, .2679, 3.864, 1.03.5, 

3.732. 9. -.6018, -.7986, .7.536, -1.662, -1.2.52, 1.327. 11. -.2588, -.9659, 

.2679, -3.864, -1.035, 3.732. 16. 147°. 17. 120°. 19. 147”. 21. 150°. 

23. 110°. 

Section 188 

1. C = 65°, a = 11.1 ft., h = 1.5.8 ft. 3. H = 29°, b = 12.4 ft., c = 19.1 ft. 

6. 83.3yd.s. 7. (a) 7160 ft. (6) 7439 ft. (c) 6847 ft. 9.1165 ft. 

Section 189 

1. d = 38°, B = 22°, C = 120°. 3. c = 21, .4 = 38°, B ■= 22°. 6. 5 = 50.4, 

A = 55°, C = 46°. 7. « = 25.6, B = 23°, C = 34°. 9. 35°, 86°, 59°. 11. 2371 

yds. 13. 70 lbs. ; 38° with 30 lb. force; 22° with 50 lb. force. 16. 41 1 yds. 

Section 138 

3. 1/36. 6. 1/2; 3/4; 1/4; 1/4. 7. 3/8; 3/8; 1/8; 1/8; 7/8; 1/2. 9. 1/4; 1/13; 

1/52. 

Section 139 

1. (a)80. (5)81.5. (c) &5. (d) 8.5-89. (e) 70-79. (/) 84. 

(ff) 8. 

3. (a) 84. (6) 87.5 (c) none. (d) 85-89. (e) 90-100. (J) 88.3. 

(?) 10 . 

Section 144 

1. (a) 20. (5) 300. (c) 4 k. (d) 4(A! +■ 1). (e) 4(fe + 6). 

8. (a) 9. (6) 149. (c) 2 fc - 1. (d) 2 fc + 1. (e) 2 fc + 1 1. 

6. (a) 15. (5) 225. (c) 3 k. (d) 3(A; + 1). (e) 3(fc + 6). 

Section 168 

1. 1/sin A-, 1/cos A) sin d/cos A) cos A /sin A. 
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Section 163 

6. 63/66. 7. -63/16. 9. 56/65. 11. 63/65. 13. 63/16. 16. 56/65. 

17. 63/65. 19. -63/16. 21. -56/65. 23. 33/65. 26. -33/56. 27. 16/65. 

Section 164 

I. iV'2 - \/3; i\/2 + VS; 2 - -v/S. 3. 24/25. 6. -24/7. 7. 2/V5. 

9. -24/25. 11. 24/7. 13. l/\/5. 17. i V2 + \/2; iV2 - \/2; ^y2 + 1. 

j Section 165 

1. + n360% 150“ + n360“; 30°, -330°, 150°, -210°; 30°. 

3/60° + n360', 300° + n360°; 60°, -300°, 300°, -60°; 60°. 

6 . 45° + n360°, 225° + n360°; 45°, -315°, 225°, -135°; 45°. 

A. 60° + n360°, 120° + w360°; 60°, -300°, 120°, -240°; 60°. 

9. 60° + n360°, 240° + n360°; 60°, -300°, 240°, -120°; 60°. 

II. 135° + n360°, 225° + n360°; 135°, -225°, 225°, -135°; 135°. 

13. 45° + n360°, 3J15° + n360°; 45°, -315°, 315°, -45°; 45°. 

16. 3/4. 17. 2v'2/3. 19. 5/4. 21. 1/2. 

Section 166 

1. 30° + n360°, 150° + n360°; 30°, -330°, 150°, -210°. 

3. 30° + n360°, 150° + n360°, 210° + n360°, 330° + n360°; 30°, -330°, 150°, 
-210°, 210°, -150°, 330°, -30°. 

6 . 30° + n360°, 150° + n360°, 270° + n360°; 30°, -330°, 150°, -210°, 270°, -90°. 

7. 120° + n360°, 240° + n360°, 0° + n360°; 120°, -240°, 240°, -120°, 0°, 360°, 
-360°. 

9. 90° + n360°, 270° + n360°, 30° + n360°, 150° + n360°; 90°, -270°, 270°, -90°, 
30°, -330°, 150°, -210°. 

11. same as ex. 9. 

13. 0° + n360°, 180° + n360°, 120° + n360°, 240° + n360°; 0°, 360°, -360°, 180°, 
-180°, 120°, -240°, 240°, -120°. 

16. 0° + n360°, 180° + n360°, 30° + n360°, 1.50° + n360°; 0°, 360°, -360°, 180°, 
-180°, 30°, -330°, 150°, -210°. 

17. 0° + n360°, 180° + n360°; 0°, 360°, -360°, 180°, -180°. 

19. 231° + n360°, 309° + n360°; 231°, -129°, 309°, -51°. 

21. 15° +nl80°, 75° + nl80°; 15°, 195°, -165°, -345°, 7.5°, 25.5°, -10.5°, -285°. 

Section 167 

1. B = 46°, C = 99°, c = 13.8; B = 134°, C = 1 1°, c = 2.7. 

3. No solution. 

6 . B = 25°, C - 125°, c = 19.7. 

7. B - 30°, C = 120°, c = 17.3. 

9. 27.6 million mi., 147.2 million mi. 

Section 168 

(b) 1. (3, -4), 6. 

(6) 3. (1, -3), 4. 


Section 169 

1. 1. 3. -1. 6. 20. 7. -21. 9. True. 11. True. 13. False. 16. True. 

17. False. 19. False. 21. True. 


Section 1 70 


1. 1, 3, -2. 3. 1, 6, -2. 

-1/2,1±/S 11 . None. 


6. 1, 5, -2, -3.' 7. 2/3, -1/3, ±y/-l. 

13. 3, 3, ±v/'=T. 


9 . - 1 / 2 , 


2 
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Section 1 71 

1. 720. 3. 72. 6. 72. 7. 120. 9. 20. 11. 60. 18. (o) 604,800. (6) 

10,000,000. 16. 6840. 17. 216. 19. (a) 48. (6) 72. 

Section 178 


1. 10. 3. 190. 6. 120. 7. 3.1. 9. 3.10. 11. (o) 112. (6) 140. 18. (o) 45. 

(b) 9. 16. 403,200. 17. (a) 3003. (6) 1001. (c) 2002. 

Section 173 

I. + 7 x»h+ 21 + 35 x*h^ + 35 x%* + 21 xW + 7 x/t* + h'. 

3. p“ + 9 p»q + 36 pV + 84 pY + 126 pY + 126 pY + 84 pY + 36 pY 

+ 9 p9* + 9®. 

6 . 32 a‘® + 240 + 720 a»6‘ + 1080 a>¥ + 810 a®6* + 243 6‘“. 

7. o® - 3 + 3 a6* - 6®. 9. a‘ - 5 a*b + 10 a®6* - 10 + 5 a6* - bK 

II. 9/4. 13. 625/256. 16. 680 x'*h\ 17. 3003 x»»A“. 19. 

21. 70aY. 23. 84bVa'’. 26. (a) 1.094. (6) .942. (c) 1.242. (d) .868. 

Section 174 

1. 1/36. 3. (a) 1/28561. (6) 1/27072.1. 6. 3/13. 7. (a) 3/11. (6) 2/33. 
9. 625/3888. 11. (a) 15/128. (b) 121/128. 13. («) 125/3888. (5) 69/1944. (c) 
3875/3888. 16. (a) 1/7776. (b) 1/60466176. (c) No. 
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A posteriori probability, 375 
A priori probability, 374 
Abacus, 44 

Abel, N. H., 143, 144, 145, 440, 445 

Abelian group, 440 

Abscissa, 218 

Absolute value, 216 

Abstract logic, 15 

Abstract logical system, 27 

Abstract mathematical science, 27, 458 

Acceleration, 307 

Acceleration due to gravity, 286 

Accuracy, 377 

Achilles and the tortoise, 151, 331 
Acute angle, 338 
Adams, 286 

Addition of directed numbers, 92 
Addition theorems for trigonometric func- 
tions, 476 
Adjacent, 338 
Ahmes, 21 
Aleph, 409 
Aleph-null, 409 

Algebra of integers modulo five, 161 
Algebra of integers modulo six, 162 
Algebra of logic, 154 ff. 

Algebra of sets, 154 ff. 

Algebraic curves, theory of, 246 
Algebraic expression, 124 
Algebraic function, 280 
Algebraic number, 201 
Algebraic operations, 124 
Ambiguous case, 486 
Analysis situs, 254 

Analytic geometry, as a concrete inter- 
pretation of the postulates for geom- 
etry, 256 
Angle, 335 
Angle, acute, 338 
Angle of depression, 345 
Angle of elevation, 342 
Angle-sum of a triangle, 424 
Angle-sum of a quadrilateral, 426 
Angle-trisection, 200 
Angular measure, 335 
Angular measure, directed, 350 
Anti-derivative, 321 
Apollonius, 244 
Application, 29 


Applied Mathematics, 30, 458 
Approximation, successive, 284 
Arabic numerals, 166 ff. 

Archimedes, 214, 319, 320 
Area under a curve, 325 
Aristotle, 12, 32 
Arithmetic mean, 382 
Arithmetic meiin, weighted, 383 
Arithmetic progression, 403 
Aasociative law for addition, 120 
Associative law for addition of fractions, 
79 

Associative law for addition of natural 
numbers, 46 

Associative law for multiplication, 120 
Associative law for multiplication of frac- 
tions, 80 

Associative law for multiplication of nat- 
ural numbers, 51 
Assumption, 25 

Average tleviation from the mean, 386 
Average rate of change for tux interval, 
274 

Averages, 382 
Axiom, 25 
Axis, 218 

Berkeley, 304 
Binomial theorem, 500 
Bolyai, .1., 417 
lioole, G., 153, 154 
Boolean algebra, 154 ff. 

Boyle, 281 
Brahe, Tycho, 174 
BriKKs, H., 18fi 
Brouwer, 460 
Bi'irgi, 174 

Calculating machines, 193 
Calculation of trigonometric tabh^s, 344 
Cantor, G., 110, 409, 411 
Cardan, 143, 165 
Cardinal number, 405 
Cardinal number, finite, 409, 412 
Cardinal number, transfinite, 409 
Cardioid, 247 
Carroll, Lewis, 56, 90, 304 
Cartesian gef)metry, 214 
Categorical, 457 
519 
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Change in x, 301 
Change in y, 301 
Characteristic, 187 
Circle, 236, 242 
Circle, equation of, 242 
Circular definitions, 25 
Circular reasoning, 25 
Classification of functions, 279 
Closed system, 45 
Closure law for addition, 120 
Closure law for addition of fractions, 79 
Closure law for multiplication, 120 
Closure law for multiplication of frac- 
tions, 80 

Closure, postulate of (for multiplication 
of natural numbers), 50 
Closure, postulate of (for addition of 
natural numbers), 45 
Coefficient, 125 
Co-functions, 340 
Combinations, 497 ff. 

Commensurable, 106 
Common chord, 248 
Common measure, 105 
Common solution, 146 
Commutative group, 440 
Commutative law for addition, 120 
Commutative law for addition of frac- 
tions, 79 

Commutative law for addition of natural 
numbers, 46 

Commutative law for multiplication, 120 
Commutative law for multiplication of 
fractions, 80 

Commutative law for multiplication of 
natural numbers, 51 
Complementary angles, 340 
Completing the square, 487 
Components, 347 
Compound interest, 191 
Computation of tt, 319 ff. 

Conclusion, 9 

Concrete interpretation, 29, 458 
Cone, 244 

Congruent triangles, 360 
Conic section, 242 

Conic sections, applications of, 244, 
245 ff. 

Consistency, of a mathematical science, 
453 ff. 

Constant, 124, 262 
Constant function, 267 
Constant of integration, 323 
Constructibility, criterion for, 198 
Constructions with ruler and compasses, 
198, 260 


Contained within, 155 
Continuous function, 279, 296 
Convergent sequence, 293 
Converge (series), 330 
Converse, 11 

Coordinate geometry, 214 
Coordinate of a point, 216 
Coordinate system, 215, 221 
Coordinate system, polar, 221 
Coordinate system, one-dimensional, 216 
Coordinate system, rectangular, 220 
Coordinate system, two-dimensional, 219 
Coordinate systems, 220 ff. 

Coordinates curvilinear, 221 
Coordinates of a point, 215, 218 
Correlation, 378 
Correlation, coefficient of, 379 
Correlation, linear, 379 
Correlation, simple, 379 
Correspondence, one-to-one, 404 
Cosecant, 339, 351 
Cosine, 339, 351 
Cosines, law of, 365 
Cotangent, 339, 351 
C/ritical value, 311 
Cube, 102 
Cube root, 102 
Cubic equation, 133 
Cubic polynomial, 125 
Curve of an equation, 233 
Curve, normal probability, 387 
Curve-fitting, 389 

Decimal, non-terminating, 1 1 1 
Decimal notation, 110 
Decimal, periodic, 1 1 1 
Decimal, terminating. 111 
Decreases indefinitely, 297 ff. 

Dedekind, R., 110 
Deduction, 9 
Deductive reasoning, 9 
Deductive science, 27 
Definite integral, 327 
Definition, 26 

Degree (angular measure), 335 
Degree of a polynomial, 125, 126 
Degree of an equation, 133 
Degree system, 336 
Delian problem, 200 
Denominator, 64 
Dependent equations, 147 
Dependent variable, 262 
Depends, 267 
Depression, angle of, 345 
Derivative of a function, 303 
Descartes, R., 214, 215, 244 
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Description, 26 
Deviation from the mean, 386 
Difference, 58 
Difference in x, 301 
Differential calculus, 304 
Differentiation, 304 

Differentiation of polynomials, etc., 

308 ff. 

Dimension, fourth, 259 

Diophantiis, 151 

Directed angular measure, 350 

Directed number, 89 

Discontinuous function, 279, 296 

Dispersion, measure of, 382, 386 

Distance, 216, 222 

Distinct lines, 229 

Distributive law, 120 

Distributive law for fractions, 81 

Distributive law for natural numhei*s, 53 

Diverge (series), 330 

Divergent sequence, 293 

Divisible by, 59 

Division by zero, 99 

Division of directed numbers, 94 

Division of natural nuinbers, 489 

Division of polynomials, 489 

Dodgson, C. L., 56 

Double root, 491 

Duplication of cube, 200 

c, 318 

hlddington, 406 
Kinstein, A., 33, 36, 210 
Klements of a set, 154 
bdements of a group, 4 10 
Elevation, angle of, 3 10 
Elimination, 147, 148 
Ellipse, 244 

Ellipse, construction of, 21." 

Ellis, Havelock, 460 
Empty set, 154 
Equal sets, 155 
Equality of fractions, 65 
Equation, 47 

Equation, conditional, 131 
Equation, identical, 130 
Equation, linear, 241 
Equation of a circle, 242 
Equation of a locus, 236 
Equation of a straight line, 238 
Equations, graphical solution of, 283 
Equivalent equations, 147 
Equivalent sets, 404 
Equivalent statements, 16 
Euclid, 24, 42 

Euclidean parallel postulate, 28, 415 


Euler, L., 12, 202, 205, 207, 209, 210 
Even number, 107 
Event, 259 

Exponent, 102, 174 IT. 
iOx|X)nent, natural, 102 
Exi:K)nential fuiu‘tion, 280 
Exponents, fractional, 181 
Exponents, negative integral, 177 
Exponents, positive integral, 175 
Exponents, zero, 177 
Extraneous roots, 139 
Extraix)lation, 278 

Factor, 59 

Factor of natural number, 489 
Factor of polynomial, 489 
Factoring, 129 ff. 

Fa(;tors, 50 

Fermat, 202, 203, 214, 288, 369 
Fermat's hist theorem, 203 
Ferrari, 143 

Finite cardinal number, 409, 412 
Finite set, 409 
Foci of ellipse, 245 
Focus of parabola, 245 
Formal logic;, 15 
Four-color problem, 204, 255 
k'our-dimensional geometry, 258 
]''our-leaved clover, 247 
Fraction, 64, 1 13 
Fraction, siinpk^st form of, 67 
Fractions, difference of, 76 
Erac’tions, equality of, 66 
1*' Factions, product of, 69 
Frac'tions, quotient of, 70 
Fractions, sum of, 73 
Frame of reference, 251, 2.55 
Franklin, Benjamin, 3 
Franklin, P., 211 
Fregdf 459 

Function, algebraic, 280 
Function, constant, 267 
Function, continuous, 279, 296 
Function, defined, 262 
Function, discontinuous, 279, 296 
Function, exponential, 280 
Function, graph of, 267 
Function, integral rational, 280 
Function, limit of, 294 
Function, linear, 280 
Function, many-valued, 262 
Function, maximum value of, 312 
Function, minimum value of, 312 
Function, periodic, 367 
Function of x, 262 
Function, rational, 280 
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l^'unction, singles- valued, 262 
l^’unctioii, transcendental, 280 
Functional notation, 265 
Functional relation, 262 
Functions, applications of, 285 
P'unctions, classifi(;ation of, 279 
Functions of several variables, 285 
Functions, trigonometric, 339, 351 
Fundamental theorem of algebra, 142 
Fundamental theorem of integral calcu- 
lus, 327 

Galileo, 31, 174, 411 
Galle, 286 
Galois, K., 145, 445 
Gauss, K. F., 142, 201, 417 
General equation of degree two, 243 
General equation of first degree, 240 
General statement, 19 
General term, 290, 400 
Generalized associative law for addition, 
122 

Generalized associative law for addition 
of natural numbers, 49 
Generalized associative law for multi- 
plication, 52, 122 

Generalized distributive law, 57, 63, 122 
Geometric mean, 385 
Geometric progression, 402 
Geometry, 20, 28 ff. 

Geometry, analytic, 214 IT. 

Geometry, Lobachevskian, 418 IT. 
Geometry, miniature, 448 ff. 

Geometry, non-Euclidean, 414 ff., 418 
Geometry of more than three dimensions, 
257 

Geometry, one-dimensional, 216 
Geometry, projective, 254 
Geometry, Riemanniaii, 434 
Geometry, solid, 255 
Geometry, three-dimensional, 255 
Geometry, two-dimensional, 218 ff. 
Goldbach, 202 
Graph of a function, 267 
Graph of an equation, 233 
Graphical solution of equations, 283 
Graphs of trigonometric functions, 366 ff. 
Gravitation, law of, 281 
Gravitational constant, 281 
Gravity, acceleration due to, 286 
Greater than, 59 
Group, 440 

Have the same number (two sets), 405 
Heiberg, 214 
Herodotus, 20 


Hilbert, 460 
Horizontal line, 219 
Hyperbola, 244 
Hypotenuse, 338 
Hypothesis, 9 

Identities, trigonometric, 471 
Identity, 130 
Identity element, 440 
If and only if, 16 
Implies, 9 

Incommensurable, 106 
Incompatible equations, 146 
Inconsistent equations, 146 
Increases indefinitely, 297 ff. 

Increment in x, 301 

Indefinite integral, 321 

Independence of a postulate, 455 ff. 

Independent events, 502 

Independent variable, 262 

Index numbers, 377 

Index of a root, 1 02 

Indirect proof, 109 

Inductive logic, 18 

Infeld, L., 36 

Infinite sequence, 290 

Infinite series, 328 

Infinite series, sum of, 329 

Infinite set, 409 

Infinity, how certain functions vary, 
297 ff. 

Initial ray, 350 

Instantaneous rate of change, 305 
Integer, 89 
Integral calculus, 327 
Integral calculus, fundamental theorem 
of, 327 

Integral, definite, 327 
Integral, indefinite, 321 
Integral rational function, 280 
Integrating, 321 
Integration, constant of, 323 
Integration, limits of, 327 
Interpolation, 275 
Interpolation, linear, 278 
Intersections of two curves, 248 ff. 
Invariant, 252 ff. 

Inverse, 61 

Inverse of an element, 440 
Inverse trigonometric functions, 482 
Inverse trigonometric functions, princi- 
pal value of, 483 
Irrational equation, 138 
Irrational expression, 124 
Irrational numbers, 1 10 ff. 

Isomorphic, 457 
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Kepler, 118, 174, 245 
Kirchoff, 209 

Konigsberg bridge problem, 205 
Kronecker, L., 117, 118 
Kuratowski, 209 

Lagrange, 445 

Latitude, 221 

Law of cosines, 365 

Law of gravitation, 281 

Law of sines, 361 

Leibniz, G. W., 193, 215, 288, 459 

Lehmer, D. H., 203 

Length of a curve, 328 

Leonardo of Pisa, 150 

Less than, 59 

Leverrier, 286 

Limit of a function, 294 

Limit of a sequence, 292 

Limits of integration, 327 

Lindemann, 201 

Linear equation, 133 fP., 241 

Linear function, 280 

Linear interi)olation, 278 

Linear polynomial, 125 

Ijobachevski, 417 

Loba(;hevskian geometry, 418 IT. 

Lobachevskian parallel postulate, 418 

Locus, 236 

liocus of an equation, 233 
Logarithms, 174, 184 
Logarithms, common, 186 IT. 

I.K)garithms, natural, 186 
Logical consequence, 9 
Longitude, 221 
Lukasiewicz, 460 

Mantissa, 187 

Many-valued function, 262 

Mathematical induction, 395 

Mathematical induction, axiom of, 393 

Mathematics, 30 

Maximum, 312 

Mean, arithmetic, 382 

Mean, geometric, 385 

Mean, weighted arithmetic, 383 

Measure of an angle, 335 

Measures of dispersion, 382, 386 

Median, 385 

Member of an equation, 47 
Midpoint, 217, 224 
Miniature geometry, 448 if. 

Minimum, 312 
Minute, 335 
Mode, 384 
Morgan, A. de, 459 


Multiple of, 59 

Multiplication of directed numbers, 93 
Multiplicity of a root, 491 
Musical harmonies, 118 
Mutually exclusive events, 502 

Napier, J., 174 
Natural numbers, 44 IT. 

N-dimensional geometry, 257 
Negative number, 88 IT. 

Negative of a directed number, 95 
Neptune, discovery of, 286 
Network, 207 

Newton, L, 34, 214, 245, 281, 288 
Normal frequency distribution, 387 
Normal probability curve, 387 
Notation, functional, 265 
Notations for numbers, 165 IT. 

Nth term, 290, 400 
Number, algebraic, 201 
Number, cardinal, 405 
Number, complex, 114 
Number, directed, 89 
Number, even, 107 
Number, finite cardinal, 409, 112 
Number, imaginary, 114 
Number, irrational, 110 
Number, odd, 107 
N umber of a set, 405 
Number of the beast, 119, 281 
Number, prime, 163, 202 IT. 

Number, pure imaginary, 111 
Number, rational, 98, 101 
Number, real, 1 12 
Number, signed, 89 
Number, trans(‘end(‘ntal, 201 
Number, transfiniic cardinal, 109 
Number, unsigned, 89 
Numbers, theory of, 118 
Numerator, 64 
Numerology, 118 

Oblique coordinate system, 221 
Oblique line, 219 
Oblique triangle, 359 
Occam, William of, 455 
Occam^s Razor, 455 
Odd number, 107 
One-sided surface, 32 
One-to-one correspondemx*, 404 
Opposite, 338 
Orbits of planets, 245 
Ordinate, 218 
Origin, 218 
Oughtred, 195 
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Pappus, 452 
Parabola, 244 
Parallel Hues, 28, 415 
Parallel postulate. Euclidean, 415 
Parallel postulate, Lobachevskian, 418 
Parallel postulate, Riemannian, 434 
Parallelogram law for composition of 
forces, 347 
Part, 406 
Part, proper, 407 
Particular statement, 19 
Pascal, B., 193, 369, 452 
Pascal’s theorem, 452 
Pascal’s triangle, 499 
Peano, 392, 401, 459 
Periodic decimal. 111 
Periodic function, 367 
Permutations, 494 fT. 

Phase-space, 259 
TT, 319 ff. 

Plotting a point, 219 

Poincar6, 395, 401, 421 

Polar coordinate system, 221 

Polynomial, 125 

Poncelet, 254 

Positional notation, 166 

Positive number, 88 

Postulate, 25 

Postulate Ai, 45 

Postulate Aa, 46 

Postulate As, 46 

Postulate D, 53 

Postulate E6, 53 

Postulate Ee, 60 

Postulate Et, 60 

Postulate Mi, 50 

Postulate Mi, 51 

Postulate Ms, 51 

Postulational thinking, 27, 458 

Power, 102 

Prime number, 163, 202 ff. 

Probability, 370, 501 ff. 

Probability, a posteriori, 375 
Probability, a priori, 374, 501 ff. 
Probability, empirical, 375 
Probability, experimental, 375 
Product of fractions, 69 
Product of natural numbers, 50 
Product of sets, 155 
Progression, arithmetic, 403 
Progression, geometric, 402 
Projectile, path of, 245 
Projection, 253 
Projective geometry, 254 
Proper part, 407 
Proper subset, 407 


Proportional parts, 275 
Proposition, 16 
Propositional function, 16 
Pure Mathematics, 30, 458 
Pythagoras, 110, 118, 465 
Pythagorean theorem, 22 

Quadrant, 352 

Quadratic equation, 133, 137, 140 
Quadratic polynomial, 125 
Quadri rectangle, 427 
Quotient, 59 

Radian, 336 

Radical sign, 102 

Range of a variable, 262 

Rate of change, average, 274 

Rate of change, instantaneous, 305 

Rational expression, 124 

Rational function, 280 

Rational number, 98, 101 

Rational operations, 124 

Ray, 335 

Ray, initial, 350 

Ray, terminal, 350 

Ray, vertex of, 335 

Real number, 112 

Reciprocal, 100 

Recorde, Robert, 165 

Reduce^d to lowest terms (fraction), 67 

Reductio ad absurdum, 109 

Reduction formulas, 356 ff. 

Reflexive relation, 84 
Regular polygon, 201 
Regular polygons, construction of, 201 
Relations, 83 ff. 

Relativity, theory of, 259 
Resultant, 347 
Riemann, 33, 434 
Riemannian geometry, 434 
Riemannian parallel postulate, 434 
Root, nth, 102 

Root of an equation, 131, 283 
Russell, Bertrand, 26, 460 

Sampling, 381 
Satisfy, 233 

Scales of notation, 169 ff. 

Scatter diagram, 379 
Scientific theories, 34 ff. 

Secant, 339, 351 
Second, 335 
Sequence, 290 

Sequence approaches a as limit, 293 
Sequence, convergent, 293 
Sequence converges to a, 293 
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Sequence, divergent, 293 

Sequence, infinite, 290 

Sequence, limit of, 292 

Series, infinite, 328 

Set, 154 

Set, finite, 409 

Set, infinite, 409 

Sets, equivalent, 404 

Seven bridges of Konigsberg, 205 

Sexagesimal system, 336 

Shortest distance, 436 

Signed number, 88 ff. 

Similar triangles, 23, 337 
Simple path, 207 
Simplest form of a fraction, 67 
Sine, 339, 351 
Sines, law of, 361 
Single valued function, 262 
Slide rule, 195 
Slope of a line, 228 
Slope of a line-segment, 226 
Slope of tangent, 300, 301, 304 
Solution of equations, graphic al, 283 
Solution of oblique triangles, 359 IT. 
Solution of simultan(‘ous equations, 
146 ff. 

Solve a triangle, 360 
Solve an equation, 131 
Spengler, 464 
Square, 102 
Square root, 102 
Square root of tuo, 104 ff. 

Squaring the circle, 201 
Standard form, 179 
Statistical probability, 375 
Statistics, 369 ff. 

Step graph, 387 
Straight line, equation of, 238 
Subset, 406 
Subset, proper, 407 
Substitution, principle of, 47 
Subtended, 346 

Subtraction of directed numbers, 94 
Subtraction of sets, 156 
Successive approximation, method of, 
284 

Sum of an infinite series, 329 
Sum of sets, 155 

Sum of two cardinal numbers, 410 
Symmetric relation, 84 

Tangent, 351 
Tangent of angle, 339 
Tangent to a curve, 299 ff. 

Tarski, 460 
Tartaglia, 143 


Terminal ray, 350 
Thalas, 23, 338 

Three houses and three wells, 2(K>, 255 
To{)ology, 254 

Transeendenbil function, 280 
Transcendental number, 201 
Transfinite eardimd number, 409 
Transit, 343 
Transitive relation, 84 
Translation of axes, 251 
Triangles, congruent, 360 
Triangles, oblique, 359 
Trigonometric equation, 483 
Trigonometric functions, 339„ 351 
Trigonometric functions, graphs of, 366 ff. 
Trigonometric functions, names of, 354 ff. 
Trigonometric functions of any angle, 
351 

Trigonometric identities, fundamental, 
472 

Trigonometric ratios, 339 
Trigonometry, 334 
Triple root, 491 

Trisection of a given angle, 200 

Undefined term, 25 
Unsigned number, 89 

Valid argument, 9 
Value of a variable, 262 
Vandiver, H. S., 204 
Variable, 16, 123, 262 
Variable, dependent, 262 
Variable, independent, 262 
Varies directly as, 281 
Varies inversely as, 281 
Varies with, 267 
Vectors, 347 
Velocity, 306 
Vertex of a ray, 335 
Vertical line, 219 
Voltaire, 466 
Volume, of a solid, 328 

Whispering gallery, 246 
Whitehead, 460 
Whole number, 89 

X-axis, 218 
X-coordinate, 218 

Y-axis, 218 
Y-coordinate, 218 

Zeno, 330, 331, 332 
Zero, 88 

Zero, division by, 99 











